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BBepAeHHd

CroropHi Ak MaTeMaTUYHKI anapaT B 6araTbox ragysax
Ccy4acHOI MNpMKJIamHOI MaTeMaTUKM, MaTeMaTU4HOi (isuknu
i TexXHIYHMX B3aCTOCYBaHHAX IIVPOKO BUKOPUCTOBYIOTHCH
dyuxkuii Becesna i muiaieaposi MyHKIIIL

OfJracTi 3acTocyBaHHA IMX (PYHKIM pisHOMaHITHI.
Bonn zabesneuyrors MIBUAKY i KOPeKTHY 30i3KHICTH PO3B’A3KIB
LiJIOTO pAAY OPUKJATHMUX 3amad, fAKi MOMKYTb OyTU Tak 4u
inakie 3BeneHi no piBHAHHA Becesa. IHTepec mMaTeMaTuKiB
Ta iH)KeHepiB N0 crmeliaJbHUX (PYHKI MaT@i3ukmM noci He
3racae.

Tpoxmnicropii. ¥ 1732 poui matematuk Jaunino Bepryi
B 3aJaui Opo KOJMBAHHA BePTUKAJBHO MiIBillIeHOI BayKKOI
THYYKOI HUTKM IPUIIIOB OO PIBHAHHSA, 1[0 OMNMCYE aMILITYIy
KOJIMBaHb HUTKU Ha PI3HUX BiJICTaHAX BiJ TOYKMU IiABicy:

2
%‘ﬁ )17 Z—;‘ +ou(x)=20

Y 1764 poui marematur JI. Eilslep orpumaB 3BMUUaliHe
JiHiViHE gaudepeHIiasbHe PIBHAHHA JAPYIOro IOPALKY
HaCTYITHOTO BUIJIALY:

du . 1 du ’

T x de T (1— %)u(x)z 0

Y 1822 poui marematunr M. Dypbe pPO3rIAHYB IIPO-
O0sieMy pO3IOIiIYy TeMIepaTypu B HarpiToMmy UIMJHIpI,
AKUI OXOJIOIKYETBHCA 3a NeBHMX yMOB. K. @ypbe oTpumas
PiBHAHHA Takoro sk Buraazny, Ak u J. Beprysii, i onmucas
710ro po3B’A3Ky crocoboM po3kyaneHHA B pan. OcobsiupicTsb
PO3B’A30K MAaHOTO PIBHAHHA II0OJATA€ B TOMY, IO BOHU He
MOXKYTb OyTH BMpasKeHI B3a [OIIOMOIOI0 eJIeMeHTapHUX
(PYHKIII — CTelleHeBUX, ITI0Ka30BUX, JOTaPUPMITHNX, TPUTO-
HOMETPUYHUX, rinepbosigyanx abo ix xombinaii.

ITlicna Toro, ax B 1824 poui martemarux B. Becess
HaMOINBII MTOCJIOBHO PO3IJIAHYB IIi PO3B’A3KM 1 BUIIMMB IX
B OKpeMwMit KJjac, 3roilOM BOHM OTpMMaJM Ha3BYy QYHKILii
Becena (abo nuainapoBux (QyHKIA), a PiBHAHHA OTPUMAJO
Ha3BYy KJaCUYHOTO pPiBHAHHA Becess:

Xy"txy' + (' = vy =0

Kinenp XIX 71 XX cTONTTA 03HAMEHYBAaJIOCA TUM,
110 [IPM IOUIYKY PO3B’A3KIB Besmdyes3HOI KijmbKocTi 3amad
IPUKJIAHOI MaTEMATHUKY i MaTeMaTU4YHOI (Pi3MKN MaTeMaTUKN
1 iH)KeHepU movaJyt BUKOPUCTOBYBATH pAaN PyHKLiV Becesna
i qUIIHAPOBUX (PYHKIIiN, 110 AyKe LIBUAKO CXOAATHCS.
3a JIOIIOMOTOI PEeKYPeHTHUX (PopMysa OyJsy CKJIajieHi
Tabsmii 3HadeHb QyHKIIN Becensa. OcobiamBo akTyaJbHO
OUTAaHHA TPAKTUYHOTO 3acCTOCYBaHHA pyHKIiN DBecensa
BCTAJI0O IIpM IIMPOKOMY BMKOPMCTAHHI KOMII'IOTEPHUX
TEeXHOJIOTIT — A pO3paxyHKY NIpPUKJIaZHMUX (DIZMIHMUX
3a7ad4. I Bca yBara po3poOHUKIB OyJia 30cepeqsKeHa B IMEPIILy
4epry Ha NpUKJIaIHMX poboTax, a He Ha po3po0Ili 3arajbHOi
dyHIaMeHTabHOI Teopii.

IIporarom TpuBaJsioro dacy B 0araTbOX IOIYJIAPHUX
npanax TUIIOBMI BUKJIAA Teopii yHKLi Becesa 3Bogusca
no HacrtynHoro. CmowaTkKy pgaBajJMCA 3arajibHi (POpMyJin,
10 ONMCYIOTh JedAKi MpmBabimBi Ta 3pyuHi QyHKII
MaTeMaTM4HOI pidmkm, moTiM Ha IX MifcTaBi BMBOAMIUCH
PEeKypeHTH] BiJHOIIEHHsd, ITiCJAA HYOTO [OBOAMJOCH, IO I
dyHEK1LiI € po3B’a3koM piBHAHHA Becesa. ToOTo BuKIagaHHA
Teopii pyHruint Becessa im0 B 3BOPOTHBOMY HAIPAMKY —
BiJf KOHKPETHOIO PO3B’ABKY PiBHAHHA BeceJsd 10 IO4YaTKOBOTO
BUJY PIBHAHHA.

Heaxuit uvac HaszaJl aBTOPOBI BAajocsa po3poduUTu
MEeTOJ PEeKYPEHTHUX BiJHOIIEHb i OTpUMAaTU pPEeKypPeHTHi
BIJHOIIIEHHA JJIA UMJIIHAPOBUX (PYHKIIN Ta PyHKLi Becens,
He BMKOPJCTOBYIOUM IIPM IIbOMY Oe3mnocepesiHbO iX 3HaUYEeHHd,
a BUXOIAYM BMKJIIOYHO i3 3arajibHOro Bujay piBHAHHA Bec-
ceasa. Ha crorogHi 1je HaimpocTimmii i HAKOPOTIINII croci0
OTPUMAaHHA PEeKYPEeHTHUX BigHomeHb AJaa (yHKIN Beces.
Hna jioro po3yMiHHA AocTaTHI 3arajbHI 3HAHHA Teopii Ji-
HIHUX nu(epeHLiaJbHNX PIBHAHb NPYTOT0 IMOPAIKY.

ABTOp 3aiiMaJjiaca OCJHiKEeHHAMM 3BUYAVHUX JIiHiV-
HUX [audepeHIiaJbHUX PIBHAHb [APYLOro HOPAAKY Ta iX
oxkpemoro Bunagry — piBaAHHA lITypMma-JliyBina, 1m0 mmpo-
KO BMKOPMCTOBYETBCSA B Cy4YaCHII MaTeMaTUYHIN (PI3NIL:

y'(x)+g(x)y(x)=\y(x)

ne A — BuacHi sHaueHHA PiBHAHHA.

Bupuasacsa MOKIMBICTL PO3POOKM Ta B3acCTOCYBaHHA
MeTOZy PEeKYPEeHTHMX BiHOLIeHb NJs PO3B’A3KiB PIBHAHHA
IIIrypma-JliyBina 3 BUKOPpUCTAaHHAM OJHOTO 3 JBOX JIHIHO-
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He3aJIesKHUX PO3B’A3KIB Nu(pepeHIiaibHOTO PiBHAHHA (HAM-
OinbIl OYEBMUAHOTO) JIJIA BJIACHMX 3HAUYEHb i IIepeTBOPEHHSA
Hapby.

151 TOTO, 11100 JOCTiMKYyBaT 3PYYHICTh i KOPEKTHICTH
3aIIPOIIOHOBAHOIO alapaTy B TPUBiaJgbHOMY Bumamky A F0
Ha KOHKPETHUX IIPURJIAZAX, OyJ0 POI[JIAHYTO PIBHAHHA
Becena. Boro 0yno 3Benene no piBHAHHA IlTypma-Jliysins.
ITlicnta uwporo Oyzna 3sacrocoBaHa Ilepmia Gas3oBa TeopeMa.
Taxkum 4MHOM, BIaJIOCA OTPUMaTU AoOpe BiloMi peKypeHTHi
BiHOIIIEHHA J15 (PYHKI[IV Becesis, BUKOPMCTOBYIOYM BUKJIIOYHO
3araabHNii Buy piBHAHHA Becensa (i IITypwma-Jliysing) i ongun
TPUBiaJbHUI (JIiHIIHO-He3aJIeXKHNIi) PO3B’ A30K PiBHAHHS.

HJocainskeHHs CKJIAIHIIIONO BUIIAAKY A=0i 3acTocy-
BaHHA JO HBOro Yy3sarajbHeHOoi J[pyroi ©06aso0Boi Teopemmu
JO3BOJIMJIO Ha IIificTaBi 3araJIbHOTO PIBHAHHA ABHO BUNMCATU
PEeKypPEeHTHI BiTHOIIIeHHA AJIA IHIIUX ITONYJIAPHUX CIIeliaJbHIUX
(PYHKI[iI/I — OPTOrOHAJBHUX NOJIiHOMIB. O3HAIOMJIEHHA 3 UM
METOJIOM CTUCJO BUKJIAJleHe y BUCHOBKY Ta OeTajJbHO B 2
YaCTUHM BUJAHHA.

IITo6 po3yMiHHA MeTOLY PeKYPEeHTHUX BiOHOIIEHb NS
crneriaJbHUX (PYHKIIN O6yJio 4iTKMM 1 He3aJeKHUM Bif iHIIIMX
JsxepeJ1, aBTOP IPUBOAUTL OKPEMi eJJleMeHTH Teopii JiHITHNX
IudpepeHIiaNbHNX PIBHAHD JPYTOTO IIOPANKY 1 KOPOTKUIL
oryian 'amma-cpyuknin (pyuruin Einepa) 3 rpacikamnm.

SaIpOMOHOBAHUII MiNXi 0 PO3TJANY CIeliaJIbHUX
(YHKIII € HeTpajguIliiHMM, Ta dYepe3 B3PYYHICTL Oro
3aCTOCYBaHHA MOKe OyTM BUKOPMCTAHMII HazaJwdl [
HAJMIIMPIIOTO Kpyra 3aJad MaTeMaTH4HOI (pidmkm, 110 3BO-
IATBCA 10 3BUYAMHUX JIHIVHUX IndepeHIiaJbHUX PiBHAHD
Ipyroro nopAaaky i 3oxkpema a0 piBHAHHA Iltypma-JliyBina
abo piBuanHa Becessa.

MeTon pekypeHTHUX BifHOIIIEHb, II0 HABOAUTHCA
aBTOPOM, [ysKe B3py4YHMII nOJada 3ajad  KOMII' IOTepHOi
aJropuTMizallii Ta aBTOMaTM30BaHUX PO3PaXyHKIB IIPUK-
JagHUX 3aJad. Y OCTaHHIX po3Jijax MPMBOAATHCA aJIFOPUTMU
obuMcyIeHb 3HAYEHb IIMIIHJAPOBUX (PYHKIIN, po3pobieHnx
aBTOpoM Ha MOBi JavaScript.

Hagepeni B poboTi obuncsenHa BukoHaHi abo nepeBipeni
3a JIOIIOMOTOIO I[bOTO CYYaCHOTO allapary.

Po3painl
3araabHi IOHATTS i TeopeMu

§ 1. Jliniiini nudpepeHiaiibHi piBHAHHS
JAPYIroro nopsiaKy

Ilepen Tum, AR OPUCTYOUTM OO PO3IVIALY PiBHAHHA
Becensa, synmHmMMoOcAa Ha JeAKMX acleKkTax S3BUYAMHUX
JiHIVHUX »udepeHia bHNX PIBHAHD JPYTOTO HOPAIKY,
OKpeMMM BUMNAJKOM AKUX i € piBHAHHA Becea.

Mwn posriamaTMMeMO BUIAIOK, NIPMU AKOMY JApyra
IOoXilHa He BUPOJsKEeHa 1 caMO DIBHAHHA He € DPIBHAHHAM
[IePIIOTO MOPAAKY.

L)Y (X) T/ Y (X) T1(x)y (x) =f(x)

me ];(x) — HeBUpPOMKeHa (PYHKI[iA, 10 TOTOMKHO He
piBHA HYJIO.

OudepeHIjialbHNM pPiBHAHHAM, 0COOJMBO HEBUPOIIKE-
HUM JIHIVHMM, OPUCBAYYETHCA OOMIMpPHA JiTepatypa Ta
4YyCJIeHHI HayKoBi mpani. Tomy MM 3ynOmMHMMOCS TiJIBKM Ha
TUX acIlleKTax, AKi OyayTh HeoOXimHI [JIaA po3yMiHHA METONY
PEeKYPEeHTHNUX BiTHOIIIEHb.

3BuuariHe audepeHLiaJbHe pPIBHAHHA  BUpPAaXKae
3aJIeKHICTDh MisK He3aJIesKHOI0 3MiHHOI0, (PYHKI[I€I0 3MiHHOI Ta
noxiguumn ¢yrekruii. ITopagox nudgepeHialbHOTO PiBHAHHA
BM3HAYa€ThCA HAVBUIIOIO IOXiNHOIO (PyHKIII, 110 BXOOAUTE 10
JIOT0 CKRJIanLy.

Ilopanok audpepeHIiaIbHOTO PIBHAHHA BU3HAYAETHCA
HaVBUILOK IIOXIAHOI (PYHKIIii, III0 BXOAUTH OO JOTO CKJIALY.
fArmo B piBHAHHI 3MiHHaA Ta Ii DOXigHI BXOAATH TIJIBKM B
[IepLUIOMYy CTyIIeHi, Take pPIBHAHHA Ha3MBAE€THCHA JIHIMHUM.
BinnosigHo KoedinienTN JiHIIHOTO PIBHAHHA — 1€ KOHCTAHTHU
abo yukuii HezamesxHoi aminuoi f(x).

Heaki wHejiniViHlI piBHAHHA, o0 MICTATE APOOOBI
CTyIIeHi, MOXKYTb OyTM HpuUBeAeHi A0 3BUYANHUX JIHINHUX
PiBHAHBL JAPYroro MNOPAAKY HIIAXOM N030aBJeHHS Bif
cTelleHeBUX JIpoOiB. B mnpoMmy Bumagry Iepen poO3IJfaLoM
piBHAHHA noTpibHO cpobyBaTu mo3daBuTHCA Bif Apo0y.
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OxpeMyM BUIIAJIKOM JIHIMHUX AudepeHniaJIbHUX
PiBHAHBb € OJHOPimHI audepeHianbHI PIBHAHHA, B AKNUX
f(x)=0. Ona orpumMaHHA PO3B’A30K HEOJHOPIMHOrO PiBHAH-
HA BUKOPUCTOBYIOTBCA PO3B’A30K OJHOPIAHOTO PIBHAHHA,
TOMY acmekT f(X)=0 BasKJuBuMiL.

Po3B’aA3K0OM HEBUPOAYKEHOTO 3BUYAHOTO OJHOPiIHOIO
IUpepeHIiaJIbHOTO PiBHAHHA APYTOTO MOPAAKY € KOMOiHaIiA
JIBOX YaCTUHHUX JIIHIIHO-HEe3aJIeXKHUX PIIIeHb:

Y(x)=cy(x) +¢,),(x)

lle ¢, — nesAri KOHcTaHTH, Y,(X) — mapa JiniiHO-
He3aJIesKHUX PO3B’A3KIB piBHAHHA. MM He IpMBOAMMO IOKa3
LIbOTO TBEPIYKEHHS.

IcToTHMM MOMEHTOM 3aCTOCYBaHHA METONY PeKy-
PEeHTHUX BiHOIIIEHb € 3BeJEeHHA HEeBUPOJYKEHOTO 3BUYATHOTO
OOHOpPigHOrO nudepeHIiaJbHOTO PIBHAHHA NPYTOTO IOPAIKY
10 KOHKpeTHOTO Bullaaky — piBHAHHA IllTypma-Jliysinsa.

Y B3B’A3KYy 3 UM BCTAIOTh KOHIIENTYyaJbHI INMUTAHHA
iCHyBaHHA BJIACHMX 3HAa4YeHb 1 BJACHUX (PYHKI[ [aHOTO
piBHaArHA. Hagasi Mu mpumyckaemo, 110 Bei HeoOXimui miia
JIloKa3y IOXifHI Ta iHTerpajy iCHYIOTB.

Teopema 1. 3suuaiine HesupoOdicene JHiHilIHE OOHO-
pioHe  Oupepenyianvie  piBHAHHA — OpPY2020  NOPAOKY
sucnA0y:

L)z () f(x)z" (x)+[(x)z(x)=0 a1

Modice Oymu auuie EOUHUM YUHOM 38€0eHe 00 PIBHAHHS
LImypma-Jliysina:

y'(x)+g(x)y(x)=Ny(x) (112)

oe g (x)— pynxyis, A — Oesxa koncmanma.

ﬂﬂﬂ Ub020 BUKOPUCMOBYEMbCA 3aMiHa:
z(x)= P(x)y(x) (113)
e P(x)=exp( jf(g) )

YALS)
u f(x)£0

(114)

Dynxyia g(X) i 61acHe 3HAYEHHA MONCYMb Oymu
3anucani 0OHUM 3 080X eKGI8AICHMHUX UPA3IB.

g(x)+ L =B (x)—+ (@fx) +2a'(x)) (115)
g(x)+ A =P (x)(P"(x)+aP'(x)+BP(x)) (16)

IIpu npomy HeoOximHO BigMiTMTHM, IO [0 OZHOTO I
Toro K Buny piBHaAHHA IlItypma-JliyBina MoxyTb OyTu
IpuBefeHl pisHi BUAM OJHOPINHMX HEBUPOMKEHUX JIiHIN-
HUX OUdepeHIliaJbHUX PiBHAHD APYTOTO MOPAIKY.

Ilpuseoemo oOoxaz. Jns uporo 1o036aBUMOCA Bif
HeOAMHMYHOI (pyHKLI] npy Apyriit nmoxigHi:

z"(x) 2" (X)7(x)/1o(x) +2(x)fo(x) /fo(x) =0

ITosHauMMoO: (X:]f (x) /]g (x) (L17)
B=/o(x)/h(x) (118)

Toni 6a3oBe piBHAHHA (1.1.1) mpuitMe BUTIIAL:

z"(x)+oz' (x)+Bz(x)=0

ITorim migcraBumo 3zaminy (1.1.3) B mudpepeHitiajabHe
piBHAHHA (1.1.1) 71 HakJageMoO JONaTKOBI ymMoBU. PiBHAHHA
IpuiiMe HaCTYITHUI BUTJIAL:

0=z"(x)+az' (x)+Bz(x)=
=(Py(x))"to(Py(x))" +B(Py(x))=
=P"y(x)+2Py'(x)+Py"(x) +aPy(x)+
+oPy'(x)+BPy(x)=0 (119)

Ona orpumanaa piBaaaaa IIrypwma-JliyBinma wmmu
TIOBMHHI BUMaraTty, 1100 3HAYEHHA MOTEHIaJly NPy IepIiIii
noxinuit dysrnii y'(x) ToTomHO mopiBHIOBAJNO HYyJIO ANA
BCiX 3Ha4YeHb 3MiHHOi, a came:

V() (2P"+0)=0



OCKiNBKM CIIOYaTKy MM OPUIIYCKAEMO, IO IIOYaTKOBE
nudepennianpae piBHARHA (1.1.1) Ta 3amina (1.1.3) =He
BUpOMKeH], dyHKIia y'(X) He Moxe OyTM TOTOMHUM
uysiem. Tomy 1m0 iHakmte y(X)=const it moyaTKoBe PiBHAHHS
BUPOIsKYyeTbCcA. ToMy nJa icHyBaHHA 3aMiHM MM IIOBMHHI
BMYMaraTy TOTOKHOI PIBHOCTI HYJIO HaCTYIIHOTO OTPMMAaHOIO
HaMM BUPa3y:

2P'(x)+a(x)=0 (1110)

OueBuAHO, II0 MM OTPUMAJIM OHOPimHe audepeHIri-
aJibHe PiBHAHHA NEPIIOro HNOPAAKY. TakuM 4UMHOM, 3aBJaHHA
3BeJIeHHA Ju(pepeHI[iaJlbHOr0 PIBHAHHA 10 PIBHAHHA
IIIrypma-JliyBina BuMarae po3B’A30K IIPOCTOrO JIiHIIHOTO
IndepeHIiagbHOT0 PiBHAHHA Ieporo mopaary (1.1.10).

3 Teopii audepeHiaIbHNX PIBHAHBb BiJJOMO, IIIO0 TaKWUi1
PO3B’A30K icHYe ¥ BiH €AMHMII (3 TOYHICTIO O MHOYKHMKA-
KOHCTaHTM). €IMHICTL LILOTO PO3B’A3KY JIOBOAUTL EVHICTH
icuyBanua saminm (1.1.3) 1 emuHicTe cmocoby NpMBeeHHA
piBHaArHA (1.1.1) no piBrarHA IItypma-Jliysina (1.1.2). Bouo
BUPAKAETHCA:

P(x)=exp(—%foc(§)d§) (1111)

Besnocepenupo mizncraBuBIIM CIOAM 3HA4YEeHHA O (é)
BIATIOBIAHO [0 BBeNEeHMX HaMM paHinie nmosHadeHsb (1.1.7), mu
orpumaemo opmyay (1.1.4) nina samianm (1.1.3).

Taxum 4MHOM, MM B ABHIiN popMi BCTAHOBMJIN 3aMiHY,
Aka B piBHAHHI (1.1.9) 3abe3meduye HYJIbOBUII ITOTEHINAJ
Opy MeplIiyi IMOXifHiV, Ta MOBeJM €IMHICTH TaKOi 3aMiHU.
Tenep 3anmimemo orpumaHe piBHAHHA (1.1.9) Oes3 mepioro
IIOTEHIliaJy:

P"y(x)+Py"(x)+aPy(x)+BPy(x)=0

Ileperpymnyemo 4yieHy NPy OHAKOBUX IIOTEHIlaJIax JJIA
oTpuMmaHHA piBHAHHA [IITypma-JliyBina aBHO:

Py"(x)+(P"+aP'+BP)y(x)=0

P +0(PP +BPy(X):0

A6o y"(x)+ (1112)
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OueBuAHO, II0 B3HAYEHHA HYJBOBOIO IIOTEHIAJy
B piBuanai IIIrypma-JliyBina MoOKHa BUPA3UTU ABHUM

BiTHOIIIEHHAM:
_ P'(x)+aP'(x)+BP(x)
A=
g(x)+ Plx)

TakuM YMHOM, ITiCJA MiZICTAHOBKM B Il BiJHOIIEHHS
3Hadensb (1.1.11), (1.1.7) i (1.1.8) oTpumyemo Bupas:

g()TA=B(x)~4 () +2a'(x))  a16)

(115)

Teopema oOoxazana. Posp’sizox piBusanaa IItypma-
JliyBina BU3HAYa€TbHCA 3 TOYHICTIO O KOHCTAHTM, OCKIJIBKU
PIBHAHHA € ONHOPIAHMM, 1 €QUHICTbL MOJAHHA PO3YMIETHCA
caMe B IIbOMY CEeHCI.

Ilpumimka. Y Bupasax (1.1.5) i (1.1.6) Mmu orpumyemo
He TiMbKM JesKwit moTeHmias g(X), ane i koncTanTy A, AKy
10 MOJKJIMBOCTI HeoOXimHO BupaijmnTu oxpemo. lle BJacue
3HaudeHHA piBHAHHA l[ITypm™ma-Jliysinda.

Bigmitimo, mio i morenmian g(X), i Bracke sHauenns A
MOXKYTb IpuitMaTyt Oyab-AKe NOBiNbHe (30KpeMa ¥ HyJbOBe)
3Ha4YeHHHA.

HasaBricTe mapm HeBUPOIKEHMX PilleHb, BIANOBIAHMX
IEeAKOMY HEHYJIbOBOMY BJIACHOMY B3HA4YEHHIO A, HO3BOJMUTH
HazjaJi 3aCcTOCOBYBaTM CIpPOLIeHY (opMysay IJjd HoOyIoBU
PEKYPEHTHUX BiTHOIIIEHb JIJ1A PO3B’A3KiB piBHAHHA [IITypM™ma-
Jliyeina. I Bimaomenusa 6yayTte poarmanyti B Ilepimiit Ga-
30Bii1 Teopemi. CamMe BOHUM BUKOPUCTOBYIOTBCA MJIA OTPU-
MaHHA PEKYPEeHTHMX BiJHONIeHb NJsA PO3B’A3KIB PIBHAHHA
Becesnsa (niiEAPOBUX (PYHKILi).

AKINO HEHYJBOBY KOHCTAHTY A BUILIATY HEMOXKJIVUBO,
piBHAHHA Mae HyJIbOBe BiacHe sHagenna A =0, To pexypenTHi
BiIHOIIEHHA nJA OO0 PO3B’A3KIB MOXKYTb OyTH OTpUMaHI
3a y3araJibHEeHOI (CKJIaAHIIIOW) QOpMYyJi IepeTBOPEHb.
Ilert ysarasbHeHmii BUNAJOK BuUBYaeTbcA B Jpyriit 6a3oBin
TeopeMi IMOOYZOBM PEKYPEHTHUX BIJHOLIEHb JJIA PO3B’A3KIB
piBaauaa lrypma-JliyBimna.

[1a 3BeleHHA HEOJHOPIAHOrO nudpepeHIiaJbHOTO PiB-
HAHHA TaK CaMO BUKOPUCTOBYIOThCA popmyiu Teopemu 1.
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§ 2. OTpuMaHHS peKypeHTHHX BiIHOIIEHb
AJis1 po3B’si3KiB piBHsiHHA L TypMa-JliyBins
3 HEHYJIbOBHM BJIACHMM 3HA4Y€eHHSIM

PexypeHTHI BiZHOIIEHHS 115l OHOPIIHUX
audepeHiaIbLHUX PiBHAHDb APYTroro NoOpsiaKy
3 HEHYJIbOBUM BJIACHMM 3HA4Y€HHSIM.
IMepma 6a3oBa Teopema

3BuuanHi JHINHI OudepeHiaabHl PIBHAHHA IPYTOTO
HOPAJKY IIMPOKO BUKOPMCTOBYIOTHCA B IPUKJIAJHMX 3ajladax
cydJacHOi MaTeMaTU4HOI Pi3UKN.

Kpim Toro, meron po3smineHHA 3MIHHMX B nIudepeH-
iaJJbHMX PIBHAHHAX 13 YACTMHHMMM MOXITHMMM IIpM ix
QHaJIITMYHOMY pPiIlleHH] YacTo IPUBOAUTL 10 PiBHAHDL BJlacHe
TaKOTO POLY.

IIpu BupiieHHi piBHAHB IPYTOro NOPALKY JOCUTDH YacTO
JOBOAUTHCA PO3TIAANATU OU(PEepPEeHITiabHi PiIBHAHHA NEPIIIOTO
nopanky. ToMmy BasKJIuBicT, IudepeHLiaJbHUX PiBHAHD
IIepIIOro i JAPYroro IOPANKY MOJA CydacHOI IIpUKJIALHOI
MaTeMaTMK) HesallepedHa, iHTepec 10 Hel pociuinHUKIB
Ioci He 3racae.

IcHyIOTH 9OTHPM OCHOBHI 3araJIbHOIPUIHATI MeTOAN
pO3B’ABaHHA AU(EepeHLiaJbHNX PiBHAHb, II0 MAalTh 3MiHHI
KoediIfieHTn.

1. Ilpame uwucenbHe po3B’A3aHHA (aHAJITHMUYHMII abo
3 BMKOPMCTAHHAM KOMII'IOTEpPHMX TexHoJsorii). Ile wmoske
noTpebdyBaTy BeJMKOI Ipalli Ta BUMaraTu CEepiio3HNX 3yCUJIb,
ajie y 0araThbox BUIIaJKaXxX IIPOCTO HEMAa€E iHIIOTO BUOOPY.

2. Po3B’si3aHHs 3a [OOIOMOIOI0 CTENEHEeBUX Ta IHIIMX
pAniB, mo cxomATbca (abo 3a OpTOHOPMOBaHUM 0a3mCcoM
(pYHKIIi}I, B y3araJIJbHEHOMY CEHCi).

3. [llnaxoM mificTaHOBKM IHTErpaJiB pPiSHOrO BUTJIALY.
4. AcMOTOTMYHUMY PO3B’A3KaAMMU 1 PO3KJIAJIEHHAMA.

ABTOp mpomoHye IWATHMII €cOOCi0 OTPMMaHHA PO3B’A3-
KiB AJ1A JiHIHNX gudepeHIiaJbHNX PiBHAHL IPYTOTO MOPAL-
Ky — MeTOoJ, PeKyPEeHTHIX BiJlHOLIEHB.
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WMoro 3acTocyBaHHA OyJie 3MiVICHEHO NJIA MOCIiIMKEHHSA
piBHAHHA DBecena 1 mnpamoro oTpuMaHHA pPeKYPEHTHUX
BiHOIIIEHb IMJIIHAPOBUX (PYHKIII.

Yxpait e(peKTUBHMM 3aCTOCYBAaHHA METOAY PEKYPEeHT-
HUX BiHOILIIEHBb € caMe y TOMY BMUIIAJIKy, KOJM HaM BiIoMuii
OOVMH 3 JBOX YACTMHHUX JIHITHO-He3aJeKHUX PO3B’A3KiB
JIHITHOTO IudpepeHIiaJbHOTO PIBHAHHA JPYroro IOPAAKY.
Bin wmosxe Oytm orpumanmii abo axajgiTMyHO, abo 3
BUKOPMCTAHHAM YMCEJbHUX METOLiB.

3a JOIOMOTOI0 JJAaHOTO METONY MOYKYTb OyTM OTpMMaHi
OeskiHeuHi JIAHITIOMKKM, I1I0 JIHIHMM YMHOM IIOB’A3YIOTh
HeO4YeBUJIHI PO3B’A3KM JiHIHMX AudepeHIliaJbHNX PIBHAHDb
IPYroro IOPAAKY OAMH 3 OJHMM, i B30KpeMa pO3B A3KHU
piBHaHHA IITypMma-JliyBina.

Y Teopii cmemniasbHUX (PYHKIN i JiHiITHUX AudepeH-
LiaJIbHMX PiBHAHB JPYTOro NOPALKY YaCTO CTUKAIOTHCA 3 TUM,
110 OAVH 3 ABOX YaCTUHHUX JIHIHO-He3aJIeXKHIUX PO3B’A3KiB
IudpepeHIliaJIbHOrO PiBHAHHA ab0 oueBuAHMIL, ab0 JOCTATHBO
JIerKo 3HaxonuTbcd. IIpoTe mnpakTHyHe 3HA4YEHHA I[bOTO
PO3B’A3KY paHillle He PO3TJIAAAJIOCH 1 BBAYKAJIOCA HEICTOTHUM
32 3HAYEHHAM.

Os po3B’A3KYy NpakTUYHMX 3alad [oTpidHe Bim-
LIYKAaHHA JPYTOro YaCTUHHOTO JIiHITHO-He3aJIe3KHOI0 PO3B’ A3~
KY, III0 9aCTO € HEOYEBUAHMM. Y HAMOIIbII CKJIaJHMX BUIAJKAX
el po3B’A30K He MOXKe OyTu OTpuUMaHmuii KOMOIHAIIIEIO
esleMeHTapHUX (PyHKIiN. Tomy B OisnbirocTi BUIIagKIB mpoc-
TUI NOepHuii YacTUHHUII JIiHINHO-He3aJIeXKHU pPO3B’ A30K
PIBHAHHA 3aJIMIIIaBCA 1034 YBaroIlo.

Y meToAl peKypeHTHIX BiJHOIIIEHL OCHOBHA yBara mpu-
IIA€ThCA caMe IbOMY IPOCTOMY (0UYE€BUIHOMY) YACTUTHHOMY
Po3B’s3KRy mudepeHiaJIbHOro piBHAHHSL.

Y ToMy BUNAIKY, KOJM OAVMH 3 YACTUHHUX PO3B’A3KIB
abo szaspaJjierinzb Bimomwmii, abo OYEBUIHMUII Ta € TaKUM, IO
IIOCTATHBO JIETKO 3HAXOAMUTLC, MaHWUl MeTol Mo:Ke OyTu 3
YCITiXOM 3aCTOCOBaHMUIL

HOna Toro, mob 3actocyBaTu MeTOJ PEeKYPEHTHUX
BiHOIIIEHb, MM CIIOYAaTKy IIOBMHHI 3BeCTM HEBUPOJKeHe
JiHiViHe pgudepeHniasbHe PIBHAHHA JOPYLOro IMOPAIKY
o okpeMmoro Bumnaaky — piBHarHA Iltypma-JliyBina 3
BuKopucTaHHAM Teopemu 1. [lasi My JOCTiAMKYEMO OTPUMaHE

piBHaHHA IIITypMma-JliyBina. 13



Teopema 2. Ilepwma 6azoea meopema. /[ po3e s3Ky
nouamkosoeo pisHanua Llmypma-Jliysina 3 Hesupoodice-
HUM LACHUM 3HAYEHHIM N

y'(x)+g(x)y(x)=Ny(x) (121)

0e g(X)— Oesika QhynKyis 3MiHHO20 X
ma \— nenynvose enacne snavenns A7 0
iCHY€E peKypeHmHe 8iIOHOUEHHS BUTAOY

z(x)=A(x)y(x)-y'(x) (122)

oeA(x)= $((xx)) 123)

GUKOHYEMbCA MOMONCHICIND.

A'(x) +A'(x)=—g(x)+1 (124)

Mu mooicemo 3anucamu iOHOWEHHS! 8 IHWI opmi.:

z(x)=—(p(x)%(i;?—3) (125)

Qyukyin  QO(X) € HeBUPOONCEHUM  HEHYIbOBUM
YACMUHHUM — JHIUHO-HE3ANeHCHUM PO36 SI3KOM  DIGHAHHA
(1.2.1), modxcnueo 3 iHWUM 1ACHUM 3HAYEHHAM — OesIKOH
KOHCMAHmMOoro |L:

P"(x)+g(x)9(x) =puo(x) (126)
3a ymosu O(X)FYy(x), 20ey=const

Pexypenmmne sionowenus suensnoy (1.2.2)i(1.2.5) npuso-
oums 00 pe3ynomyouoeo pisHanusa Llmypwa-Jliysina:

z"(x)+q(x)z(x)=Az(x) (12.7)
0N AKO20 BUKOHYEMbCA.

q(x)=g(x)+2A'(x) (1238)
g(x)=—g(x)=2A4%x)+2u (129)
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Mpumitka. [[na TOIIYKY PeKYPEHTHMX BIiJHOIIEHb B
il TeopeMi MM BUKOPMCTOBYEMO KJACUUYHE II€PETBOPEHHA
Hapby (1.2.5). Mu He MOBMHHI BUKOPUCTOBYBATHU III0 TEOPEMY
i meperBopenssa Japby s BUPOIYKEHOTO BUMAAKY, KOJIM He
MO’KHa BUJIIJINUTY HEHYJbOBE BJIaCHE 3HaUeHHHA

YMoBa HEBHPOIHKYBAHOCTI A € iCTOTHO Ta KPUTUYHOO
npu nokasi gaHoi Teopemu. HaBiTe y ToMy BuUNAAKY, KOJMU
JIAHLIOMKKY OTPMMaHUX PIBHAHD

y'(x)+g (x)y (x)=\ y (x)

n n n n’n

IPUBOAATHL HAC [0 YMOBU 7\,’1 —0 mpu n—>00,

noTpibHO BiZMOBMTMCE Bifl BMKOHAHHA TI'PAHUYIHOTO
nepexony 1o Ap. Juaa Bupomsxenoro sumazky A=0 Buko-

PUCTOBYIOTbCA MOAMMIKOBaHI OPMyJM Ta BIAHOIIEHHA, AKI
OynyTh cTMCIIO BUKJIALEeH] y BUCHOBKY.

/oka3. Tlpn npoBeneHH] q0Ka3y MM BBasKaeMo, IO BCi
HeoOXiznHl moximai Ta iHTerpasy iCHYIOTH i He BUPOJKEHI.
Buronaewmo siniviny 3aminy:

z(x)=A(x)y(x)+B(x)y'(x) (1210)
i migcTaBuMO ii B pe3yJsabTyloue piBHAHHA
Az(x)=z"(x)+q(x)z(x) (1277)

Mn orpumyemo:

A(A(x)y(x)+B(x)y'(x))=

=A"(x)y(x) *24'(x)y"(x) + A (x)y"(x) +
B (x)y'(x)+2B'(x)y"(x) +B(x)y"(x)+
+tq(x)A(x)y(x)+q(x)B(x)y'(x) (1211)

3uauenus y"(X) ouesnznHo 3 piBHAHHA (1.2.1):

y"(x)=(h=g(x))y(x)

Ona toro, mob® HaOyTuM 3HaYeHHA TPeThbOi MoXigHOI
y"(x), mu mnoBuMHHI TpPOAMQEPEHIHIBATHA IOYAaTKOBE piB-
HAHHSA, 3 KOTO OTPUMYEMO:

Y (x)=(A=g(x))y'(x)-g'(x)y(x) (1212)
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IlincraBumMoO orTpuMaHi Bupasm s APYroi Ta TPeThOi
noximHoi yHkIii y(x), mob noa3byTuca Big noximHUX
CTapIIOro NOpAAKY B BimHomieHHi (1.2.11)

MA(x)y(x)+B(x)y'(x))=

=A"(x)y(x)+2A4"(x)y'(x)+A(x) (A=
—g(x))y(x)+B"(x)y'(x)+2B'(x)(A=g(x))y(x)+
+B(x)((A=g(x))y'(x)-g'(x)y(x))+
+q(x)A(x)y(x)+q(x)B(x)y'(x) (1212)

Ham ©HeoOximHo 3abe3meumTy TOTOMKHY piBHICTB
(1.2.12) pgna Bcix 3HaYeHb 3MIHHOI X, IJIA AKUX PO3B’A30K
IudepeHiangeHoro piBHAHHA icHye. Ile 3abesmneuyerbcsa
TOTOKHOIO PiBHICTIO IIOTEHIiaJiB:

Ay(x) | A(x)=A(x)+2B'(x) (1218)
ky’(x) B(X)ZB(X) — roroxHicTs VX

y(x) | 0=A4"(x)-g(x)A(x)-2g(x)B'(x)~
—8'(x)B(x)+q(x)A(x)

y'(x) | 0=24"(x)+B"(x)=g(x)B(x)+q(x)B(x)

IIpu poaraaxni pisaauaa Iltypma-JliyBiisa My BBaskau,
1[I0 BJIACHE 3HAYEHHA IIOYaTKOBOTO PIBHAHHA HEBUPOIIKEHe,

To6T0 AF#0.

JlaHa BuUMOTa € iCTOTHOIO IPY JIOBENIEHHA Ifi€el TeopeMn,
OCKIJIbKM J03BOJISE€ HAKJIACTU JOYy’Ke SKOPCTKY JONAaTKOBY
YMOBY i TOMy SIBHO OTpMMAaTH 3Ha4eHHs B (Xx).

nsa 3abe3nedeHHA TOTOYKHOI PIBHOCTI MOTEHIiaJy
npu Ay(x), me A HeBupomKeHuit, HeoOXifHO BuUMaraTu,
mo6 B'(x)=0 mpu Bcix 3HAYEHHAX 3MiHHOI X.

Mwu orpumanmu 3BuuaiiHe audepeHIfiaJbHE PiBHAHHA

IIepIIOrO IOPAAKY, AKe Ma€ ABHUII PO3B’A30K, II0 HOPiBHIOE
KOHCTAHTI P BCiX 3HAYEHHAX 3MIHHOI X:

B'(x)=0 = B(x)=c, nec=const (1214)

Vx, Ha AKMX PO3B’A30K IIOYATKOBOro piBHAHHA IIITyp-
Ma-JliyBina BU3Ha4YeHUI Ta icHYE.
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Ockinbknu piBHAHHA (1.2.14) onmHOpimHE, TO €OVHICTH
JIOTO PO3B’A3KYy MNPUIMAETBCA 3 TOYHICTIO OO [JeAKO0i
KOHCTaHTM, TOMY HaJaJi MM MOKeMO BUOpaTu 3pydHe AJIA
Hac ii 3HauenHA. Takmm umHOM, cucremy piBHAHBD (1.2.13)
MOYKHa CIIPOCTUTH 1 3ammcaTyl y BULJIAAL

y(x) 0=A"(x)+A(x)(q(x)—g(x))—cg'(x)
Y'i(x) | 0=24"(x)+c(q(x)-g(x)) (1215)

one C — pesdka ,I[OBi.TIbHa HEeHYJbOBa KOHCTAaHTA.

Mwn orpumanm cucremy JiHIHUX »AudepeHIiaJIbHUX
PiBHAHD BiHOCHO ABOX HEBIIOMMX (PYHKII/i OJHOrO 3MiH-
roro: A (x) Ta ¢ (X). PisHsAHHA B O[HOPIAHIl cucTeMi PiBHAHD
(1.2.15) ninifiHO-He3aJiesKHI, PO3B’A30K iCHYE 1 BiH €qUHNI 3
TOYHICTIO 0 KOHCTAHTI.

Bupimemo cucremy piBaaHb (1.2.15), BUpa3uB 3Ha4YeHHA
HeBizoMoi yHKIII ¢ (X), AKa BXOAUTH B cUCTeMy SBHO 0e3
CBOIX MOXITHMX:

y(x) | g(x)*+(cg'(x)-A"(x))/A(x)=q(x)
y'(x) g(x)-2A4'(x)lc=q(x) (1216)

Biguimemo Big neprroro piBaauasa cuctemu (1.2.16) npyre
PIBHSHHSA, BUKJIIOUMBIIN ¢ (X), OTPUMAEMO OLHE DIBHAHHS:

(cg'(x)—A"(x))IA(x)+2A4'(x)/c=0

Mu moeuHH] npumyctuTH, mo notenmian A (X) Torosx-
HO He BUPOJKYETbCA B HYJb JJIA BCiX 3HA4YEHHAX 3MIiHHOI
X. Imakmie MM He B3MOMKeMO IIOOyAyBaTH HEBUPOJKEHE
PeKypeHTHe BigHomIeHHA. TaKuM dYMHOM, MU OTPUMYEMO
piBusauna s yukmii 4 (X):

ctg'(x)—cA"(x)+2A'(x)A(x)=0 (12.17)

Ile piBHAHHA € KJaCUYHUM [OUPEPEHLiaJIbHUM PiB-
HAHHAM, AKe MOKe OyTU JIeTKO BUpilleHe B fABHIiN ¢hopmi 3
BMKOPMCTAaHHAM MeTony iHTerpauii mo uacTuHax. Ilepenm-
memMo orpumaHe piBHAHHA (1.2.17) B exBiBaJieHTHI op-
MaJIbHi popmi:

4 (cPg(x)—cA'(x))+-4(4%x))=0 21
dx dx 17



dopmaabHO MPOIHTErPyEMO OTPUMaHEe PIBHAHHA II0
3MIiHHI X 1 oTpUMaeMo:

c2g(x)—cA'(x)+A(x)=n (1219)

Je W — nmesaxa MOBijIbHA KOHCTaHTA.

OCKiNbKM KOHCTaHTa, 110 BXOAUTH IO PIBHAHHA, Yepes
itoro ogHopinHicTh (1.2.14) € mOBiNBbHOIO, MM MOKeMO BubOpa-
T Take ii 3HavyeHHs, 11100

—1 . . 2_ -
|c|=1 isigmosizro c*=1, c=7F1 (1.2.20)
Tomy piBHaHHA (1.2.19) Oyne 3anmcaHo y BUINVIALIL:

A¥(x)—cA'(x)=p—g(x) (1221)

Mwu orpumasnn HesiHiVIHE HeofgHOpinHE AUdepeHIiaab-
He PIBHAHHA [I€PILIOTO NOPAAKY. BUKOpMcTaemMo MeToJ 3aMiHN
3MIHHUX i ITIOKJIaeMO

A(x)= % ne O(x)— dyuxmia (123)

ITlincraBumo 3aminy B piBHAHHA (1.2.21) i oTpuMaemo:

(M) Q"(x)P(x)—@'(x) Q'(x)_
o(x) ¢*(x)

Ilicna copoileHHA OTPUMY€EMO HacCTyIHE PIBHAHHA:

—cQ"(x)=¢(x) (L—g(x))

Buxonaunu 3 mojosxkenHa (1.2.20) i moksaasmm c=—1,
Mu orpumyemo piBHAHHA IIItypma-JliyBina 3 mouaTkoBuM
noreHuiagoM g(X) i BIacHUM 3HaueHHAM L

0"(x)+g(x)P(x)=no(x) (126)

fx roBopmJsOCH paHille, icHye Iiymil KJjac JIHITHUX
IndpepeHIiaJbHMX PIBHAHD APYTOT0 IOPAAKY, NJIA AKMX MOYKHA
JOCTaTHBO JIETKO 3HAWTM OYEeBUIHMII YAaCTUHHUI PO3B’ A30K,
AKNI caM 110 cobi He Mae IMpPaKTUYHOrO 3HadeHH:A. IIpocTuit
PO3B’A3B0K TaKOK MOKe OyTH 3alaHUil 3a37aJIEeTiIb.

u—g(x)

PiBuaunna (1.2.6) nokadye, 1110 714 TOOYA0BY PEKYPEHT-
HUX BiJHOLIIEHb HEOUYEBUIHUX PO3B’A3KiB piBHAHHA [IITypM™ma-
JliyBina HeoOXimHO 3HaTM npyruil (IPOCTUII 1 OYEBUITHUI)
18

PO3B’A30K MAHOTO PIBHAHHA 3 IHIIMM BJIACHUM 3HAaYEHHAM
W, MOxJIMBO BigMiHHMI Bif

fxio Mm 3Ha€MO Takuil Po3B’A30K B ABHINM opwmi, TO
PEKYpPEHTHe BiJHOIIEHHA MOKe OyTM €QUHMM YMHOM 3alll-
caHO y (popmi

z(x)=A(x)y(x)-y'(x) (12.2)

a0 z(x) =2 (( )) (x)—y'(x) 1222)

[laHe peKypeHTHe BiIHOLIEHHA € IlepeTBopeHHAM apOy
naa pisuanaa [Ilrypma-JliyBina. Bono mosxke OyTu 3ammcane
y popwmi onepatopa (1.2.5).

B xonmi pmorkasy Takosxk Oysm oTpuMmaHi Binnosinai
piBuAnHA (1.2.4), mwo nos’saysann, (1.2.8) i (1.2.9) mua g (x).
TaxuM 4MHOM, Meopema 0OKaA3aHd.

Bigsnauumo, 110 NOpeAcTaBJIEHHA 4YacTUHHOIO He3a-
JIESKHOTO PO3B’A3KY PIBHAHHA B ABHIN (popMi € HagMipHOIO
BIUMOTOIO i MOsKe OyTu icToTHO ocjabjieHe — TOMY IO JJIA
MIOIIYKY B ABHIiV (pOpMi peKypeHTHUX BiJHOIIEHb JOCTaTHBO
JuIlle BUPIIIMTK HeJHiIVIHE audepeHIjiaJbHe pPiBHAHHA
IIePIIOTO MOPALKY:

AXx)+A'(x)=—g(x)+U (124)

3 IeAKOI0 OBIIBHOIO KOHCTAHTOIO L.

fAKII0 BAacTbCcsa oTpUMaTH PO3B’A30K IIbOTO HEJIIHITTHOTO
IndepeHIiaJbHOTO PIBHAHHA [IEPINOro IOPANKY B ABHIN
dopMmi, TO IONUTYK OAMH 3 JBOX JIiHITHO-HE3aJEeKHIUX PO3B’ A3KIB
noyatkoBoro piBHAHHA IllTypma-JliyBind 3 HeBUPOIIKEHUM
BJIACHMM 3HAYEHHAM € 30BCiM He0oOOB’ A3KOBVIM.

IcnyBaHHA 11 HEBUPOYKEHICTD BCIX NOXIAHNX | iHTerpaJIis,
HeOOXiIHMX IJIA KOPEeKTHOIO BUKJIANY i JIOBeJIeHHS TeopeMu
2, IOBMHHI 0yTM OKpeMo OoBeIeHi AJIA KOKHOTO KOHKPETHOIO
BUIAJKY IPaKTUYHOI'O 3aCTOCYBaHHS TeopeMM 2, OCKIJIbKMU
B XO0Ai MOKas3y mependadasiocsa iCHYBaHHSA i HEBUPOIYKEHICTH
X IOXiNHMX Ta iHTerpaJiB B 3araJlbHOMY CeHCI.

IITo6 oTpuMaTV peKypeHTHi BiJHOLIEHHA AJIA ONHOPig-
HUX JudepeHiaJbHUX pPiBHAHb JOPYTOro IOPANKY, 3a
JIOIIOMOroro TeopeMy 1 ixX crnouaTky HeoOXiZHO 3BecTH 0

Buraany (1.2.1).
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§ 3. N'amma-¢yukuis Eisiepa, kopoTkuii orisj

3apa3 MM BigBepHEMOCA BiJ TeMM ayudpepeHIiaIbHUX
PiBHAHB nJA KOPOTKOro ommcy ramma-Qyskuii Einepa,
mo Oe3mocepenHbO BUKOPMCTOBYETBCA B IIPEACTAaBJIEHHI
po3B’aA3KiB piBHAHHA Becess.

Tamma-¢yrruia Eiepa € ysarajJpHeHHAM IIOHATTSA
dakTOpiay, IOMMPEHOT0 3 HATypPaJbHUX uMceJ Ha Bechb
qucJoBUil paAn. Bimomo, 110 AJA  HaTypaJIbHUX —YuMCeJI
dakTopias onucyeTbca BiTHOUIEHHAM:

n!'=n+«(n—1)«(n-2) ... :3.2.1 (131)

HOna dakTopiasly BUKOHYETHBCA OCHOBHE pPEKypeHTHe
BigHOIIEHH:

n!'=n+«(n—1)! (132)

Tamma-gyukiieto Eiinepa HasmBaerbea iHTerpas Eii-

aepa II poxmy, Ay AKOTO BUKOHYETBHCA aHAJIOTiYHE pPeKypeH-
THe BIIHOIIIEHHS:

T(u+1)=ul(u) (133)
Jns Bcix HaTypaJsbHUX umces 7 BUKOHYETBHCH:
I'(n+1)=n! ra T(1)=1 (134)

Tamma-dyukiis Eisepa mus sminaux [ 1 gificHaux Ta
KOMILJIEKCHUX IIapaMeTpiB U BM3HAUAEThHCA dYepe3 HeBJac-
HUI IHTerpaJ, AKUM CXOOUTHCHA, 1 BIIHOIIEHHA:

o0
T(u+1)= Je”t”dt (135)
0

L. m! m"
F(u)_%}—rpoo u(ut+l)...(utm)

(136)

[(u)-T(1-u)=n/sin nu (137)
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Po3paina Il

PiBHaHHS beceas, GyHKILii beceas
Ta iHIIi HUAIHAPOBiI PyHKIil

§ 1. PexypeHnTHi BigHomeHHs 1151 QyHKIii
Beceas

Posrianemo ysarasibHeHe OonHOpinHe AudepeHniasbHE
PIBHAHHA APYTOro MOPAIKY

x%z"(x)+xz'(x) + (x*~vHz(x) =0 @u)

Ie V — gmesKa KOHCTaHTa (MOJKHA BBaskaTy, 110 LA
KoHcTaHTa HeHeratusHa v >0), a y(x) — dyHKIiA.

ITe piBHAHHA He iHTEeTPYETHCA ITPU OYAb-AKOMY 3HAUEHHI
napaMerpa ¥V 3a JOIOMOIOI0 ejJeMeHTapHMxX QyHKIiA. Mn
pOBriAaTIMEMO PO3B’A30K IIbOI'O PIBHAHHA AK CaMOCTIVHI
¢dyuruii aprymenty x. Ii dpynrnii, samesxni Bix 3minHIN
X 1 mapamerpa V, HasuBawTbCcA (QyHKIiAMM Becexa abo
MWTHAPOBUMM (PYHKLiAMM, a piBHAHHA (2.1.1) HasuBaeThCA
KJacUYHMM piBHAHHAM Beces.

PiBuanua Becesa takosk 3anmucyerbeca y gopwi:

n 4 2
z (x)+%z (x) + (1— %2)2()6) =0 (212)

Bupuaroun piBHAHHA (2.1.2), MOkHaA BiA3HAYUTH, IO
jioro kKoedimientn GeamepepsHi ycroan, okpim Toukn X =0, a
caMO PIBHAHHA — HEBUPOJYKEHe JIiHiliHe.

Bararo npuriagaux 3agad, po3B’ 30K AKNUX II0B’A3aHUNA
3 piBHAHHAMU Jlaniaca, XBUJIEBUMY PIBHAHHAMY, PIBHAHHAMU
TeIJIONIPOBITHOCTI, cUCTeMaMy XBUJIbBOBUX PIBHAHb B
cheprIHNX, KOHIYHMX 1 OUIIHAPOBUX KOOPAMHATAX, JeAKi
iHITI PIBHAHHA B YaCTUMHHUX IIOXiTHMX IIPM PO3MiJIeHHI
3MIHHMX [OPUBOAUTHL OO0 pPiBHAHHA bBecensa 1 mmiriHApoBmux
(pyHKIIIN AificHOro i KOMIIJIEKCHOTO 3MiHHOTO.

dyuknii Becesa nponoB:xkyoTh InpuBepTaTy no cebe
yBary IOOCJIIHMKIB, OCKIJIBKY IIPY PO3KJAJEHH] B pAJ II0 HUM
3a0e3reuyoTh MIBUAKY I KOPeKTHY 30iskHicTh. BOHM aKTHBHO

BMKOPMCTOBYIOTbCSA CHOTOJHI.
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Y upoMy PO3IiJi MM OTPUMAEMO KJIACUYHI pPeKypeH-
THI BigHOmIeHHA naA ¢QyHKUIM DBecena 3 nosutuBHMM
ImapaMeTpoM V, BUXOAAYUM TiJIbKM 13 3araJibHOrO BUAY pPiB-
HAHHA DBecena. oA nporo Mm 3BegeMo piBHAHHA Decens
no piBaaaHa Illtypwma-JliyBina 3a gomomoroxo Teopemnu 1, a
IIOTIM ABHO 3aIIMIIIeMO PeKyPEeHTHI BiJHOIIIeHHA 3a JOIIOMOT'0I0
Teopemu 2 (Ilepimroi 6a30Boi Teopemn).

ITo3raunmo JV (x) oOMesxkeHMII B HyJIi pO3B’A30K PiBHAH-
HA Beceusda, axuit HaduBaeThcA QyHKIi€0 Becens, ne

lim|J (x)|<oo u v>0 213)
x=-0 Y

Jema 1. Knacuune pisnanuns becens euensioy
x2Jv”(x)+xJV'(x) + (XZ_ VZ)JV(X):O @14)

Modice bymu npugedero 00 pisHanus LLmypwa-Jliyeins

y(x)— (V_I/Z)Z(VJF 1/z)yv(x) =—y(x) (@15)

3a 00NOMO2010 3aMinu 6udy: Y, (x)= \/; Jv (x) (216)

/oka3. 3acrocyemo Teopemy 1, sika 3BOMUTHL 3BUUAlIHE
OnHOpigHe paudepeHIjiaJdbHe PIBHAHHA [OPYTOro MOOPAIKY,
OKpEeMNM BUIIAJKOM SKOTO € PiBHAHHA Decess, no piBHAHHA
MTrypma-Jliysinsa.

fz(x)z”(x)Jrfl(x)z’(x)+f0(x)z(x)=0 (111)
ne z(x) =_{/ (X)— dyurmis Becens

ﬁfz(x)=x2, fl(x) =x,fo(x) =x2— p? (217)
Pisranna ltypma-JliyBina MaTuMe BUTJIAL:
3,(x)+g,(x)y (x)=A y (x) (218)

Bigmosigzo o (1.1.3) i (1.1.4) 3amina npuiiMe BUTJIAL:
X
= — 1 (1
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TakyM YMHOM, IJA BCiX 3Ha4YeHb napamerpa V MU
OTPUMAEMO BigHOIIIEHHSA BUIJIALY:

}?/(X)Zl/\/; IS Vv

AKe [O03BoJiAe oTpuMaTu 3aminy (2.1.6) B ABHOMY
BuryAni. BignoBinHi noTeHItiag i BJacHe 3HaUYeHHS PIBHAHHA
IIrypma-Jliysina (1.1.2) Bupaskaerbea 3a popmydioo (1.1.5) 3
YpaxyBaHHAM OPUINHATUX Mo3HadeHb (1.1.7) i (1.1.8):

o, (x)=f (x)/f(x)=1/x
B,(x)=f(x)/f,(x)=1—v¥x?

Tomi g, (X)+ 7»V=BV(X)—3‘— (0(x)+20 (X))
=1—v¥x*—1/x*+2(1/x)")/4

3sincu gv(x)+7uV:1—V2/x2+l/4x2 (219)
ado g (X)+ A =1—@ —1/2)(v +1/2)/x?

Mwu orpumasnu noTeHIiasm 1 BJlacHe 3HA4YeHHA MJIA
piBaauaa [Irypwma-Jliysina (2.1.5), 1o AKOro 3a AOIIOMOTOIO
3amiam  (2.1.6) wMm 3Besm piBHAHHA DbBecesa (2.1.4),
BMKOPMCTOBYIOUM TeopeMy 1, noBeleHy B po3nimi I

Bignomenua (2.1.9) ogHOBHAYHO [OO3BOJIAE BUIIJINTU
HeHyJIbOBe BJaCHe 3Ha4YeHHs 7\,1, , 110 nopisuioe —1 mpnm Beix
3HAYeHHAX mapaMmeTpa V¥, i moreHmiamy:

g, (x)=—w —1/2)v +1/2)/x} A, =1 (@110)

14

Mwu 3Besu piBaauHa bBecena (2.1.4) mo piBHAHHA
IIItypma-JliyBisna 3 HEBUPOAMKEHUM BJACHUM 3HAaUE€HHAM, II10
JO3BOJIAE 3aCTOCyBaTu TeopeMy 2. Jlema dokazana.

Onsa pyHKIIN iCHYIOTh 3aJI€3KHOCTI:
y(x) =x1/2]V(x) u ]V(x) =x'1/2yv(x) 2111)

1 xoecpimieHTM IUX BISHOIIEHbL NPOCTi (eseMeHTapHI
cTeneHeBl pyHKNiI).
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Bigznaunmo, 110 B IoKa3i Opu BUALJIEHHI HEHYJIBOBOTO
BJIACHOTO 3Ha4YeHHA pPIBHAHHA MM He BUKOPUCTOBYBAJU
3Ha4YeHHA IMapameTrpa V. MosxHa Tako)X Big3HAYNTH, III0 IPU
nmapamerpax vV i —V piBHAHHA Becesa i Iltypma-Jliysina e
He3MiHHMM. ToMy AJia 3pYYHOCTI MM BBasKa€eMo, 1110 3HaUeHHA
mapaMeTpa ¥V B NOJAJIBIINX BMUKJIALAX 3aBXKIM HEHETATUBHE
(mosuTuBHE 200 HYJB).

Orpumane B Jjiemi 1 piBHAHHA (2.1.5) 3 HEBUPOYKEHUMU
BJIACHUMM 3HAYeHHAMM JO3BOJIAE Ha IMiAcTaBi Teopemu
2 (Ilepmoi GaszoBOi TeopeMmu) SABHO BUNMCATU KJACUYHI
PEeKyYpPeHTHI BiJHOWIIEHHA [JIsd PO3B’A3KIB  JOIIOMIiXKHOTO
piBanaa IMlrypma-JliyBina (2.1.5) i KJacUYHOrO pPiBHAHHA
Becena (2.1.4).

Teopema 3. /[ns knacuunux pieuanv becens:

XJTx) xS (x) + (x*=v?) ] (x)=0 @14
3 nenecamusenum napavempom v =0 ma (2.1.3)
obmedceHuMU 8 HYILL PO38 A3KaMU ECIII(I) | ,]V (x) | <00

ICHYIOMb peKypeHmHI BIOHOUEHHS BUADY:

J (x)=%](x)-J(x) 112)
v+l X v 4

J (x)=%](x)+]'(x) 2113)
V-1 X v v

i Yi BIOHOWEHHSI MOJCYMb OYMU A6HO OMPUMAHI, BUXO-
0A4U 13 3A2a1bHO20 8UY KIACUYHO20 pigHANHA Becens.

Moka3. 3acrocyemo Teopemy 2 mo pisHsHHA IIITypma-
JliyBina, mo sAkoro 0yJ0 3BeEHO KJacuuHe PiBHAHHA Becesa
B Jemi 1:

y'(x)*tg (x)y (x)=A\y (x) (218)
ne gv(x)Z—(V —1/2)w +1/2)/x?
A =—1 gmav=0 (2110)

v
Js oTpuMaHHA pPEeKYPEeHTHUX BiHOIIIEHb CKOpPMUCTa-
eMocd 0cJy1abJIeHOI0 YMOBOIO TeopeMu 2:

A¥(x) +A’(x)=—gv(x)+u (124)
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e |l — nesaxka KOHCTAHTa, AKa MOxKe OyTM IOBIJIBHO
3aJlaHa 1 AKa He cCIiBIajae 3 BJACHMM 3HadeHHAM (2.1.10)
b6azoBoro piBaanHA [lITypMma-JliyBins.

Mwn orpumanu HacTylNHe HeJliHiliHe AudepeHNiaNbHe
PIBHAHHSA MEPIIOro HOPAIKY:

A(x)+A'(x)=w —1/2)(v +1/2)/x" +1

fArmo mu nokmagemo UW=0, To 1me pIBHAHHA JIETKO B
ABHOMY BUTJIAMI BUPIIIYEThCA B €JIEMEHTAPHUX (PYHKIIAX:

A(x)+A'(x)=w —1/2)(v +1/2)/x"
Bukxopucraemo meTon HeBM3HAYEHNX KOe(II[i€HTIB.

Aximo A(x) = 0)/x , e )— neska IIOCTiViHA, TO MiCJIs
HiJICTAHOBKY MU OTPUMAEMO BUPA3:

o/x—o/x=w —1/2)w +1/2)/x*
3Bigcu: ®'—o +(1/4—V2):0

OueBupgHO, MaHe audepeHIliaJbHe PIBHAHHA IIEPIIIOTO
IOPANKY Ma€ [OBa JIiHITHO-He3aJle)KHI pO3B’A3KM, BIAIIO-
BimHMX mapi 0:

A(x)=(1/2+v)/x (2114)
A(x)=(1/2—v)/x (2115)

Mu nposesnnu icHyBaHHA pEKYPEHTHUX BIiJHOIIEHbL 3

HEBUPO/KEHUMIM KoedillieHTamMM, III0 MalTbhb OCOOJIMBICTH
B HYJIi:

z(x)=A(x)y,(x)-),'(x) (122)

Bigsnaunumo, 110 g4 OTpUMaHHA PEeKYPEHTHUX BigHO-
LIIeHb He IOTPiOHO 3HATH IIle OVH PO3B’A30K piBHAHHA IIITyp-
ma-JliyBijsidg, OCKIJIBKM MM OTPUMaJIX BCi 3HaUEeHH A ITIOTEeHIialiB
IJIA TIapy JIHITHO-He3aJIeKHUX PEKYPEHTHUX BiTHOIIEHb.

Temnep poaryisgHeMO, fAKi IOTEHI[iaJM i BJacHI 3HAYEHHA
MOXKYTb OyTHU OTpMMAaHI, BUXOOAYM JJIA JaHUX BiTHOIIIEHB.
Muwu orpumasnn HoBe piBHAHHA [IITypma-JliyBissa:

z"(x)+q(x)z(x)=A\,z(x) (1277)

e q(x)=g,(x)+24'(x) (1238)
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fxmo My migcraBuMo orpmmani BimHOIeHHA (2.1.14) i
(2.1.15) gy A (x)) y BigHOmEHHS (1.2.8), MM OTpUMaEMO mapy
noteHnriaaiB piBaanHA ltypma-JliyBina:

g(x)=—w +1/2)(v +3/2)/x? (2116)
g(x)=—w —1/2)(wv —3/2) /x> 2117)

SHa4YeHHA IIbOro rnoreHriaay (2.1.16) moBHicTIO cmiBma-
Iae i3 3HaueHHAM noTeHHiany piBHAHHA IItypma-JliyBina
(2.1.8), BigmoBimHOrO KJIacMYHOMY pPiBHAHHIO Becessa 3 mapa-
metpom (V+1)

gvﬂ(x):—(v +1/2)(w +3/2)/x? (2118)
ITe BuKOHYy€ETBCA IJ1A PEKYPEHTHOTO BiHOLIEHHS:

z(x)=y,,, (X)=4 (x)y (x)=y '(x) (2119)
ne A (x)=@w +1/2)/x (2114)

Amnanoriyugo morenmiaga (2.1.17) cmiBmajgae 3 moTreHIia-
JioM, Bignosiguum napamerpy (V— 1)) nasa pisusuusa (2.1.8)

g l(x)z—(v—1/2)(1/—3/2)/x2 (2120)
e

ITe BUKOHYETBCH AJIS PEKYPEHTHOTO BiIHOIIEHHS:

z%(x) =)£1 (x)=A:(x)); (x)—yv’(x) (2121)

ne A¥(x)=-v—1/2)/x (2115)

Mwu orpumanu napy perypeHTHuxX BinHOmens (2.1.19) i
(2.1.21). Yepes oOgHOPiNHICTE IIOYATKOBOI'O i Pe3yJbTYIOYOTO
PiBHAHB OTPMMaHi 3 BUKOPUCTAHHAM PeKypPeHTHIX BiIHOIIEeHb
PO3B’A3KM MOMKYTb BiIpIi3HATMCA OAMH Bil OZHOTO HAa
KOHCTaHTy. 3Haigemo ii gya Toro, mob oTpuMaHi PiBHAHHA
CTPOrO BiATIOBiZaJIM ONVH OHOMY.

Ieperumemo (2.1.21) mua napamerpa (v +1)

yix)=A* (x)y (x)—y '(x) (2122)
% . v-1 v+ v+

re A5 (x)=(=1/2—v)/x (2199)
Yepes ogHOpiHICTE PO3B’A3KIB PIBHAHHA

y*(x) =cy (X), ne ¢ — xoncraura (21.24)
v 14
26

IlincraBuBmin (2.1.24) y (2.1.22), orpumaemo:
y(x)=cy (x)=A"_ ()3 (x)—=y '(x)

v+l

Buxkopucraemo Bupas (2.1.19) i migcTraBuMO 10r0 B OTPU-
MaHe BiTHONIEHHA JJdA BU3HAUYEHHS KOHCTAHTU C:

ey, (x)=A* (x)(4 (x)y (x)—y '(x))—
— (4 "x)y (x)+4 (x)y"(x)—y "(x))

Binnosigno no piBHarHa Ilrypma-Jliysina (2.1.8) i
(2.1.9) mipcraBMMO B3HaYEeHHA APYroi IOXiZHOI, CIPOCTUMO
OTPMMaHMUI BUPa3 i OTPUMAEMO TOTOKHICTD:

Y (x) | e=A(x)4,(x) =4, (x)=g,(x) +],

*
)1/) '(x) OZAV_I(X)—AV(X — Ile TOTOKHICTb
CropoctuBim Bupas, oTpuMmyeMo C 27\,1, =—1 (2125

Taxum 4MHOM, yv*(x) = _yv (x)

Mu orpumanu mnapy peKypeHTHMX BiHOIIIEHBb, KOTpi
3aJ0BOJIbHAIOTE piBHAHHIO IIITypM™ma-JliyBing, 7o AKOro mpu-
BOAUTHCA KJIacUUHe PiBHAHHA Becena, i g napa pekypeHTHUX
BiHOIIIEHb 3abe3nedyye B3a€MHO-OJHO3HAYHY BiATIOBIAHICTH
po3B’A3KiB piBHAHHA (2.1.8)

+1/2 ,
Y (X)= Vx—J; (x)—=y'(x) (21.26)
y (=22 )4y () -

CrkopucraBmiuchk pesyJsbTaTaMm JiemMu 1 7 IificTaBUB
Bupas (2.1.11), o1o ABHO 3B’ A3y€ po3B’aA3ku piBHAHHA [IITyp™ma-
JliyBina 1 BigmoBimHi HuM po3B’aA3Ku piBHAHHA DBecess,
[IicJIA CHPOIIEHHA BMPA3iB OTPMUMAEMO KJIACUYHI peKypeHTHi
BiJHOIIIEHHS, 1110 3B’ A3YI0Th (pyHKIlI Becena (2.1.12) i (2.1.13)
B TeopeMi 3. Teopema dokazana.

Binmomi pekypenTHi BimHOmIEeHHA nJia (yHKLi Becesnsa
Oy oTpMMaHi CyTO IPUPOAHIM IIJIAXOM, BUXOLAYUN BUKJIIOYHO

i3 3araJsibHOTO BUAy pPiBHAHHA Beceud.
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Mu poBenm icHyBaHHA JIAHIIOMKKIB PEKYPEHTHUX
BigHOIIeHb aJA (pyHKLI Beceisd, ckopucTaBIINCE METOAOM
PEKYPEHTHUX BiHOIIIEHb AJIA Po3B’A3KiB piBHAHHA IIITypMma-
JliyBinsa, BipmoBizHOTrO piBHAHHIO Becesnsa 3 HeBUPOAIKEHUMU
BJIACHMMM 3Ha4YeHHAMM, Ta llepuioro 6a30BOI0 TEOPEMOIO
(Teopemoro 2). Mu cropucraamuca Aemio ocjabjaeHMMU ymo-
BaMM i He HIYKaJM OPYTUI YaCTUHHMI JiHIVHO-He3aJIeXKHUN
po3B’a30k piBHAHHA [[ITypma-JliyBina 3 iHIIMMM BJIAaCHUMU
3HAYEHHAMM, He BignoBimamMmy QYHKIAM 1 piBHAHHIO
Becena.

3acTocyBaHHA TeopeMM 2 3BeJIOCS [0 pPO3B’A3aHHA
IIPOCTOT0 HEJIHIMHOTO NM(epeHIiaJIbHOTO PiBHAHHSA IIEPIIIOro
MIOPAAKY, AKMI OYB OTPUMAaHUI B €JeMeHTapHUX CTeleHEeBUX
(PYHKI[IAX METOJOM HeBU3HAYEHUX KoeillieHTiB.

XJIx) xS (x) + (x*=v?) ] (x)=0 @14
J (%) :%Jv (x)—J(x) (2112)

J_(x)=%J (x)+](x) (2113)

OueBuAHO, 110 OTPUMAHI PEKYPEHTHI BiHOIIEHHA
IO3BOJIAIOTL eJIeMeHTapHO BUIMCATH Ife ONHY Iapy
PEeKypPEeHTHUX BifHOIIIeHb, IOB’A3y04i Tpu QpyHKHiI Becess,
AKIIO ckJagaTu abo BimHiMaTu oTpmMaHi BUpasu:

2J'x)=J (x)=J (%) (2128
J (x)=23](x)+] (x)=0 (21.29)

Ilapamerp V nna piBEHAHHA i yHKUin Becena mpuii-
HATO Ha3uBaTy iHgexcoM pyHKUi Becess.

i ¢yukrmii B JsiTepaTypi TakoyK HPUIHATO Ha3MBATU
¢pyurniamu Becena 1 pony.
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§ 2. ®ynkuii becess 3 HaniBUIIMM IHIEKCOM

Dynruii Becens 3 HamiBumismM iHzexcoM (IOpAAOK
AKUX PIBHMUI LIJIOMY YMCJIy 3 IIOJIOBMHOIO) IPMMITHI TUM, 110
IJIA HUX MO’Ke OyTM BUNOMCAHMII BMpas3 depes3 eJeMeHTapHi
TPUTOHOMETPUUH] Ta cTeneHeBi (pyHKNii B ABHOMY BUIJIALI,
a He y opMi acUMIOTOTHMYHNX po3KjaageHb. Ileil moxkas Oys
npuBegeHuit e EigepoMm, BUXOAAYM i3 3arajJibHOTO BUILY
PO3KJaleHb pPO3B’A3KIB piBHAHHA DbBecesa 1 BJacTuBOCTENR
ramma-@yskuin Einepa.

Buropucraemo nHoOBUII minxin. Posraamemo Bumajox
nmapametrpa V (ignmekcy dpysruinn Becens), npu axomy

v=n+1/2 npu /1 — 1ejsle 4ucia (2.2.)

CropucraeMocsd OTPUMMaHMMM PEKYPEHTHMMM BigHO-
HIEHHAMY JJIfA TOIIYyKY PO3B’A3KIB piBHAHbL becensa 3
HANIBIIIMM IHAEKCOM B ABHOMY BUIJAAL. Jaa HamiBIijoro
inmexkcy piBHAHHA Decensa 1 BigmoBigHe oMy pPiBHAHHA
IIIrypma-JliyBina BiamoBigHO 1o JjiemMu 1 mpuiiMe BUTJIALL

xzfv"(x) +x]V'(x) + (x2— VZ)]V(x)=O (222)
%"(x)—ﬂ’;zil);,(x)=—);l(x) (223)

y(x) =\/§4(x) e v =n+1/2 ©2.4)

n

Posraangaroun nHaBeneHe piBHaArHA IIItypma-JliyBina
(2.2.3), Jnerko Big3HAYMTH, 10 NPU HYJIbOBOMY 3HAYEHHI
iHZIeKCY M PIBHAHHA BUPOIYKYETHCA B eJeMEHTapHE:

Y, (x)==y(x) npu n=0 u v=1/2 (225)

3BeJleHHA PiBHAHHA Becesa 1o mpocToro piBHAHHA BUT-
aany (2.2.5) npu n=0 ogHO3HAYHO Ta ABHO J03BOJIAE Bimpasy
sKe oTpuMmarTy po3B’aA30k piBHAHHA IItypma-Jliysina Ta
BiZnoBigHOrO oMy piBHAHHA BeceJsa y BUIIIAAL Napy JiHIHO-
He3aJIeXKHUX PillleHb, BUPasKeHUX depes3 TPUTOHOMEeTpPUYHI Ta
cTeneHeBi (eseMeHTapHI) (PYHKIII.
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3araJipHUI po3B’A30K (2.2.5) mpencTaBiaeHUl y BUTJIALL
% (x)=Y,sinx +1n,C08x (2.26)

ne Yo Tta Ty — 7HdedAxi NOBiJIbHI KOHCTaHTH.

Bigmosiguo mo jmemu 1 i (2.2.4) 3aranbHU PO3B’A30K
piBHsAHHA Becessa 3 HaniBuinum ingexcom v =1/2 moske 0yTu
3alMCaHUI § BUIJIALL:

Sz (X)= (YO sinx +1, cosx ) /\/; (227)

IIpoBogauy MipKkyBaHHA B [I0IIepeJHBEOMY Iaparpadi, Mmu
mpuIryckaJy, mo gaHi pyskuii Becessa 3 noBinbHUM iHIEekcoM
He MalOTh B HYJIi OCOOJIMBOCTI Ta MalOThb OOMEIKEHUIl B HYJI
posB’a3ok. IITo6 ymosa (2.1.3) BuUKOHyBaJjacsd, MM I[IOBUHHI
BMUMAaraTu:

}61_13(1) | J| (%) | < oo (228)
Tinbxky 3a yMOBU T]OZO MM OTPUMAEMO

lim|J (x)|=lim|y sinx/ [x]<oo
lim| ] ()| =lim]|y, |

I'parnyne 3HaueHHA PYHKIII B HyJi CKJyazge

ii_rg)(]l/z(x))zyo\/izo mpu M, =0 (229)

TakuMm YMHOM, MM IIOKa3aJiy, II0 OOMe:KeHMil B HYJII
po3B’a30k piBHAHHA Dbecenma — d¢yHknia Becens 1 pony
IUI HAMIBIJIOro iHzexcy ¥ =1/2 moxe OyTu mpemcrabiieHa
B fABHOMY BUIJIAZl 4Yepe3 TPUTOHOMETPMUHI Ta cTelleHeBi

dpyHKII:

Jia(x)=(y,sinx) /\/; (2210)

Y Teopemi 3 OyJjo moBemeHO, IO AJiA OOMEKEHUX B
HyJi ¢ynruin Becessa icHyIOTb peKypeHTHI BiHOIIEHHS,
110 3B’A3yIOTh IIi (pyHKIiI, ¥ Ii peKypeHTHI BiAHOIIIEHHA
BUPAYKAIOThCA dYepeld ejieMeHTapHi (creneHeni) pyHKIii Ta

Heplly IOXIAHY.

fArmo dysruia Becena (2.2.10) 3 mamiBuinmum iggex-
coM oOMesKeHa Ha YMCJOBiI oci Ta BUpasKaeTbCcA dUepes
eseMeHTapHi (pyHKIiiI (cTermeHeBi Ta TPUTOHOMETPMUHI), TO
1 mepmia noxigHa dyHknii Becesa icHye 1 Takosk Bupaska-
I0TbCA dYepe3 eJleMeHTapHI PyHKIII.

Ha mincraBi oTpuMmMaHuMxX pes3yJsbTaTiB BUPa3UMO
dyHK1iI0 Becensa 3 HamiBIiIMM iHIEKCOM B ABHOMY BUTJIAMI.
[y Oboro poariyiAHeMO OIlepaTop, 3BOPOTHINM [0 oIepaTopa
pexypenTHOI 3aminm (2.1.12).

Y Teopemi 3 MM IOOoBeaM iCHyYBaHHA 1 €OUHICTH PEKYy-
peHTHOiI dopmuy (2.1.12) 3 TOUHICTIO N0 JIeAKOi KOHCTAHTU
(guepe3 ogHOPiNHICTE PO3B’A3KIB JaHUX PIBHAHD).

Jema 2. J[na pekypeHmHo2co 8iOHOULeHHS

J (x)=%fv(x)—]v'(x) e v =n+1/2 (@112

Y+

iCHY€E HeBUPOOIICEHUL 360POMHIL ONePamop
¥ o
Jx)==]X-J (€)d& (2211)
v &, v+

Moka3. Jlna poxasy giiicHOI JemMy BBegeMo pOpPMaJib-
HUI JIIHIMHNI OIlepaTop MJA IIPaBOi YaCTUHU PEKYPEHTHOrO
BimHomennsa (2.1.12):

L,(f(x))=(% — %)f(X) (2212)

IIpencraBuMo pekypeHTHe BinHomeHHdA (2.1.12) y cdbopmi
dpopMaILHOTrO JIHIHOrO omepaTopa:

J. (x)=L (J(x)) (2213)

IlepeTBopuMmo popmasbHMII onlepaTop, IOKJIABIIN

A (x)= M e @ (x) — dynknia  (2214)
A(x)—9 )  _ onepar
(x x) orepaTop

31



(X)) _ vy
Qx) ¥

Mwn orpumannu JiHiviHe pudepeHniasbHe PpPiBHAHHA
epuIoro nopAaakry (2.2.15), po3B’A3KOM AKOTO € eJeMeHTapHa
cTereHeBa (PYHKIIiA:

Ouesuzno, mo A v( X)= (2215)

(pv (x) =XV mpwu Bcix mapamerpax (2.2.16)

3 ypaxXyBaHHAM OTPUMAHOIO0 BUPA3y PEeKYPEHTHE Bim-
HomreHHA (2.1.12) moykHa 3anmcatu 'y dpopmi:

I ()= ((xjf(x) J(x)=

_9,(x)J,(x)=9,(x) J(x)
0,(x)

o ( ;q{% ) 2217)

3 ypaxyBaHHAM OTPUMAaHOTO BUPa3y PeKypeHTHe BigHo-
meHHA (2.1.17) mokHa 3anmmcaT y popMaJibHI dpopmi:

Jou(®) _ _d (JV(X)>

©,(x)  dx ¢,x)

Oasa orpumanHa POPMAJJBHOTO PO3B’A3KY (POPMaJIbBHO
IIPOiHTerpyeMo 00MIBi YaCTMHY OTPMUMAaHOro PiBHAHHA (2.2.18),
BiATIOBIAHOIO peKypeHTHOMY BinHOIIeHH!O (2.2.12):

f [ Joul Jon(S) e = _ (x)
¢,(8) ®,(x)

1 0,(x) J,u(E)
AN LA\
I 0,(€) .

3Bincu J (x)——(p (x)

(2218)

(2219)

3Bigcu ]V(x) =—

(22.20)
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IlincraBuBomim y Bupas (2.2.20) orpumaHe paHie
sHa4YeHHA QyHKUii @, (x) Ha mincrasi (2.2.16), Mmu hopMaJIbHO
OTPMMAa€EMO 3BOPOTHIN omepatop (2.2.11) no omepartopa
pPerypeHTHUX BinHOIIeHDb Aya pyHKNOiN Becesa (2.1.12).

Jd KOpPEeKTHOro [oKaly ICHYBaHHA HEBUPOMMKEHOTO
3BOPOTHLOTO omepartopa (2.2.11) morpibHO OKpeMo moBECTU
ICHYBaHHs IIPaBOTO 1 JIIBOTO 3BOPOTHBOIO oOIlepaTopa Ta IX
ToTOXHiCTh. [Il00 HOBeCcTM iCHYBaHHSA IIPaBOrO 3BOPOTHBOTO
oleparTopa, IIiCTaBMMO B3HaleHul pagille QopMaIbHNil
3BOPOTHINN onepatop (2.2.11) B peKypeHTHe BiJHOIIEHHA
(2.1.12) Ta 3amuiiemo:

J (=T (x)=J(x)= (2221)

S Sl WIS E LT

OueBuUAHO, 110 Iicjsa AUdEPEHIliIOBaHHA [0 YaCTMHAX
Bupazdy (2.2.21) BigHomeHHA cTae TOTOXKHUM. 1le mOBOIUTH
ICHYBaHHsA 1 KOPEKTHICTb IIPaBOTr0 3BOPOTHBOIO OllepaTopa.

IcuyBaHHA i KOPEKTHICTE JIIBOTO 3BOPOTHBOTO OIlEpaTopa
epeBipAETbCA aHAJOTIYHUM YMHOM — ILJIAXOM ITiJ[CTAaHOBKU
PEKYPEHTHOTO BiHOIIIEHHA NJIA PO3B’fA3KIB piBHAHb becensa
(2.1.12) y dopmasabHOro 3BOPOTHLOrO omepatopa (2.2.20) 3
ypaxyBaHHAM IofaBaHHA (2.2.14):

=I5

——| q’fg) :E”((f)) (&)~ J'(E))dEe

Ie (pv(x) =xV orpumana 3a (2.2.16) dpynkmis.

Hua Toro, mo0 KOPEKTHO JOBECTM iCHYBaHHA IIPaBOrO
3BOPOTHLOTO OIIEPATOPa, BUKOPUCTOBYETHCSA 3araJjJbHe Ipei-
CTaBJIEHHA MPFAMOTO i 3BOPOTHLOTO OIIEPaTOpPiB depes () (x).
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Bigmitumo, 1m0 0e3 BUKOPUCTAHHA Yy3araJbHEHOTO
BigHOIIEHHA 1 BBemeHMX (pyHKUiM (2.2.14) mokas icHyBaHHA
IIPaBOr0 3BOPOTHBOTO omeparopa OyB OM MEHII OYEeBUTHUIL
BuropucroByemo popmasbHMI MeTo  iHTerparii 1o 9acTmHax
oA iHTerpaJja, (popMaJIibHO IIPeJNICTaBJIEHOIO B IpaBiil dac-
TUHi BigHOmIeHHA (2.2.22):

1=ty J“’” a] (&)=

L x(p(x) ]
= 127 — = d]J +
Aty Vo ®

+ X(—P'ﬂ) dJ =] — TOTOKHICTD
J ) ® =

€auHiCTE OPaBOTO 3BOPOTHBOTO oOlepartopa 3abesre-
4yeTbCsA BUOPAHOI 1 JIOBeJEHOI0 paHime yMoBow (2.2.9)
piBHOCTi HyJI0 (pyHKUii Becena B mHy.Ii.

JoBIBIIIM TOTOMKHICTb, HEBUPOJKEHICTb Ta ICHYBaHHA
IIpaBoOro i JIBOrO 3BOPOTHBOTO OllepaTopa, MM JOBEeJM KO-
PEKTHICTh i iCHYBaHHA 3BOPOTHBOrO omepartopa (2.2.11) nia
PEeKYPEeHTHUX BiTHOIIEHb NJA ODMesKeHUX B HyJI pO3B’A3KIB
¢pyuknii Becens. Jlema dokazana.

Kopucryrounce siemoro 2 mpo icHyBaHHA oIepaTopa,
3BOPOTHLOI'O JO PEKYPEHTHUX BiJHOIIIEHb, MOKHA OTPUMATU
3araJbHy KJgacudHy Qopmyiy QyHKIiii Becensa 1 poxmy 3
HAIIBI[IINM IHJIEKCOM, O0OMeKeHUX B HYJI.

Teopema 4. Oomedxxceni 6 wyni ¢yukyii becens 3
Hanieyinum IHOEKCOM MOXCYymb OVMU OmMpUMAaHi uepes
enemeHmapui (QyHKyii (cmenemesi ma mpucoHOMempuiHi),
BUKOPUCMOBYIOUU GIOHOULEHHS BUSTIAOY:

] (x) (—1)"x ”“/Z(xd )n Si)?x \/% (2223)

O0e N — yini HeHe2amueHi Yucid.
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Moka3. Ilna poxasy MOCIIZOBHO 3aCTOCOBYBATUMEMO
o dysknin Becens 3 HamiBoimm 1HZEKCOM 3BOPOTHI
onmepatopu (2.2.11), orpumaHi B JeMi 2, a TaKOX MeTOJ
MaTeMaTMyHOI iHAYKLOil. Mu orpumann

. [ 2
]1/2 (x) =Ssm X 3 TOYHICTIO 0 KOHCTaHTU \/CTC

xV

»L(x :_I iv

(E)dE ne v =n+1/2 @21)

V+1

SanuireMo 3BOPOTHIiV onepaTop dyuKLii Becess:

_sinx
Ji (%) —s1nx/\/7 17z

1/2
J

_ X Sln X
1/2 (x) == 1/2 ‘]3/2 (EA) dgl T2

3BiCK MM OTPUMYEMO BiJTHOIIIEHHS:

X

| m] (€,)dE,

3/2

Pamime mm poBesn, mo obmeskeHi B HyJi (QyHKIiI
Becesa 3 HamiBI[iIMM iHZEKCOM MOXKYTb OyTU IIpeacTaBJIeHI
KiHIIeBUM HabopoM ejeMeHTapHUX (PYHKI[iI — CTeNeHeBUX i
TPUTOHOMETPUYHNX, TOMY BCi iHTerpaJn, 0 po3rifafaioTbCa
B TeopeMi, iCHyIOTh 1 BCi onepariii, 1110 IpoBOAATHCA HAJ HUMMU,
KopeKTHI. [layi MOCJIOBHO HiACTaBIATMMEMO B OTPMUMaHe
PIBHAHHA 3BOPOTHMX OIEPATOPIB I KOMKHMX HACTYIHUX
dyukruin Beces.

92924
x& Eny (2224)

Sinx _ jf f (- l)n zizﬂ/%n -] n+1/2(§n)d§n'" dE—’I

X
n

Beegemo onepatop D= d— (2.2.25)
xdx
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o orpumanoro BigHomeHHA (2.2.24) nociioBHO OymeMo
3aCTOCOBYBaTH BBeneHUN QopmasbHUI omepartop (2.2.25) i
IIOCJIIIOBHO (DOPMAaJIbHO ITPOIHTErpy€eEMO Iie BiTHOIIEHHA

d (sinx 1S G

L (Sx)-[[..[ ¢1f ,m" J (8 )dE,ndE,
d d n+1/2 (.X')
xdx "~ xdx (SIHX ) (—1) 172

ITpogoB:kuMo popMasbHE iHTErpyBaHHA MIpPaBUX 1 Ji-
BMX YaCTUH TOTOKHOCTi (2.2.24) omepatopom (2.2.25) motwu,
IOKM MM He no30aBMMOCA BiJl yciX iHTerpaJbHUX BUpPa3iB
i orpumaemo QyukLito Becena 3 mHamiBuisnnm iggexcom B
ABHOMY Buraani (2.2.23). Teopema ookazana.

IIpumitra. Y pasi Qysruinn Becena 3 wnHanmiBminum
iHgeKcoM MM BMKOPMCTOBYBAJIM Te, L10 Bci HeoOXimHi moximxi
Ta iHTerpaJju iCHyIOTb i cipaBeaJIBO

4 [rrae=rej+e (c=0) e

ITpoBenemo po3paxyHOK AeAakux pyHKIi Becess:

_ 1\ 32(.d \sinx [2 _
]3/2(x) (=1~ <xdx ) X T
—(_1\ L2 xcosx —sinx [2
(1) x = N =

3/2( x)= \/7 smx - COSX)% (22.27)

3 TOYHICTIO 10 KOHCTAHTY OTPUMAHMII KJIACUYHUI BU-
pas3 nna dysruii Becena 1 pony (obmesxkeHU B HyJ1 HEBU-
poIsKeHUI pPO3B’A30K piBHAHHA DbBecesid) 3 HamiBUiaum
iamexkcom 3/2 3 BUKOPMCTAHHAM ABHO JIOBeJleHOI TeopeMu 4 i
BigHOIIEHHA (2.2.23).
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§ 3. AcuMnTOTHYHA NOBEiHKA | ABHUI BUpPa3
yepe3 cTeleHeBi Ta TPUTOHOMETPUYHI PN
¢ynkuiii becens 3 HaniBUINM iHAEKCOM

Ona Qyuruiii Becena 1 pony (oOMesxkeHUX B HyJ) 3
HAIIBI[IIMMM IHAEKcaMM OKpeMMuil IHTepec MNpPeACcTaBJIAE
BUBYEHHA (opMaJbHOrO AudepeHIiaJbHOr0 orepaTopa
D (2.2.25), 3Bemenoro B Iidy cTymiab. OmepaTop 03BOJSAE
OTpMMaTH (POPMYJM ACKUMIITOTUMYHOI IIOBEAIHKM JaHUX
dyHKiT Becensa npajexko Big moYaTKy KOOPAMHAT, HOPU
BeJUKUX 3HAYEHHAX 3MiHHOI, 1 ABHO BuNOmcaTy KiHIlEeBl paau
dyuxruin Becesa 3 HanmiBLinuM iHZEKCOM 4Yepes3 CTelleHeBi Ta
TPUTOHOMETPUYHI (PyHKIi].

OTpumaemMo CUMBOJIUHNUIT BUJ (POPMaJbHOro naude-
peHLianbHOTO Oonepatopa 3D HaTypaJJbHOTO CTYIIEHSH:

Teepoosrcenna 1. Popmanvruii onepamop

Df(x)= ( ) f(x) ©2295)

MA€ 3a2anbHUl qbopManbHuﬁ 8U0:
r_(d 5 Wi o d
D-(a) = 2 -

~ \Ydx x 2k gk

(231)

() . .
oe W, — Oesxi uucnosi koncmanmu.

Joka3. Jlns pokasy BiAMITMMO, 110 HPU HYJILOBOMY
cTyneHi omepaTop (POPMaJbHO BUPOIMKYETHCA B TOTOKHY
onuHwuito. [Tpu mepiiomy cTymneHi 3HaUeHH:A onepaTopa (2.3.1)
NIOBHICTIO cHiBIaja€e 3 JOTO BUJOM 3 ONVHUYHUM YMCJIOBUM
KoediIfieHTOM.

Bukopucraemo meTon; MaTeMaTHMYHOI IHAYKILii, BBa-
JKao4YyM, IO JJIA BCiX IIONEepeNHiX HaTypaJbHUX CTYIEHIB
copmasbHOTO MUdepen iatbHOro onmeparopa 1) Bupas (2.3.1)
TOTOKHO BUKOHYETLCH.

Bunumemo supa3s (2.3.1) gais crynens (n—1).
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- - - (n-1)
D 1:( d )n ' n21 k d*
xdx =y x2mUk gk

3acTocyeMo 10 Bupasdy (popMaJIbHUI OIlepaTop:

D" Z(nmnmm o d*

x 2(n—1)-k+2 k dx ¥
-1 (n—1) .
nZ £ a* 232)
k=1 x2m-1)-k+1  Jk+ -
(n-1)
n n k—l d k

D"= ...+ ¥

k=2

JJi TOTOXKHOTO BUKOHAHHA I iCHYBaHHA omepaTopa

OpupiBHAEMO B oTpuMaHoMy (2.3.2) i modyaTKOoBOMY BUpasi

(2.3.1) xoedinienTV TP PIBHMX CTYHEHAX 1 HOXITHUX, OTPU-
MaBIIM PeKyPEeHTHi 3aJIeyKHOCTi:

x2m-1)-k+2 gk

n
(i
k=n 1 d v, "_ ‘P(n Y (233)

x"dx"

b
I

L 4| "= ey

x2n—1 dx

1 4" ™) gy -V
T ok VY, =W, +

1)1 —h) P

b

OrpuMaHi peKypeHTHI BifHOLIEHHA AJIA KoedilieHTiB
olepaTopa [O03BOJIAIOTbL 3HANTM 3HA4YeHHA IIapaMeTpiB
dopMabHOTO AUQEPEHINiaJbHOT0 OIllepaTopa. SHa4YeHb IUX
KOHCTaHT Ha mifgcrasi (2.3.3) MOKyTb OyTM OTpMMaHI ABHO
abo y opMi peKypeHTHUX BiJHOIIIEHb!
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(n)

\Iln =1 OpU BCiX 3HAYEHHAX IlapaMeTpa (2.34)

(n)

4‘111

(—1) (2n—3)!!

(n) (n-1) (n-1)
e = Wy een—n e
HeBupomxenicts omnepaTopa [OBOAUTH iCHYBaHHAM

IpMBENEeHNX ABHUX 1 peKypeHTHUX BifHomeHb (2.3.4) Ta ix
HeBUPOJsKeHICTb. Teepoicennn dosedene.

TBepasxkeHHa 1 nokasye, o ¢QopMaJbHUI Iude-
peHLianbHU omepatop (2.3.1), 3acTocoBaHMII 0 OEAKOI
dyHKLil, AKa mpencTaBJeHa B eJeMeHTapHUX (PYHKIIAX, 110
INQepeHIiInIThCA, T03BOJAE OTPUMATY KiHI[eBUI PAX, YJIeHU
SAKOTO TaKOXK IIPeJICTaBJIEH] esleMeHTapHUMN (PYHKIIAMIU.

OmnepaTtop (2.3.1) 103BOJIAAE ABHO BUBYUTY aCUMIITOTUYIHY
noBeniHKy yHKUiT DBecensa 3 HamiBmisnmum iHmexcoMm Ha
migcraBi pe3dysabTaTis (2.2.23), oTpuMaHuUX B TeopeMi 4

3acTocyeMo hopMaJbHUI IudpepeHiaJbHNUI OIIepaTop
JI0 Pe3yJIbTYIU0ro Bmpasy TeopeMM 4, BUXOAAYN 3

dk snlx _2 ( l)l'l'(k—l)' ki

“z sin x
dx® k! xi+t dx k-
IlomiTumo, 110 oTpmMaHI B IIbOMYy BMpasi moxinHi

TPUTOHOMETPUYHNX (PYHKLIV — Ile TaKOXK TPUTOHOMETPUUHI

dyuxruii. Bukopucrosyroun (2.2.23)

n n+1/2 noo
J o (X)=(—1)'x Sl)?x 1/% 235)

SanuilieMo ABHUI BUpas s (PyHKII Becess:

(s

EVERTR d* 2

Jn+1/2(x)_(—1) kg ; 1/2+n+l & k- lSlnx -
(n) . i NN T\

e Ok,i = \Pk(n) - kl ,. tk—i)! (2.36)
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3 BigHomeHHA (2.3.6) MOKHA NPUITYCTUTH, III0 AaHA
¢pyukuia Becensa na Ge3kineuHocTi HaOMMIKAETHCA O HYJIA.
I Toro, mob 3HAMTM acCUMIITOTHYHY IOBEIiHKY (YHKILi
Becena 3 mamiBmiomum iHzmexkcom, mnoTpibHO BiglnykaTH
KoeillieHT PO3KJIAIeHHA, AKNUII ITOBIJIbHIIIE 3a iHmMUX ybyBae
Ha OeskiHewHOCTi, a iHIIMMM (110 OiNBII IIBUAKO yOyBalOThb)
YIeHAMMU PANY MOYKHA 3HEXTYBaTH.

Cryninb ujeHiB, IO BXOAATbH B pPAd, BUPAKAETHCHA
uepes napametpu (k, i) Binmosinuo —(1/2+n+i—k)), Tomy Ha
beskineunocti pan (2.3.6) yoOysae. IIlpu 3HauenHAX k=n Ta
i=0 HeoOXimumii cTymniub 3mMiHHOI cKiame —1/2.

Tomy acuMnToTMYHe PO3KJaJeHHA (PyHKIi Becena 3
HAIIBIIIMM IHIEKCOM MOXKHA 3alMCcaTU y BUTJIAMIL:

a0~ Z S

n
ccz’{x 7 sinx (23.7)

Dopmyna (2.3.7) [03BOJAE NPUITYCTUTHU, IO OAJIEKO
Bim mowaTKy KoopauHAT npyu HalOMMKeHHI B3MiHHOI gHO
beskineunocTi pynkrnii Becesns 6M3bKi 0 TPUTOHOMETPUIHNX
(pYHKLIA Sin X 1 cOS X, OCKIJIbBKM iX 3MiHa B3aJIe)XKHO Bif
3HAYEHHA 3MiHHOI HOCUTB KOJUBAJILHUI XapaKTep.

n+1/2

AcuMnToTMuyHNII TIepioyy KoJuBaHb (YHKI Becesa
HabumskaeTbea n0 Kiaacu4uHoro 2T. Ilpore ammuityza ix
KOJIMBaHb IIOCTYIIOBO 3racae€ i Hab/myKaeTbCA IO HYJIA.

KonmBanua ¢ynrnin Becensa 3HaxomATbCcA B CBOEPi-
HOMY KOPMIOPi, AKMI OPM BEJVKNMX 3HAYEeHHAX 3MiHHOI
IIOCTYIIOBO 3BY3KY€ETBHCA i cXOAUTHCA N0 HyJ1A. Ha 6e3kinewnocTi
i cyuxriii Becensa BUPOMKYIOTECA B HYJIb.

Yepes 0coOaMBOCTI TakKOoi acCMMIOTOTUYHOI IIOBEIiHKU
naHi Qyskuii Becena imeanbHi npma ommcy Oyab-AKux
3aTyxXaloumxX OporeciB Ta  (PIBMYHUX  OIPOIeciB, IO
CYIPOBOIXKYIOTBCA IIOCTIfHOI0 BTPATOIO0 BHYTPIIIHBOI eHeprii
cucteMu (HAIIPUKJAJ, BTPATM Ha OXOJOIKYBAaHHSA, OIIp,
TepTA Ta iHLI TpupoaHi parTopM).

Dyukuii Becensa 3abesnmeuyrorTh AysKe IIBUAKY Ta
KOpeKTHY 30iKHicTb pPo3B’A3KiB (Qi3mMyHMX 3ajmad, IIIo
OMMCYIOTH 0araTo peaJbHUX MPOIECiB MaTeMaTUYHOI pisuKn,
Akl 0e3 B30BHIMIHBOI HiATPUMMKM IIOCTYIIOBO 3aTyXalOTh HAa
Oes3kiHeuHoCTi ab0 JOCTATHBO NAJIEKO BiJ HYJIA.
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§ 4. ®ynkuii becess 3 HaniBOiIMM iHIEKCOM,
HeoOMesKeHi B HyJIi

Y nomepepmHiX po3Aijax MM PO3TIAAAANN OAWUH 3
posB’a3kiB piBHaAHHA [IlTypma-JliyBina — dpyukunii Becena 3
HamiBUinMM iHOekcoM, oOMesKeHi B HYJI.

IIpore B x0zi MipKyBaHb OyJIO BUABJIEHO iCHYBaHHA Iie
OJHOTO JIiHITHO-HEe3aJIe3KHOI'0 PO3B’A3KY, 1110 Ma€ HeobOMerKeHe
3Ha4YeHHA B OKOJ HyJd. PoarigHeMo Apyruii 4dacTUMHHUNA
BUITAJIOK, NIpU AKOMYy mapametrp (imgerc ¢yHkiiin Becess)
npuiiMae HeraTVBHE 3HAYEHHH.

xzj_;'(x) +x[v'(x) + (x*— Vz)[v(x) =0  (24))

OueBupno, 1m0 ¢yHKii Becensa mnoautuBHOro ¥V i
HeraTmBHOTO -V mmapaMeTpiB 3 HANIBIIJIMM IHJZEKCOM OJHO-
YaCHO 3aJI0BOJIbHAITH pPiBHAHHIO Becens (2.1.1) Ta € gBoma
YACTUHHMMM JIHIHO-HEe3aJIeKHUMY pPO3B’fA3KaMM  IIOTO
PiBHAHHA 1 J03BOJAIOTH OTPMMAaTM 3araJbHUI PO3B’A30K
JIiHIJIHOTO OZHOpigHOrO piBHAHHA DBecess:

z(x)=c J,(x)+c,J (x) tne v=0 (24.2)

Panime Mu posrsaamanu No3UTHBHE 3HadeHHA Ilapa-
MeTpa B HaBeneHoMy piBHaHHI I[IItypma-Jliysina (2.1.5.),
npote piBHAHHA Becesna mMae ceHC Ta € HEBUPOAIKEHUM 1 IpK
HeraTMBHOMY 3HaudeHHI mapamerpa. [Ipu Hys1p0BOMY 3HauUeHHI
iHeKCcy nmaHux QyHKNIM Becensa BOHO BUPOKyeETbCA B
eJleMeHTapHe:

Yy (x)==y(x) wpu n=0mv=-1/2 (249

—v=—n—1/2 opu N — 1iji gmcia (24.4)

Bipmosiguo no (2.2.6), gpyruii He3aJeKHUII PO3B’A30K
piBuaHHA Becessa, Axke M1 He PO3TJIAHYJIM paHillle, MOKe
OyTu sanmcanuit y popmi:

3% (x)=m0cos x (24.5)
Jin(x)= (nocosx)/\/; (246)
a1



151 moBeieHHA TeopeMM 3 MM HaCIIpPaB]li He BUKOPYICTO-
ByBaJIM OOMesKeHicTh B HyJ i (pyHKI1iT Becesa. MosxkHa po3moB-
CIOAUTY ii pe3yJsbTaTy Ha 3arajJbHUI BUIIAJOK I CKOpUCTATUCH
OTPMMAaHVMM pe3dyJjbTaTaMl OJIA 3HAXOOMEHHA PeKYPEeHTHUX
BiHOIIIEHb IIPM HETATMBHUX 3HA4YEHHAX IIapaMeTpa, OCKiJIb-
Ku OyJia ToKasaHa HEBUPOMYKEHICTb 1 aHAJITUYHICTH IUX
(PYHKIIIN.

J (x) :V—JV(X) +JV'(X) (2113)

v-1 X
IlincTaBMMO y BifHOIIIEHHS HeTaTMUBHUI IIapaMeTp:

Iv_l(x)=:xulv(x)+l;(x) e v=0
aso J,_(x)=(=) (%] (x)— T (x)) ©2477)

BigmiTumo, mo pexkypeHTHe BigHONIEHHA AJA HeoOMe-
SKEHMX B HYyJi dYaCTMHHUX pPO3B'A3KiB piBHAHHA Decesa
cImiBmaja€ 3 TOYHICTIO A0 KOHCTAaHTM 3 pPEKyPeHTHUM
BiTHOIIIeHHAM AJIs1 0OMe’KeHMX B HyJII YaCTUHHUX PO3B’A3KIB
piBHAHHA Becesa (2.1.12).

CkopucraemMocss XOIIOM J0Kaldy Jemu 2. ABCOJIIOTHO
aHAJIOTIYHVMM MipKyBaHHAMM (3 TOYHICTIO JI0 KOHCTAHTU)
MM OTPMMA€EMO JOKa3 JeMu 3 JJa BigHomeHHA (2.4.7) i
3BOPOTHIN OIlEpaTOp AJIA PEKYPEHTHOI 3aMiHM 3 HETraTUBHYMU
mapaMeTpaMu.

Jema 3. J{na pekypenmnozo iOHOUIeHHs

v
L ()=(=D(%] (x)—=J (x)) nev>0 @a8)
ICHYE HeBUPOOICEHUU 360POMHILL ONepamop

Lx)=] g— I, (E)dE 249)

HeBupomxennit 3BOpOTHII omepaTop [03BOJAE B
ABHOMY BUIJIAJI OTPMMATH BUPaA3 B eJIeMeHTaPHUX (PYHKI[IAX
(RiHIIEBMIT PAJ CTENEeHEBUX 1 TPUTOHOMETPUUHUX (PYHKILIN)
nna pysKuii Becensa 3 HamiBIiIMM HEraTMBHUM IHJIEKCOM,
He 00MesKeHNX B HYJII.
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Teopema 5. Heobmedsnceni 6 myni gyukyii becens 3
Hanigyinum IHOEKCOM MOXCYMb OVMU OmMpUMAaHi uepes
enemenmapHi (QyHKyii (cmenenesi ma MmMpucoHOMempuyHi),
BUKOPUCMOBYIOYU 8IOHOULEHHSL BUSTIAIOY:

_.nn2( d Ycosx [2
J_n_m(x)—x <xdx) = 1/F (2.4.10)

0e N — yili HeHe2amueHi YUcCid.

IIpumiTra. Y ToMy BUIIagKy, KOJIM OJIHE i Te 3K PEKypPeH-
THE BiHOIIEHHS PO3TJIANAETHCA IJI8 ABOX YaCTVHHYX JIIHITHO-
He3aJIe’KHUX PO3B’A3KiB piBHAHHA Becessa, piBHAHHA MOMKYTH
BiipidHATHCA Bil IpuUBeAEeHUX 3 TOUYHICTIO OO KOHCTAHTU. Y
MipKyBaHHAX, 110 IPUBONATHCA, MM PO3Iinnianu oOMesKeHi Ta
HeoOMeskeHI B HyJII 9acTUHHI po3B’aA3KM piBHAHHA DBecesd i
PO3IIIAHYJIN IX OKpPEMO.

SanuilieMo ABHUI BUpas s (PyHKII Becess:

(n)

n k ® ki
_ ki d )
J—n—l/z(x) _kzl EO x V2n+i-k k=i Cos x T
(n 1) il i (k—i)!
e Oki = k(n) ) kl ' it (k=) (24.11)

Ha migcraBi oTpmMaHOro SABHOTO BUAY PO3B A30K
piBuaHHA DBecesnsa 3 HeraTMBHMM HaMOiBLIJMM IHJIEKCOM,
OIIMIIIEMO JOr0 aCUMIITOTUYHY IIOBENIHKY IIPY HEOOMEeKeHOMY
3pOCTaHHI 3MiHHOI:

J o (x)~ 21 _d” 2412
| 12 T g COS X (2412)

3Bigcu  BuUTiKae, II0 AaCUMIITOTMYHA  IIOBEOiHKA
HeobMmesxeHOI B Hysi pyHKIiI Becesnsa 3 HeraTuBHMM HaIiBIIi-
JUM IHZEKCOM IIOBHICTIO CIIiBHaja€ 3 aCUMITOTUYHOIO
IIOBEAIHKOI0 JAPYroro YaCTMHHOIO JIiHIHO-He3aJIeKHOro
PO3B’A3KYy — oOMesKkeHilt B HyJi pyHKIii Becensa 3 mo3autus-
HUM iHIEKCOM.
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Dynuruii Becensa pganeko Bix Hysna Oam3bki 1o Tpuro-
HOMETPUYHMUX (PYHKIIINA, ajie iX 3HaUeHHA NpM HaOIMMKEeHH]
3MiHHOI o OeskineunocTi TIOCTYIIOBO 3aTyxaioThb
(mabmoxatorbea A0 HyJid). Tomy 3arajibHUII  PO3B’A30K
piBHAHHA Becesa Ha 6e3kiHewyHOCTI 0OMeKeHMII i € TOCTYIIOBO
3aTyXal4dol Ha (PYHKIJI€IO, 1110 HAOMMIKATHCA OO0 HYJIA.

3aBaAkM Takint moBexiHii ¢yHKIiI Becema ivoxi
pO3rIANalOTECA AK I[IOIIOBHEHHA 1 pO3ILIMPEHHA KJacy
TPUTOHOMETPUYHNUX KOJMBAJBHUX (QYHKIM B NPUKJIATHUX
3aBJAHHAX MaTeMaTU4HOI ¢pizukn. PosrsanenHa 3a pyHK-
miamu Becesa Ta ix mpaAMe 3acTOCyBaHHA HA CHOTOAHI €
OJHUM 3 HaibiJIbIIl TePCIEeKTUBHUX HANIPAMIB IIPY BUpPIillIeHH]
peanbHUX PiduyHMX 3a7ad4 i MoOYIOBI HOCTOBipHUX MaTeMa-
TUYHUX MoOJeJiell peaJbHUX (PI3MYHUX IIPOLIECiB.

" Mau. 2. HeoOmesxeni B vy i dynxruii Hejimana

§ 5. Po3kiiajieHHs1 B cTeneHeBi psau
¢ynkuiii becess 3 10BUILHUM iHIEKCOM

Y piBaAHHI (2.1.5), 10 AKOTO NPUBOAUTHCA PiBHAHHA
Beceusa, Bci noxigHi Ta cTymneHi 3MiHHOI, 1110 BXOAATH 40 HBOTO,
napsi, Tomy nna QyskUii Becessa 3 ypaxyBaHHAM 3aMiHU
(2.1.6) BUKOPUCTOBYIOTHCH IapHi CTyIeHl pO3KJaJeHHHA.

x*z"(x)+xz'(x) + (x>=vHz(x) = 0 @)

Bigmyraemo pos3B’sA30K KJacu4HOro piBHAHHA DBecesa
(2.1.1) mAXoM PO3KJAJeHHA B CTEIeHEeBill pAj MeTOoI0M
HEBU3HAUYEHNX KoedillieHTiB, BBasKaw4M, 1[0 1€ PO3KJIAEH-
HA ICHy€ 1 OTpUMaHUII PAN CXOAUTHCA.

< +2k
z(x) =kZ a, xP 251)
=0
IlincraBumo posknanenHsa (2.5.1) B piBaHHA (2.1.1):
0= (p+2k)(p+2k—1)a, x""** +
k=0

2 p2k+2

+2k +2k
+(p+2k)a, x¥ = via, xP " +a, x

Ona 3abe3nmeueHHA TOTOXKHOI piBHOCTI @HpM BCix
3HAYEHHAX 3MIiHOI0 IIPUPIBHAEMO KOeIIieHTH IJIA KOYKHOTO
13 CTyIeHiB 3MiHHOI:

k=0| (p+2k)(p+2k—1)+(p+2k)—v°=0

k| ((p+20) (p+2k—1)+(p+2k)—v*) g+
ta, =0
Ilicoa crpoieHHA OTPUMYEMO BiTHOIIIEHHHA:

p’=v* u p=Fv uwpn V>0 252)

4k(zv+k)ay +a, =0 ra @, nosimvme
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3BiZicK OTPUMYEMO BUPA3:
— = —
a, =(—1) ——m— =...
D Ev R
a
KV (sv+k) .. (sv+1)
HderaspHillle BUBYMMO BUPa3:
Y(k,v)=(v+k)..(sv+1) (254)

ITIpr minux DoO3UTMBHMX B3HAa4YeHHAX mapamerpa =+ V
(oxpeMmii BUITaOK) BUpa3 IpuiiMe 3BUYHUI BUTJIAL;

Y(k,n)=(n+k)..(n+1)=(n+k)[n!

A oTpuMaHHA KOMIIAaKTHOTO BuUAYy Bupasy (2.50.4) 3
HaTypaJIbHUMI IIapaMeTpaMy € IMOHATTA (pyHKHioHasda. s
pewrty uucesa Eitnepom OyJio creniaJlbHO BBeJEHO MHOHATTSA
ysaraJbHeHOro (pyHKIioHasa — raMmMma-QyHkuii Eimepa abo
inTerpaJjia Ejinepa II pony, 1110 Ma€e Taki BJIaCTMBOCTI:

k
a; =(—1) (253)

I(u+1)=ul(u) ne U — uucna (133)
I(ntl)=n! u I(1)=1 (134)
Ile mo3BOJIAE KOMMOAKTHO 3allCaTH:
Y(k,v)=T(xv+k+1)[T(zv+1) (255)
%k = (—1)k L=v+y (256)
a, 2K\ T(sv+k+1)

3 MipKyBaHb 3PYYHOCTI HajdacTillle BUKOPVCTOBYIOTH
HACTYIHI NIpUNHATI 3HaAYEeHHH:

1y 1
4% =)
k
~(L) (=)
4% =(7) K\ T(=v+k+1)

3araJibHMII BUJ HYJIBOBOTO IlapaMeTpa BUOpaHMII Tak,
110 IPU HYJBOBOMY 3Ha4eHHI (2.5.6) TeX BUKOHYETHCA.
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opu k=0

(256)

Mwu orpumanm kjacuuHe PO3KJIANEHHA B PAN (PYHKIIINA
Becena 3 BukopucranaaMm ramma-QyHKLi Eiepa:

k 2k
(xS (=D /2)
ZW(X) (2) im0 K!T(zv+k+1)

Hocioinumo oTpuMaHmMili pap pokjaanHimnie. Poarisgremo
BUIANIOK Linux iHnpexcis. IIpy MO3BUTUBHUX LIiINX 3HAYEHHAX
IHJIeKCy raMMa-(PYyHKIA € PYHKIIIOHAJIOM.

25.7)

IIpr meraTmBHMX NIiNMX 3HAYEHHAX IHJIEKCY raMma-
pYHKIIA BUPOMKYyETbCA B Oe3KiHEUHICTB, TOMY OTpUMAaHe
poskiyanenHa B paAx (2.5.7) He mae ceHcy.

Teeposcenna 2. [Ipu yinux 3naueHHsAX iHOEKC) PO36 si-
30K pieHsanHsa becens eounuii (3 mounicmio 00 KOHCMAaHmMu)
i MOdice OYymu ompuMaHuil po3Kia0eHHIM 8 Psio

k 2k
(xS (=D @)
J, (%) <z> ,EO k! (n+k)!

Hoka3. JInsi cTpororo MOKa3y CKOPUCTAEMOCH OTPU-
MaHMMM paHillle PEeKypPeHTHUMM BiJHOUIEHHAMM (QYHKIIN
Becena. Ilepenmmiemo mepiine BipHOmeHHa (2.1.12) pmua
PYHKLIN 3 IIIUMM TO3UTUBHUM iHJIEKCOM:

J (0= ()=J'(x)  woun>0

npu 1 >0 (2.5.8)

Ipyre pekypeHTHe BigHomenHA (2.1.13) 3anumemo aJd
PYHKIIIA 3 I[ITMM HETAaTUBHUM iHJIEKCOM:

LX) =Ly (x) + Ly (x) 1w n>0

IlinrcraBuBIIM B 0OMABa IIi BiZHOIIIEHHA HYJILOBE 3Ha-
4YeHHdA IHJeKCy, OTPUMAEMO HeOOXigHY TOTOMKHICTE:

J(x)==J(x) u J(x)=J(x)

3Bimcu Jl(x) :—J_l(x) i fBa PO3B’ A3KM BUSBUJINCH
JiHiiHO-3aJIesKHUMN. Teepoicennsn dosedene.
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Teepoocenna 3. [lpu Heyinux 3sHaweHusax iHOeKcy iCHY-
10Mb 084 YACMUHHI JTHIUHO-HE3ANEHCHI D038 A3KU DIGHAHHSL
becens (3 mounicmio 00 Koncmamnmu), sIKi MOdNCymov Oymu
OMPUMAHI PO3KIAOEHHAM 8 D510

o k 2k
Lo=(2)"3 Ve

=20 (259)
im0 K!T(zv+k+1)

Joka3. Jlnsa nokasy 1bOro TBEPIMKEHHA CKOPUCTAEMOCA
OTPMMaHMMM paHillle peKypeHTHMMM BigHolleHHaMu. IIpen-
CTaBMMO iHJIEKC Yy BUTJIANL

V=n+¢€ ne 0<€<1 rta M wuise neneraTusHe.
HajimeHIIe 3HAYeHHS MTO3UTUBHOTO iHIEKCY €

L)=SJ(x)—J(x) ze 0<e<l
J)=8]x)+](x)

CyMHiBHMII BUIAJOK HANIBIIINUX 1HIEKCIB JOCJigsKeHNit
paninre. Jlna HamiBHOiamMx iHAEKCIB iCHYIOTb [ABa JIiHIMHO-
He3aJIe)KHI PO3B’A3KM pPiBHAHHA becessa, AKi nos’saAz3anHi 3
JIHITHOI0O HEe3aJIe)KHICTI0O MBOX TPUTOHOMETPUYHUX (PYHK-
il, — JIiHIIHO-He3aJIe}KHI PO3B’A3KM II0YaTKOBOTO PiBHAHHA
M rypma-Jliysinsa.

JlinifiHa HeBaJIe’KHICTb MABOX pPI3HMX pPO3B’A3KIB 1A
IHIIVX HEI[IJIMX iIHAeKCiB BUXOIUTD 3 IPUBENEHIX PEKYPEHTHUX
BiHOIIIEHDb, i OTPMMAHOIO PO3KJIAEHHA B PAL.

rwv+k+1)=(k+1+v)...(k+1—v)I'(-v+k+1)

ITpy Heninmx 3HaYEHHAX ITapaMeTpa iCHy€E OBa JIHITHO-
He3aJiesKHI po3B’aA3kM piBHAHHA becesa. Ilpy HeraTmBHMX
HeliIMX 3HadYeHHAX IiHJeKcy QyHKHii Becessa, orpumani
MeTOZOM PO3KJAJEeHHA B PAN, MAITbhb B HYyJi 0coOJMBICTH i
HabmkaoTheA [0 OesdkineuHocTi. IIpy MOBMTMBHMUX HEIiIMx
3HAa4YEeHHAX iHAeKcy QpyHKIii Becesa piBHi HyJr0, a obMmeskeHa
(PYHKIiA 3 HYJBOBMM IHIEKCOM Ma€ TpaHMYHE 3HAYEHHA B
HYJI, 1110 JOPiBHIOE OOUHUITL.

Dynurnia Becena € aHagITMYHOIO NIPM BCiX 3HAUYEHHAX
3MiHHOI, BUKJIIOYAIOY) MOKJIVBO HYJIb.
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30iskHicTs oTpmMaHOrO pAny (2.5.9) 3abesneuyernbca
o3HakKow0 BeiiepmTpaca B Oynb-aAkift 3amMiHyTIiI o0JsacTi
npu Oynb-sAKOMYy oOMe)KeHOMY B3HadeHHI HeIlijioro iHzexcy,
OCKIJIbKM IIpM BCiX 3Ha4YeHHAX BCi WJIEHM I[bOTO PARY
oOMeskeH] JeAKOI0 KOHCTAaHTOIO.

IIpy minux HeraTMBHUX 3HAYEHHAX IHJIEKCY PO3B’A30K
PiBHAHHA enVHUI i criBIafjae 3 IO3UTUBHUM.

IIpr HeHeraTwMBHMX iHJIEKCaxX MaKCUMaJbHE 3HAYEHHSA
MOAYJIA YMUCJIOBUX KOeII[iEHTIB PAAY AOCATAETHCA IPU k=0
ta V=0 i gopisumwoe 1.

2k 2(k+1)
2 > 2
K'Tv+k+1) (k+1)!T(v+k+2)
a =(—]—)V1— obmesxeno mpu V = 0

©* 2 'TWw+1)

\ra)

-2

seesesesesscscsccesesscfecccccecscccscccsccscscsnne

Jeececesecscccsecesecscfecccececscccsccesecscccsose
ssesecesecscscsccesecscfecccccccscccscccsccscccsete

Maua. 3. T'amma-¢yurnia Eiinepa

IIpn Beix IHHIMX [OOOYCTMMMX 3HAYEHHAX YMCJOBI
KOeillieHTN pALYy MeHIle HyJbOBOIO Ta 3 IIOCTYIIOBMM 3pPOC-
TaHHAM 3Ha4YeHb K Ha Oe3KiHeYHOoCTi HabJIMIKAI0ThCA 10 HYJIA.
Tomy pammn (2.5.9) nna ¢dysruin Becens 3 HeHeraTMBHUM
iHmeKcoM He IpeCcTaBJIAITb yCKJIaAHEHb.
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ITeunke HAOMMIKEHHA NOHY IAKOE(ILIIEHTIB pO3KIIAIeHHA
pany (2.5.9) nna dpysruini Becensa 3 HeHeraTMBHUMMU IHJEK-
caMy JIO3BOJIAE BUKOPMCTOBYBaTH OOMeskeHy KiJbKicTb
4JIeHIB PANY [AJA He3HAaYHO BifjaJieHMX BiJ HYyJIS PINIeHb,
e paxn (2.5.9) mocTaTHBO HIBUIKO CXOAUTHCA. I3 3pocTaHHAM
inpexcy QyHruii Becensa mBuakicTs HaOMMMKEHHA 0 HYJIA
7ioro KoeilieHTIiB TaKOK 3pOCTac.

Ona dysruini Becensa 3 HelisiMM HeEraTMBHUM iHJEK-
COM B OJIM3BKi OKOJII IIJIMX HEraTMBHUX 3HAYEHb 1HJIEKCY
3HAYEHHA BIATIOBIAHMX raMMa-(YHKIIV y IepIINX YUCJIIOBUX
koedpirtienrax pany (2.5.9) HeobmesxkeHo 3pocraioTb i V
IIOYaTKOBUX UMCJIOBMX KoedimieHtie paxy OynyTp MaJi.
ITpmyomy umm Oinpire 3HadyeHHA iHzOexkcy V, TuMm Oinbie
II0YaTKOBUX KoedillieHTiB paAny OyLyTh MaJVMIU.

lim |T(-v)| =00 mna ¥>0 ra n marypanswi.
V—n

Tomy nHepaseko Bin Hyna npna ¢yHknin Beceas 3
HeraTUBHUM iHIEKCOM, OJIM3bKUM JI0 LIiJIOTO, IPY BUKOPMCTAHHL
YJCeJBHUX MEeTOAIB i HaOumxeHNX o04YMCIIeHb Ha KOMII' I0Tepi
IIOYaTKOBUMM YJEeHAaMM PO3KJAJIEHHA MOKHA 3HEXTYBaTIH.
IcrorHMMy nna HaOMMIKEeHMX 00YMCIIEHb MOYKYTb BUABUTUCH
WIeHN pAxy 3 HoMmepamy, OsmspkuMy 1o V. IrHOpyBaHHA
uboro QaxTy iHONI MOMKe CHpUYMHUTH Hes30ixHIcTH abo
HEKOPEKTHICTb HEMOAN(PIKOBAHOTO aJTOPUTMY.

ITpn 6ynp-AkoMy OoOMeEKEeHOMY HETaTHBHOMY HEI[lJIOMY
3HAYEeHHI IHJEeKCy 3a pPaxXyHOK HEeBUPOIKYBAHOCTI ramMma-
dyHurnin Einepa pan (2.5.9) rakosx cxoautumeTbes. IIpobie-
MM 4YyceJbHUX HabsyskeHMx oOuMCIIeHb PO3KJIAZEHHA PALY
MOSKYTb BMHMKHYTM II00JIM3Y €KCTPeMyMiB raMma-qyHKILi
HeraTMBHOTO IapaMeTpa, fAKi i3 3pocTaHHAM V mIBUIKO HabJIM-
JKAIOThCA JI0 HYJIA, NOCATAI0YM 110T0 HA Oe3KiHEeYHOCTI.

lim |ext T'(<¥)| =0 nna ¥>0
V=00

ITpore i3 3aranbHOiI Teopii ramma-cyHEKNi Eitnepa
BiZIOMO, III0 BOHU JOCATAIOTH EKCTPEMYMY IT00JIM3Y HAIiBIIJINX
3Ha4YeHb IIapaMerpa. Po3KkyameHHsa Id HUX OTpUMaHe ABHO.

Posknanennsa B pazn (2.5.9) npakKTUYHO He BUKOPUCTOBY -
€ThCsA IIPY 3HAYHO BiijaJieHuX BiJl HyJIf 3HAYEHHAX 3MIiHHUX,
e pyHuknii Becesa BUABIAITE YiTKY aCUMIITOTUYHY II0BEiH-
Ky, Ky He MOKHa JIOBECTM, ABHO BUXOIAUM i3 3arajbHOIO
BUJy OTPMMAHOIO PO3KJaLeHHA. Teepoicenna dosedene.
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Poaroiamemo  pmerasibHille  NOBEAIHKY — OTPUMMAaHUX
pos3kiyanens B paxn (2.5.9) mna dpyuknin Becessa 3a ymoswu,
110 3HAYEHHs iHJEKC HEraTUBHMII i HAOJJIMIKAETHCA 0 IIiJIOTO
uncia (pynrnii Becess 1isoro HeraTMBHOrO iHIEKCY):

k 2k
1 i—voo (—1) (X/Z)
J,(x)=lim <2) S k! T(—v+k+1)

Tamma-gyukiii Eitsiepa mMamTh HeycyBHI 0cOOJIMBOCTI
Ta HaOMKaThCA OO Oe3kiHeunocTi mpm HaOJMMKeHHI ixX
rmapaMeTpa JI0 LiJIOro HeraTUBHOrO uucia abo vysnda. Tomy npn
Oynb-AKuX oOMerKeHUX 3HaUeHHAX 3MIiHHOI (He po3Tianaiyu
aCUMIOTOTUYHY TIOBEIIHKY pAAy Ha Oeskimeunocti) meprmi
(n—1) unenis uboro pALy HabOIMKAIOTHCA OO HyJA:

. k 2k
lim (273 DG/
k=0 k! T(-v+k+1)

von 2
ToMmy rpaHMYHNI epexil DacTh TaKuUil pe3yJibTar:

k 2k
_(x"w (=D (/2)
J—n(x) <2> hen K T(-n+k+1)

IIposismn zaminy m=n+k, ne m=0...00, orpumaemo:

J (x)= (_l)nfn (x) @511)

Mu 1m1e pas nmorasanu, M0 Ipy LiIUX HETaTUBHUX 3Ha-
YeHHAX IHIEKCYy IpsaMe PO3KJaNeHHA B PAJ Ja€ TiJIbKU OfHe
He3aJlesKHe POo3B’A30K piBHAHHA Becesda, ajsie B Hambamx4in
OKOJIi HYJIbOBOTO } KOYKHOTO HETaTVBHOTO IIiJIOTO 3HAYeHH:A
iHZeKCcy ICHYIOTH ABa JIiHIHO-He3aJIesKHI PO3B’A3KU, AKI He
cIiBmasialoTh, ajie Nmpy HAOJJVIKEHHI 3HAYEHHA IHIEKCY M0
isloro umcsia abo HyJIA BOHM HAOJIMIKAIOTHCA OMH JI0 OLHOTO
3 TOYHICTIO MO KOHCTAHTU:

limJ (x)=(-1)"lim J (x) (2512)
von “V v-n V

ITe BasksmBa BJacHiCTb Oyme BMKOPUCTAaHA IJIA OTPU-
MaHHA (pyHKOIV Helimana — apyroro JiHITHO-He3aJIeXHOTO
po3B’A3KYy piBHAHHA Becesa npu Bcix 3HaUYEHHAX IHAEKCY.
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§ 6. uainaposi ¢pynkuii Heiimana

Y TBeppaskeHHI 2 OyJIO JOBEIEHO, IO IPU HEIIJIOMY
igmexci piBHAHHA Decens wmae [Ba JIiHIIHO-He3aJIeXKHI
PO3B’A3KM, AKI MOKHA IIPEJICTABUTU Yy BULJIAJNL PO3KJIAJIEHHHA
B pan (2.5.9). Ilpore B xoxi MipKyBaHb BUABWMJINMCS OeAKI
ocobamBocTi pyHKUit DBecena 3 HeraTuBHUM iHAEKCOM,
He3py4Hi B NPaKTMYHOMY B3aCTOCyBaHHI (HaIpuKJIazd, MOpuU
peasizanii uncesbHMX MeTOAIB i HaOMMIKeHMX OOUMCIEHHAX
Ha KoMmm'rorepi). ToMy mpakTMdHe 3aCTOCYBAHHSA B UMCTOMY
Buni ¢pyukuii Becesna 3 HeIinuM HeraTMBHUM IIapaMeTpPOM
3HAXONATb NOCTAaTHLO PiIKO.

Oua pyuknin Becena 3 HaniBuinuMm iggexkcom (30kpema
HEraTMBHUM), fAKi PO3TJAmasncAd OKpeMo, OyJsm 3HalijeHi
ABHI KiHIIEBI pAaM, IIO0 IPEACTABIAIOTE eJIeMeHTapHI (PyHK-
nii (creneHeBi Ta TPUTOHOMETPMUHI), 1 OTPUMaHI peKypeHTHI
BIJHOIIIEHHA JJA o00uYMcJeHb BCiX HEOOXIZHMX YMCJIOBUX
koedilieHTiB MUX pAAiB.

g npakTraHyX 10Tped pigKko BUKOPUCTOBYIOTHCA PYH-
kaii Becesa 3 BesmkuMy iHgekcamu, TOMy IIpsaMe 0049MCIIeHHA
X (PyHKLIV 3a OOMesKeHNM PAIOM eJIeMeHTapHUX (PYHKILIN
BUKOHY€TbCA 0e3 ycKJIagHEeHb. 3aBOAKM UM 0CODJIMBOCTAM
¢pyuknii Becena i Helimana 3 HamiBHiJMM iHAEKCOM dYacTo
BUIJIAIOTh B OKPEMUI KJac.

Has Toro, 1100 3ryaguTy AesiKi HeraTUBHI 0CcOOJIMBOCTI
pO3KJaneHHA B paAfd PYyHKIiN Becesnda 3 HelinuM HeraTUBHUM
inmexcom, Bebepom Oysia BBefeHa QYHKIlA, III0 € CYMOIO
IBOX JIHIMIHO-He3aJIesKHIUX PO3B’A3KIB piBHAHHA Becesna i B
JiTepaTypi Ha3BaHa (pyHKIli€l0 HelimaHa:

(26.1)

N, (x) = J,(x)cosvn—]J (x) ot 930

SINVT

Dynurnii Helimana Takok OPUITHATO HA3MBATU IIUJIIH]T-
poBUMM (PYHKILIAMU JIpyroro poxny iupmercy V. 3a paxyHOK
BBEeJIEHHA Y (DOPMYJIy TPUTOHOMETPUYHUX (PYHKIIIV TPY L1JInX
3HAYeHHAX iHAeKcy (pyHruii Helimana icHyioTh i € JriHiiHO-
He3aJeHUMM 10 pyHKIHi Becena nepiioro poxny.
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Jnsa 3HaXOAKEeHHA TPAHMYHOIO 3HAYEHHA IIPU I[IJINX
iHZeKcaxX CKOPMCTAEMOCA THM, IO IIPM HELJIMX IHJZeKcax
IBa JiHIJIHO-He3aJle)KHI PO3B’A3KM ICHYIOTB 1 BOHM TakKi,
mo € audepeHU0eEMMMH. Po3kpuemMo HeBM3HaYeHICTb, MIPO-
IpepeHIiIoBaBIY IPaBy YacTUHY 3a IpaBuioM Jlomitads:

S (J(x)cosvn—J (x))

N (x)=lim & < (262)
V—n
3 sinvm
Ham pgocratHpo oTpumaty s3HadeHHA QyHKIID (2.6.2)
IJIA OKPEMOTO BUIIAJKY — HYJbOBOTO iHAEKCY, IIICJIA YOro

3aCTOCYBaTH 3HAlJEHI paHillle PeKypPeHTHI BiJHOIIEHHA IJId
po3B’A3KiB piBHAHHA Becesa. fkio el gpyruit He3aJlex HMNA
PO3B’A30K iCHYE, iHIII JiHIIHO-He3aJeXHl PO3B’A3KM MOXKYTb
OyTu oTpmMaHi Ha mifgcTaBi peKYPEHTHMUX BigHOIIEHD.

Binzmaunmo, 110 peKypeHTHI BifHOLIIeHHA AJIA PO3B’ A3KIB
piBuanHA Becesa 3 moBinbHUM iHJekcoMm Oysu oTpumaHi Oe3
BMKOPMCTAHHA TPagULiiHUX PO3KJALEHb B pPAJL TIJIbKM Ha
mizicTaBi 3araJIbHOrO BUJTY KJIACUYHOTO PiBHAHHA Becess, Tomy
BMKOPMCTAHHA MeTOAy MaTeMaTM4HOi iHpyknii nsia HeHy-
JBOBUX I[INNX iHJeKCiB (pyHKnin Helimana KopekTHO.

2 (] (x)cosvm—] (x))

0
3y Sin VT

2 0J,(x)

TGV

Ny(x)= hm

V=0
ITponndepenitiroemo posknaneHua B pax (2.5.9) mouseH-
HO II0 mapameTpy V, BUKOPMCTOBYIOUM BJACTMBOCTI ramMma-

¢yukuiin Eitnepa, i cnpamysaBiu napametrp V no HyJd,
OTPUMAEMO PO3KJIALEHHHA

N, (x =%J0(x) (In i+C) — 263)
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ne C — nocriitua KoHCTaHTA Eiinepa, HabonixeHe 3Ha-
yeHHA AKoi ckaamae 0,5772157...

BuxopucToByoTbCA HAaCTYIIHI BiJHOIIEHHA AJIA raMMa-
dyukuin Einepa, mo npuBogAaTsca 6e3 qorasy:

C=lim (1+é—+ AL —inn)=05772157..

n— oo

I'(u)
I'(u)

I'(u) 1 1

F'(u) ——C +<1+2—+ -I-ﬁ) (26.4)

3HaueHHA (pyHKNi HeliMaHa AJIA HEHYJBOBOIO IIiJIOTO
iHIeKCY 3HAXOOUThCA 3a mpaBuJioM Jlomitand 3 (2.6.2):

=—C ne k — IiJIi umcJga

N(x)= = fm N, (x)= hm 1cos VT (= ajé;/,(X)—
— 7 J (x)sinv +m {;’—fc)cosvn)

—(=1)

dyurnii Helimana pJsa 1ijioro iHIEKCY B 3araJbHOMY
BUIIAIKY MAaIOTh BUTJIAL:

(26.5)

( aJ,(x)
ov

lim n 0.J,(x) )
V—n ov

1
T

N(x)——L(x)(1n§_+c) _%%)’1 oL

n!k=1k
1% (n—k—1)! [ x "%
_?Z —)(2 _
k=0 (26.6)
2 (— 1) (x/2) 1. k 1
T, T ) <,,,=1m ,Elm)
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Jna HamiBiisioro 3Ha4YeHHA iHAekcy pyHKHiN Helimana
OTPMMAa€EMO ABHMII BUpas3 dyepe3 ejieMeHTapHI QyHKIiI (cTe-
IIeHeBi Ta TpuUroHomMeTpnyHi). PoariaanemMo ogHoOYacHO JiHIHY
koMOiHaIlil0 Tapy JIiHITHO-He3aJe}KHNX PO3B’A3KIB PiBHAHHA
3 MOJIOBMHHUM iHJIEKCOM:

* _ sinx cos0,5T—cosx
p(X)=

- 26.7
sin 0,57 (267

Buxopucrosywoun  dopmaabauii  audepeHLiaJbHUn
ortepatop (2.3.1) 7 Jemu 2 i 3 mpo 3BOPOTHIN omepaTop, 3
TOYHICTIO [I0 HEraTMBHOI KOHCTAHTM B CTYIEHI OTPUMAaEMO

3arasjbpHUI Bun pyHKIi HeliMaHa HamiBIijioro iHgexcy:

n n+ nN*(X)
N, ,(x)=(=1)x ) IT/Z\/% 268)

dyuknii Heiimana, axi iHoAi Takok Ha3MBAKTh (PYHK-
niamu Bebepa 1o mpi3Builly MatemMaTuia, 110 3aIlIpOIIOHYBaB
iX BUKOpPMCTAaHHHA, [I0B’A3YI0Th OOMH 3 OOHUM Ti 3K caMi pery-
PEeHTHI BifiHOIIEHHA, 1110 1 KIacuyHi pyHKIii Becena. ®ynkIii
Helimana 1 Becesst 3 ogHaKoBMMM iHIeKcaMM JIiHiIHO-He3a-
JIEKHI Ta yTBOPIIOTH PYHAAMEHTAJIBHY CUCTEMY PO3B’A3KIB
KJIACUYHOTO pPiBHAHHA Decesna, 3o0kpema A Liamx 1
HAIIBI[IINX 3HA4YeHb iHAEKCY.

dyuknii Helimana MaioTh B HyJIi HeyCyBHY 0CO0OJIMBICTE,
CcTpiMKO HabJMyKaw4uch N0 0e3KiHeWHOCTi. 3aBIAKU ILOMY
poskyanenHsa 3a pyHKUiMM HeliMaHa BUKOPUCTOBY€ETbECA IPN
ommci mpoiiecis, AKi € «HeineadbHUMU». CIIOYATKY MOCIHIIMKY -
€TbCA BaplaHT po3KJaleHHA 3a ¢QyHKUiAMM Becena pia
«XOPOIIOTro» 3aBAAaHHA, IMOTIM BMKOPMCTOBYETHCA IOJATKOBA
yMOBa i BuUpiuryetrbca 3aBraHHAa 3 pyHKUiAMMu Helimana.

Hanpuxsan, B 3aBlaHH] 3 KOJIMBaHHAMM TOHKOI KPYTJIOI
MeMOpaHy BMKOPUCTOBYETHCA PO3KJAJEHHA 3a (PYHKIIAMN
Becessa, saxmo memOpana IijicHa («rapHa MeMmbpaHa»),
Joma€eTbCcA PO3KJaNeHHA 3a QyHKIiMu Helimana, AKIO B
MeMOpaHi € KpyrJauii oTBip («MeMOpaHa 3 HedPeKTOM>»).

PosnoscromxerHa XBUJIb 110 IIOBEPXHI KPYIJIOTO 03epa
Moxke OyTu omnmcaHe 3a pomoMoroio Qyukiivt Becessa. Aue
AKIIIO B 03epi 3HAXOAUTHLCA OCTPIiB, AKUII CIOTBOPIOBATHIME
iTea bHy KapTMHY PO3IOBCIOJI)KEHHS XBUJIb, N0 PO3B’A3KY
000B’A3K0BO IOJAE€THCA BUKOPUCTAHHA (pyHKIi HelimaHa.
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Y 3aBHaHHI Ha BUI'MH J[JOBIOT'O IIJIICHOTO KPYIJIOTO
OUJIIHAPa BUKOPUCTOBYIOThCA (pyHKIII DBecessa, aJse B
3aBIaHHI Ha BUIMH IIOJIOrO ycepenmHi muiiHzapa (TpyOa
3 KPYIJIUM IIEPETMHOM OTBOPY) OOOB’A3KOBO JOJAIOTHCH
¢yurnii Heiimana, i came BOHM 3abe3medyioTb KOPEKTHUI
OIJC MapaZloKCcaJbHOI CTIMKOCTI A0 BUIMHY IIOJIOTO LMJIIHIpa
B HNOPIBHAHHI 3 LiJiCHUM.

ITe x came BigHOCUTBCA 11 10 KOPEKTHOI'O ONNCY HEOIIYK-
JUX 00’€KTiB — TaBPOBUX i IBOTaBPOBMX 0aJIOK B IIOPiBHAHHI
i3 3ByuaiitHMMM OasKaMy, IPAMOKYTHUMM B IIE€PETUHI.

Came yuknii Helimana A03BOJIAIOTH KOPEKTHO OIV-
caTy CTiiiKicTb 6aJI0K CKJIamHOI popMM, TOPOKHUCTUX TPYO i
TOHKMUX JIVICTIB, C(POPMOBAHKX y (POPMi TrapMOIIKY, 10 BUTUHY
I MiABUIEHMX HaBaHTAMKEHb, IIPM AKUX IIJOCKI JmcTH i
IPAMOKYTHI OaJIKM BiKe CUMJIIBHO ITPOTMHAIOTHCS.

Dynrnii Helimana [03BOJIAIOTH KOPEKTHO ONMUCYBAaTU
mporec nobsusy nesxoi ocobsamBocTi g Toro abo iHIIOrO
3aBJaHHA, AKEe MOJEJIIOE HeimeasbHUI (PIBUYHMIT ITPOIIEC.

Hanpurnan, posrisgHeMo AKUIICH CaMOTHIiV OCTpiB, IO
cToiTh mocepen MOP#, 10 AKOMY BiJIbHO POBIOBCIOMFKYIOThCH
xBuJyi. Jlajieko BiJ ocTpoBa XBWJII NOBOAATHCA ieaJIbHO,
CTPOTO HiIKOPAIYNCh XBUJIBOBOMY piBHAHHIO. [IpoTe Bike B
0JIM3BKUI OKOJII OCTPOBa BUHMKAIOTH XapaKTepHi 0coOImBOCTI
POBIOBCIOJKEHHA XBUJIb, AKI Ha BigjaJieHHI Bifg ocTpoBa
JOCTAaTHBO IIBUJIKO 3TJIAJMKYIOTBCA 1 CTAIOTh HEIIOMiTHUM.
ITe HaouyHO mMoOKa3ye xapakTep HoBemiHKkM PpyHKIiH Helimana
mo06aM3y 0CcODJIMBOCTI.

Taxum ymHOM, (pyHKHii Helimana rpaioTh Besnde3Hy
POJIb B TOUHOMY MaTeMaTUYHOMY MOJEJIOBaHHI «HeimeaJbHUX
mporeciB 3 gedpekTamMu» B OKOJIi ocobsmBocTi. IrHOpyBaHHA
JOIaTKOBOTO PO3KJaJeHHA 3a (pyHKIiMu Helimana mpu omnuci
(pismuHMX IpoLeciB 3 0COOIMBOCTAMY IPUBOIUTE IO CTBOPEH-
HA HEKOPEeKTHOI MaTeMaTM4HOI MoJeJi Ta IOABM HeyCYBHUX
MaTeMaTUYHUX IICeBIOIIapaloKCiB.

fxio mporec mobynoBM aJTOPUTMIB 00UMCIIOBAJIBHUX
mpoleciB nua pyHkOi Becena yHiBepcaspHuUil i 3abesneuye
xopoIry 30iskHiCTb Maliske B ycix BuUafkKax, To nepes 1nodymno-
BOIO MojeJi HabmKeHUX obOumcyeHb Ana QPyHKIiN Helimana
HeoOXiTHO JOJATKOBO aHAJITUYHO BUBYUTHU iX IIOBEIiHKY, i
JIMIIIE TTiCJIA I[bOTO BUKOPUCTOBYBATH TOV ab0 iHIIMII aJITOPUTM.
Inakme gyske BMCOKa BipoOTifHICTH HENIPaBUJIBHUX 00YUNCIIEHDb
i He3biskHOCTI asropMTMIB 3 peasigmmu.
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§ 7. Inmi nuaainaposi gpyHkmil

Bynb-aka JinitiHa KoMOIHAIA YaCTUMHHMX pPO3B’A3KIB
KJacu4HOTO piBHAHHA Becensa — ¢ynruint becena (amenera-
TUBHOTO iHAEeKcy) 1 pyHKin Helimana — Takok € 3araJbHUM
po3B’a3koMm piBHAHHA Becess. Icuye npencraBieHHA (PYyHKILI
€KCIIOHEHTH BiJ] 4MCTO yABHOI'O apTyMEHTy udepe3 IIepiofnuHi
TPUTOHOMETPUYHI (PpyHKIIII:

exp ix=cosx+isinx ne i2=—1 271)
0 x 2+t

eXpix:Z( ) kZ( 1) (2k)v i 1)(2k+1)'

fArmio nobyamyBaTyu  aHAJIOTIiYHI  3aJIElKHOCTI  MiK
dpyHIAMEeHTaJbHUMM PO3B’A3KaMM PiBHAHHA Becessa, MoykHA
OTPMMaTH NOCTATHBO LiKaBuil Kiac pyHKUiN. Inaingposumu
dyHKLIiAMN Tpertboro poxny abo ¢yurmiavmu Taxkensa
Ha3MBAlOTh HACTYIHI (PYHKIIII:

Hv(x)=.]v(x)ii.7\fv(x) ne ii=—1 272)

Buropucrosywoun npencraBieHHa QyHKIH Helimazna
(2.6.1) uepes cpyuknii Becesnsa, My MosxeMo 3ammcaTH:

«7'[1, ()= J,(x) —]V. (x)exp Fimy 079

+ i sin v

IIpn piricayx 3miHHUMX Il QPYHKIII MalOTh KOMILJIEKCHI
3HadyeHHA. DopMyan cnpaBeIuBi I Mpy LMinnx iHAEKcax, AKi
OTPUMYIOTbCA ILJIAXOM I'DaHMYHOIO IIepeXony.

Y B3aBaHHI PO OTPMMAHHA PO3B A30K XBUJILOBOIO
piBHAHHA QyHKIii Becesa gilicHoro aprymeHTy € o0pas3oMm
crosauoi xBuii. Pyuknii l'ankesna A03BoOJAITL maTu obOpa3s
XBUJI, IO PO3MOBCIOJKYEThbcA. Tomy QyHKIil [ankensa
rpaloTh BEJMKY POJb Yy (IBMUYHMX IIpollecax, 0cobJIMBO
OpM BUBYUEHHI XBUJIBOBUX IIpoleciB B HeoOMeKeHUX
obsiacrtax. Pyukiii ['aHKeaaA BUKOPUCTOBYIOTHCA HE TiJIbKU
B NPaKTMYHUX 3aBJaHHAX, aJje 1 B JeAKMX acleKTax Teopii
dyHukuin Becens.
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3aminuMo B piBHAHHI DBecensa i poskyiazeHHI B paAfg
¢yukrnin Becena pxiricHy 3MiHHY X Ha 4YMCTO YABHY 3MIiHHY
1X 1 3anmuiemo:

xXz"(x)+xz'(x) — (x*+ v¥)z(x) = 0 @279

/2)2k+v
J ()= Z( )k(;)li(v+k+1)

Dynkruia Becesa 4ucTO YABHOTO apryMeHTY MAa€ IIEBHY
HEe3py4YHIiCTb — IIpM IIaPHOMY iHIEKCi BOHA € AifiCHOIO0 (PYHK-
I[i€lo, a IpM HENapHOMY € YNCTO YABHOIO (pyHKIli€w. 11106
no3baBuTHCA Bin 1iei He3pydHOCTI Ta oOTpMMaTH AOiViCHY
pyHKIiIO Opu Oyab-AKMX 3HAYEHHAX IHAEKCY, BBOJATH
moaudikoBany gyHkKHii0 Becess:

I,(x)=],(ix)exp (imv/2) (273)

(x/2)2k+v
Ly(x)= kz kK!'Tw+k+1)

3a OpyTMil YacTUHHUI JIiHIMHO-He3aJIe:KHMII PO3B’A30K
piBHAHHA (2.7.2), 1110 Ha3UBAETHCA MOAUQPIKOBAaHNM PiBHAHHAM
Becensa, 3a3Buuait npuiiMmaiors QpyHKIiI0 QyHKIieio Makmo-
HaJIbJla, AKa € NiJiICHOI Ipu OyIb-AKOMY HAifiCHOMY 3HauYeHHI
iHIeKcy:

K, (x) = iT exg (imv/2) }[V x) 075

OueBupHoO, 1110 pyHKIiA MakgoHa bpaa HEILJIoro iHgeKcy
TaKOXK € JIiHIJIHOIO KOoMOiHAalli€lo OBOX JIiHIHO-He3aJIeXKHUX
po3B’a3KiB piBHAHHA Beceisa — ¢gyHKIi Becesnsa mo3muTuBHOrO
1 HETaTMBHOTO IHJIEKCY:

Ky(x)= = n L0000 276)

sin TV

(274)

Hokas icuyBauHa Qysknii MaxkgoHasabna  I1iJIoro
iHgeKCcy IpOBOAMUTHCA aHAJIOTIYHO JOKA3y iCHyBaHHA (PYHKILIN
Herimana nisnoro isgexcy — nudpepeHIiloBaHHAM 3a IIpaBU-
JoMm Jlomitass.
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2 _
Kox) =1im K, (x) = lim 2 ([, gx) J() o

v

Ky (x) =5 (=)' lim (&1, (x)— &-J,(x))

Yepes pos3kJaieHHA B PAL 3 IOJAJbININM audepeH-
LiloBaHHAM 3a napamMeTpoM V MOMKHa IIOKasaTy, IO Id
dyHKUia icHye. ¥V pasi migoro ingexcy dyurmnii Makgoraasaa
OPUMYTb BUTLJIAL:

Sin VT 2

K, (x)=(=1)"I,(x)(In % Q)+ @

! T (n—k—1)! (i)‘””k_'_

(/2) ntk k 1
D' 2 ]j(kJr )] (Z_ 2%)

Mopudirkosana ¢ynruia Becens i ¢yurmia Marmgo-
HaJIbJla YTBOPIOIOTH 3araJbHUI PO3B’A30K MOAMQIKOBAHOTO
piBHAHHA Becena:

x?z"(x)+xz'(x) — (x*+ v*)z(x) = 0 @72
z(x)=c,I,(x)+c, K (x) (2778)

Mwu peraspHO He HOCIHIIMKYEMO PO3B'A30K MOAMUQPIKO-
BaHOoro piBHaHHA DbBecena. MosxkHa BifgsHaUMTH, III0 IIPU
IIO3UTUBHOMY B3HAaudeHHI iHZekcy rpadiky 1ux QyHKINL
HaragymoTsb rinepbosy

z(x)x=const

i mpu pikcoBaHOMY 3HaYEHHI 3MiHHOI POCTYTh Pa3oM i3
3Ha4deHHAM iggekcy. MoaudikoBani ¢gynruii Becensa moHo-
TOHHO POCTYTh 13 3pocTaHHAM 3MiHHOI. DyHK1ii Maknonanbna
MaOTb B HYJIi HeyCyBHY 0cobOJMBiCTH i MOHOTOHHO yOyBarTh
i3 BpocTaHHAM 3MiHHOI, HabumKam4MCh IO HYJA Ha
6eskineunocti. Ili pyHKIIII akTyaJbH]I B €JIeKTPOAMHAMII.
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§ 8. lloBeninka HUIIHAPOBUX PYHKIIH
B OKOJIi HYJI1

Poarianemo noBemiHKy IMIIHAPOBUX (PYHKILIN B OKOJI
HyJIA — IPU JOCTATHBO MaJMX B3Ha4YeHHAX 3MiHHOI. IIpo
MIOBEAIHKY IMX (PYHKIV MM MOXKEMO CYAWUTH, HOCJIiIKYI0Un
noBeAiHKy Oeskineunux panis (2.5.8), (2.5.9) i (2.6.6) B okoui
rmoyaTky kKoopamHatT. OCKIJIBKM 4WieHM IMX pAAiB yOyBaroThb
IOCTaTHBLO IIBMUIKO, IOBEIHKY (DYHKIIIN MOsKHA BUSHAYUNUTU 10
JIeKIJTbKOX NepIIMX 4YJeHaX PO3KJaJeHHA pany. Poarianemo
pisHI THIV IMIIHAPOBUX (PYHKIII.

Oobmesceni gynkuyii becensn 3 nynvoeum inoexcom. Posrnana-
041 PO3KJIageHHA (2.5.8) BOKOJII HYJIA, MY MOYKEMO IIPUITY CTUTH,
110 HeXTYIOUYM YJIeHaMM, AKi IIBUAKO yOyBaloTh,

J,(x)=1—=x%/4+... u J(0)=1 281)

Dynkuia Becesna 3 HyJIbOBMM iHIEKCOM B HYJI piBHa
oayHMULI Ta yOyBae 1mobymay mnovaTKy KOOPAVHAT.

Oomesceni ynkuii Becens 3 nenynvoeum indekcom. Po3zriisa-
HEMO PO3KJIAIeHHA B pAN Opu OyJb-AKUX HEHYJIbOBUX
MIO3UTUBHUX 3HAYEHHAX IHAEKCY:

~_ X . _
JV(X)N m LI >0 1JV(0)_0 (282)

Dynkuia Becesasa 3 HeHYJIBOBUM iHIEKCOM B HyJIi piBHa
HYJIIO 1 3pocTae mobamM3y MOYaTKy KOOPAVHAT.

Heoomesxnceni ¢ nyni ¢ynkuii becena 3 Hneuinum iHOeKcOM.
Posrnauemo poskiazneHHsa B paAnx nopu OyAb-AKMX HELIJIUX
HEraTUBHUX 3HAUYEHHAX IHIEKCY:

21/
X))~ —————— V>0 283
L)% = rry M (283)

1in’1+0 JV()C) = +00 — HeycyBHa 0COOJUBICTE.
x— -
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IIpn mabamsxenHi o Hysa copaBa (3 OOKYy ITO3UTUB-
HUX 3HaueHb 3MiHHOI) QyHKIia Becena ybysae. IIpu nabmiu-
JKeHHI 1o Hyna ¢ysruia Becensa 3 HeniimMm HeraTMBHUM
irgexcoMm HabmKaeTbea 1o 6e3KiHeYHOCTI Ta Mae HEYyCYBHUIL
pO3puB.

Heoomesceni ¢ uyni gynkyii Heiimana. Bei dpynxruii Heii-
MaHa B HYJi MalOTb HEYCYBHUI PO3PMB i HaOIMIKAIOTbCA L0
Oes3kiHedHOCTi. ¥ pasi HeliJoro iHAEKCY BUKOPUCTOBYETHCHA
npenacraBienHsa Qysrnii Helimana uepes ¢ynruii Becensa
IIO3UTUBHOTO 1 HeraTuBHOro iHgekcy (2.6.1) i ocobsamBocti
noBeninky pyHKIiN Becess, nio BXoaATs 10 POpMYyIIn:

lim .’]\C}(X) = _—00 gma VFn (2.8.4)

xX—=+0

IIpy minux no3auTMBHMX 3HAUYEHHAX IHJIEKCY BUKOPMC-
TOBYIOTHCS IIOYaTKOBI WIEHM po3KJazeHHA pAny (2.6.6):

No(x)= 2] (x) ln%—%(n—l)!(%)n ©85)

Habmmxenna no 6e3kinednocTi 00yMoOBJIeHe HAABHICTIO
JIorapu@MI4HOro i cTeneHeBOrO ujJeHa PO3KJaJeHHA PANLY.

IIpy BuUpimeHH] DpaKTUYHMX 3allad 3 BUKOPUCTAHHAM
dyuxruin Becena i Helimana 3a3BM4ail po3TyIAfalOTh TiJIbKU
MO3UTUBHI 3HAYEHHsA 3MiHHOI — TMOIIYyK pPO3B’A3KIB 3amad
IIPOBOAUTHCA Ha IO3UTHBHIN MiBBicl.

IIpakTuune BuropucranHa QyHKLIN DBecesna Henera-
TUBHOIO iHJEKCY 1 pO3KJaZeHHA B PAL ¥ IOCTaTHHBO MaJIOMy
OKOJII HYJA [03BOJIAE OTPMMYBATM IysKe XOPOIIi KiHIeBi
TMOCJIIIOBHOCTI, IO IMIBUAKO CXOOATbBCSA 1 CKJIAJAIOThLCA 3
MaJIOTO 4McJla 4JeHIB paAndy.

IIpakTnune Bukopucranua pyHknivi Helimana B Masnx
OKOJIi HYJIA i pO3KJIaJIEHHA B PAJ MA€ MeBHI 0COOJMBOCTI.

Jua Toro, mo0 KOPEKTHO BUKOPMCTOBYBATM UMCEJIbHI
MEeTOAY 1 KOMII'IOTEPHI aJIropuTMM, HEeOOXIiJHO BUKJIIOYATHU
3 PO3rIAAY AysKe MaJli OKOJM HYJIbOBOTO 3HAYEHHSA 3MIHHOI
¢yuruin Hejimana — TobTo oxosy, B AKix pyHKuii Helimana
MalOTb BUpPasKeHy HEYCYBHY OCODJMBICTb, IpuiiMa€e HALTO
BeJMKI 3HaYeHHA 1 HabamKarooTbcss OO0 Oe3KiHedHOoCTi.
TloBeninka dynkiiii Heiimana i maTematuuyHoi MomeJi B ITi-
JIOMY B IiJi «KPUTUYHIN» OKOJII BUBUYAETHCA OKPEMO.
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§ 9. Kopeni po3B’si3kiB piBHsinHs becess

s Toro, mo6 3po3yMiTH, AKI KOpeHi MaloTh PIllIeHHA
piBHAHHA Becess, HeoOXigHO PO3TIAHYTU NOBEAIHKY (PYHKIIIN
Becena pasexko Big mnowaTky KoopauHaAT. PosrisgHeMmo
PiIBHAHHSA, 10 AKOrO IPUBOAUTLCA PiBHAHHA Beceud:

){/Ii(x)_ (V—l/i)z('l/'i'l/z)

_]V(x) ZJ{/ ()C) /\/; nasa Beix V (21.6)

ITe moB’sA3aHO 3 TUM, 1110 IPU OYAb-AKOMY O00OMEKEHOMY
3HaUeHHI iHAeKcy (pyHKIiT Becensa moreHmias BigmoBimHOro
viomy piBHarHA [IITypma-JliyBina HaOmamskaeTbed g0 HYJIA:

. (1/—1/2)2(v+1/2) 0

X—00 X

Y (x)==y(x) @15

IJia Bcix V 291

Tomy € mnifcTraBM BBaMKaTM, IO }I KOpeHI piBHAHHA
Becensa npu BiggasieHnx Bif HyJid 3HaYeHHAX 3MiHHOI HabJn-
SKATUMYTBCA JI0 KOPEHIB XBUJILOBOIO IuQepeHIiaJbHOTO
PIBHAHHA IpM BCiX 00MeKeHMX 3HAUYEHHAX IHJIEKCY:

v (x)+y(x)=0 nas Beix V (292

ITpu nocraTHBO BinpaJsieHUX Bif HYyJd 3HAYEHHAX 3MiH-
HOI Po3B’A30K piBHAHHA (2.1.5) HabmMMKaeTbcA MO JIHIMHOI
koMOiHamii nBOX JIiHIHO-HE3aJIeXKHUX TPUTOHOMETPUIHNX
KOJIMBAJbHUX (PYHKIIIN:

y(x)=csinx +¢,CO8X mpu X—+00 (293)

fAxmo posramagat nBa JIiHIVHO-He3aJIeXKHI YaCTUHHI
PO3B’A3KM XBUJIbOBOTO PIBHAHHA, AKMUM BiAIIOBiIalOThH 1BI
JiHiViHO-He3aJesxkHI pyHK1iI DBecena 3 mno3mTtuBHUM Ta
HeraTUBHUM iHZeKcoM (abo Qyukiii Becena ta Heiimana),
MOKHa MNPUIIYCTUTH, 110 KOpeHI dyHKIi Becens icHyIoTb
Ta NpM 3pPOCTaHHI 3MiHHOI HAOGIMIKAIOTBCA OO IIOCTIIHOTO
inTepBasy T. HocximsxeHHA KopeHIB (yHKIi Becessa icto-
PUYHO [IOB’A3aHi 3 PO3B’A3KOM IIPaKTUYHUX 3allad.
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Teeporcenna 4. Bce xopeni poss’szkie piensanms be-
ceisl, OKpIM MONCIUBO HYJISL, € NPOCTUMU.

Moka3. PosraaseMo neAKy OWIHHAPOBY (QYHKIIIO
Z(x), fAKa Ma€ KOpPEeHI IpM BiIMIHHMX BiJl HyJs 3HAYEHHAX
3MIHHOI:

x*z"(x)+xz'(x) + (x*=v*)z(x) =0 @)

fArmio mpumyctutn, 1o icHye xoda O OAMH KOpPiHb
PO3B’A3KIB IIbOTO PIBHAHHSA, AKMII HE € IIPOCTUM i Ma€ IIOPALOK

BUIIle 3a ONMHMINIO, Ile O3Hadvae, IO }i IepHia NoxigHa Ifiei
dyHKLiI piBHA HYJIO:
—_— / —_—

z(x,) = 0 ma z'(x,) =0 npu x,70

IlincraBuBoIn 11i 3HAa4YeHHA B piBHAHHA Becessa, orpu-
Ma€MO BMMOIY TOTOYKHOI piBHOCTI HyJIO Ipyroi mnoxigHoi
IaHOi (pyHKII.

n

z(xy) =0 mpu xo#=0

IIpogndepenuiroemo piBAnHA Becesna i migcraBumo
TYIY OTPUMAaHi 3HaYeHHA KOopeHdA (PyHKLIii, nepoi Ta gpyroi
noxiguux. My oTpuMaeMO BMMOTY PIBHOCTI HYJIO TPeTbOI
MIOXiAHOI IPM HEHYJbOBUX 3HAaUEHHAX 3MIHHOI.

IIpomoB:kyounM BUKOPUCTAHHA METOAY MaTeMaTUYHOI
IHAYKIi1, aHAJIOTIYHO IOBOAUTHCA TOTOKHA PIBHICTE HYJIIO BCiX
CTapIIMX MOXiTHUX. 3BiACK BUTIKAE, 0 (PYHKIIA TOTOKHO
cTa€ HyJIeM IIpM BcCiX 3HadeHHAX 3MiHHOI. Ile HeMOKJIMBO,
OCKIJIbKM PpaHillle MM J[JOBeJM ICHYBaHHS HeBUPOJIYKEHUX
PO3B’A3KIB PIBHAHHA.

Tomy po3B’A30K piBHAHHA Becesa mosa HyJieM MOsKe
MaTy TiJIbKM NPOCTi KOpeHi. Teepoicenns dosedene.

fArmio dyurnii Becena 3 no3nTMBHMM IHIIEKCOM MalOTh
KOpPiHBb B HYJI, TO }IOTO IOPAJNOK CIiBHajgae 3 iHgekcom (pyH-
knii Becesa. Ile OesnocepeHbO BUTIKA€ 3 3arajibHOTO BULY
PO3KJIAEHHA PALY.

Ilpu sHadeHHi iHgeKkcy Oinbmie —1 Qynknii Becess He
MalOThb YMCTO YABHUX i KOMILIeKCcHUIT KopeHiB. Ile BuTikae
3 BJIaCTMBOCTel (PYHKII i TOB’A3aHMX iHTErpaJiB, B dAKi
TpaHcopmyoThea ¢QynKuii Becesmsa mpm 3amini aivicHoro
3MIHHOT'O Ha 4MCTO yABHMI (MommcirkoBani pyukruii Becena
Ta ¢yurnii MakgoHasnbna, 110 MOHOTOHHO 3pOCTalOThH abo
yOyBaioTh Ha IMO3UTUBHI miBBici).
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Teepoocenna 5. Kopeni nocnioo6nux pose’si3kie pie-
Hanns becens nepemesicacmocsa 00un 3 00HUM:

2,(%1) =Z,0(%2) =2,(%) =Z,,(%) =..=0
oe 0<x,;<x,<x3<x,<... on1av=20 (294)

/Mloka3. Cxopucraemoca pPEKypPEeHTHUMM BiJHOIIEH-
HAMU I po3B’A3KiB piBHAHHA Becessa. IIpoagudepenmioemo
PO3B’A30K piBHAHHA DBeceJs, MOMHOMKEHUII HA AEAKY CTelle-
HEBY (PYHKIIIO:

d _ - ’
E(xmzv(x)) =ox® IZV(X) +x°°zv (x)  (295)

-V ’ :
Zvﬂ(x)— > ZV()C)— Zv(x) nnda Beix V

Tomy Mm mosxkemo 3anmcatut Bupas (2.9.5)
d (.o _ -1
E(x zv(x)) =Wx  z,(x)+
oV
+x0( Xz, (x)—z,,(x )

Ko nokyacTy BBeeHe 3HaAUEHHA ITapameTpa (), AKUi
IOpPiBHIOE () = —V 3Ha4YeHHA iHIEeKCy pPo3B’A30K piBHAHHA Be-
ceJif, TOZl TOTOKHICTH NPUIIMe HACTYIIHWUI BUTJIAL!

d o/ - i,
E(x VZV(X)) =—x"z,,,(x) (296)

Poarnanemo pmesaxmit pos3B’sA30K piBHAHHA becensa 3
inmexkcom V i nBa 710TO CYCiZiHIX KOpeHi:

z,(x1) =z,(Xx3) nna X <X%

Z ,(x)

- x ,.
o 2 x . ..
3" M \_/
\_// Zyn (x)
-0,5+
64 Mau. 4. IlepemiskHi KOpeHi po3B’A3KiB piBHAHHA Becesna

Binmosiguo no Tteopemu Posia, misk nBoma cycimHiMu
KOpeHAMM TIJazkoi ¢yHKIii, Takoi, 1o amdepeHIieTb s,
IIOMHOKEHOI Ha MOHOTOHHY (YHKIIiIO, III0 He MiHfA€ 3HaKY,
IIOBMHEH 3HAXOAMUTNCA X0Y OAVH MakKcuMyM abo MiHiMyM, B
AKOMY Ileplia IoxigHa AoOyTKy crae HyJdeM. lle o3Hauae, 1110
icaye Taka Kpanka 0, mo

0<x, <0 <x, u (07%,(0)) =0 29:7)

IlincraBuBIIM 1e 3Ha4YeHHA B OTPUMaHe pPiBHAHHA
(2.9.6), AKke BUKOHYETBHCH IIPM BCiX 3HAYEHHAX 3MIHHOI, MU
IoBeJy, W10 MiK [JBOMa KOPEeHSAMUM pPO3B’A3KY pPIBHAHHA
Becenss 3 imgexcom V mOBUHEH 3HAXOAUTHUCA Xo4ya O OmuH
KOpiHb PO3B’A3KY PiBHAHHS 3 iHmexcom V + 1.

Jia nokasy Toro, 110 Misk BOMa KOPEHAMUM PO3B’A30K
piBHAHHA DBecesa 3 immexkcom ¥ +1 3HaxomuTheAa xo4ya 0O
OnVH PO3B’A30K piBHAHHA Becesa 3 iggexcom V, moBTOpPUMO
MipKyBaHHA, BUKOPMCTOBYIOUM IPYTe PEKYPEHTHE BiTHOIIIEHHA
MiK po3B’saA3kaMm piBHAHHA Beceusa:

z, ()C)_ Zw_l(x) Vﬂ(x) s Beix V

i(x Zvﬂ(x)) =0x®'z (x)+x%z (x)

dx
= 0x®'z, (x) +x°’(zv(x —% zvﬂ(x))

fAx110 NoKJacTH BBeJZleHe 3HadeHHA IlapameTpa (0, IO
IOpiBHIOE (0 — 7V 3HA4YEHHIO iHJEKCY pPO3B’A30K PIiBHAHHA
Becesda, TOTOKHICTD IpUiIME BUTIIAL:

d(.v — VY
E(x zvﬂ(x)) X' z,(x ) (2938)

IcuyBanuA x0ua © OIHOrO KOpeHA AOBOAUTHCA aHAJO-
rivauMu  MipkyBanHAMHK. lIpoBiBImM MipKyBaHHA B 00MABi
CTOPOHMU JJIA OBOX PO3B’A3KIB piBHAHHA Becejs, moB’A3aHUX
PEKYPEHTHMMM BiTHOIIIEHHAMM, MY JOBEJIM He TiJIbKM iCHY-
BaHHA II€PEMIi’KHOrO OAMH 3 OOHUM KOpeHd, ajie I Te, II0
MK JIBOMa CYCIZHIMM KOPEHAMM OJHOTO PO3B’A3KY PIBHAHHA
Becena icHye TinbKM OAMH KOpPiHb IIOB’A3aHOTO 3 HUM
PEKYPEHTHUMM BiHOIIEHHAMM IHIIIOTO PO3B’A3KY PiBHAHHA
Becensa 3 ingexcoM, BiAMiHHMM Ha OIMHMUITIO.

Ymeepotcoenue ooxazano. 65



Ouas  Toro, 1100 [JOBeCcTM HACTYIHE TBEPJYKEHHS,
pO3IrJIAHEMO BM3HAYHMK BpoHCBKOro. fIKIno icHyroTh 1Ba
JIiHIIHO-He3aJIe)XHi po3B’A3KM PiBHAHHA Beceja, To BoHU 3a-
AOBOJIbHAITH HACTYIIHOMY BiILHOHIEHHIOZ

z,(x)z, (x)—z,(x)z_(x)=clx (29.9)

me c7#(0 — neska KoHCTaHTA.
Axmo My nigcraBuMo B piBHAHHA Becesna

x*z"(x)+xz'(x) — (x*+ v*)z(x) =0 272)

PO3B’A30K IIbOr'0 PiBHAHHA 3 (POPMAJILHUM ITO3UTVBHUM
iHeKCOM 1 TTOMHOKMMO Ha PO3B’A30K 3 (POPMaJIbLHUM Hera-
TUBHUM IHJIEKCOM, INOTIM B Ie K PIBHAHHA IMiJCTaBUMO
PO3B’A30K 3 HETATUBHUM iHIEKCOM, IOMHOKEHUI Ha PO3B’A30K
3 HO3UTYBHUM iHJIEKCOM, a IIOTIM BigHIMeMO Ileplle OTpUMaHe
PiBHAHHA 3 IPYTOro, MU OTPUMAEMO:

Zv(x)%(xz_v(x)) —Z_V(x)c%(xzv(x)) =0

260 7i(x(zv(x)z_’v(x)—z;(x)z_v(x))) ~0

dopmasbHO NpPOiIHTErpyBaBIIM OTPMMaHWUI BUpPAa3,
OTPMMAEMO TOTOKHICTE (2.9.9), AKY 71 noTpibHO OyJI0 HOBECTHM.
JliBa wWacTMHAa TOTOYKHOCTI Ha3UBAETHCA BUIHAUYHUKOM
Bpoucekoro abo BpoHckiaHOM piBHAHHA Becess:

Z, ) Zy )
B(z,(x).2,(x))= Z’(;Cx) z g)

fAxo posp’asku piBHAHHEA Becesa siHilHO-He3aJexKHI,
TO BU3HAYHMK BPOHCBKOTO I HMUX HEBUPOIKeHMI. fIKIo
PO3B’A3KM PIBHAHHA JIHIHO-3aJI€}KHI, TO BM3HAYHUK BpPOH-
CBKOTO TOTOYKHO BUPOJIKYETHCA B HYJIb.

(29.10)

[ia 3HaxXOKeHHA BU3HAYHMKA BPOHCHKOrO AJ1A PyHK-
uinn Becena ckopucTaeMoca pPoO3KJIaANeHHAM LUX (PYHKIINA B
paAn i OTpMMaEMO KOHCTAHTY IIPY [AEeAKOMY KOHKPETHOMY
3HaueHHI 3MiHHOI. OCKijIbKM BM3HAYHMK BpoHCBKOro Mae
Buraan (2.9.9), moMHOXMMO 00MABI YacTUHU Iliel piBHOCTI Ha
X Ta IIOKJaJleMO HYyJIbOBe 3HAYEHHS 3MIHHOI (3py4dHe mpu
POBIJIAl PO3KJIAJEHHA B PALN).
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=2 _(1+0(x*)) (29.11)

Ie lirr(} |0(x2)/x2|< 00 — IO3HAYEHHA.
X—

IlincraBumo orpumani 3HauenHa B (2.9.9) i 3anuiemo

L), ()= (x) ] (x)=
_ 1 -2
B RV A I

3Bigcu HaOymemMo 3Ha4YeHHA KOHCTAHTM C Ta BU3HAY-
HIKa BpOHCBKOrO JJIs ABOX JIHIHO-HE3aJIeXKHUX (PYHKIIIN
Becesa, 1o npeacTaBiIAOTh PO3B A30K piBHAHHA Becess:

r ’ 2 sin ™V
L) S, (x)=J (x)](x)=—-—=Z—  ©o
AHaJIOTIYHMM YMHOM BCTAHOBJIIOETHCHA BIJHOIIIEHHS MidK
OPYTOI0 IIapoi0 JIHIMHO-HE3aJIeXKHUX PO3B’A3KIB pPIBHAHHA
Becena — ¢yuxuii Becensa 3 HeHeraTMBHMM iHJIEKCOM i
dpyuxruii Herimana, 1110 iCHYIOTb IPY BCiX 3HAYEHHAX IHIAEKCY
(BrJIIOUArOUM ¥ I1iJ1i):

JOON(x)=J (x) N (x)=2/(nx) @913

J1s BUMBYEHHS IIOBEJIIHKM KOPEHIB ABOX JIiHIVIHO-He3a-
JIeKHUX pO3B’A3KIB piBHAHHA DBecesa BUKOPUCTOBYyeEMO
OTPMMAaHOTO y3arajJbHEHOro BM3Ha4YHMKaA Bponcbkoro (2.9.9),
AKNI B [IbOMY BUIIAJKY He BUPOIKEHMUIL.

Teepoxcenna 6. Kopeni 060x niHilIHO-HE3ANEHCHUX

poss’sazkie pieuanns becens, wo maromv ooun i moil dice
iHOeKC, nepemencacmucsi OOUH 3 OOHUM.

z,(x,) =z, (x,) =z,(x;) =z, (x,) =...=0
oe 0<x ,<x,<x,<x<.. o v=0 (2914)
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/Mloka3. PoarisnemMo gBa MOCJHINOBHI KOpPEHI OJHOTO 3
JIBOX JIiHIVIHO-He3aJIesKHMX PO3B’A3KiB piBHAHHA Beceina (nna
3PYYHOCTi PO3IJIAHEMO PO3B’AB0K 3 (POPMAJIBLHO IO3UTUBHUM
iHOEeKcoM)

2, (31) =2, (%;) =0
BinmosigHo 510 ToBesieHOro paHille, PO3B’A3KY PiBHAHHA

Becensa nosa Hysnem MaroTb TiNbKM IPOCTi KOpeHi, a 3HAUYUTD
MIOXiHI HA IMX KOPEHAX He JOPIBHIOIOTH HYJIIO:

z,(x)#0 u  z, (x3)#0

Misxx pBoma cycigaiMm kopeHamu QysHKIia Becesa
He MiHsi€ 3HaK, BOHa abo TijIbKM IO3UTMBHA, ab0 TiJabKM
HeraTuBHA. AHaJiTMYHA (QYHKIIA MK KOpPEeHAMM Mae
IOCSKHMI eKCcTpeMyM (MakcuMmyM abo MiHiMyM), a moxizaa
Ha IIbOMY €KCTPeMyMi JocAra€ HyJbOBOI'O 3HAUYEHHS i MiHAE
CBiJi 3HAK Ha NIPOTUJIEIKHNI:

. 7 . . 14

signz, (x,) =(—1)signz, (x3)

Busnauruk BpoHCBKOro 1A IepIuoro i Jpyroro KOpeHs
PO3B’A3KY (popMaJIbHO MMO3UTUBHOTO iHIEKCY Oyme:

’ —
—z,(x )z (x,)=clx,
’ _
=z, (X3)2,(X3) = ¢/x,
Yepes Te, 1m0 3MiHHAa X HeHeraTMBHA, a IIOXigHA PO3-
B’A3KY piBHAHHA Becessa 3 mMO3UTMBHUM iHIEKCOM Ha KOPEHi
MiHA€ 3HAK, 3 OTPUMMAaHUX BiTHOIIIEHb BUXOIUTH, 1110 APYTUN

He3aJIesKHUII PO3B’A30K piBHAHHA DbBecesna 3 HeraTuBHUM
IHIEKCOM TaKOK MiHsf€ 3HaAK:

signz_,(x;) = (—1)signz_,(x,)

fAxo ananiTruyHa 6Ge3nepepBHa PYHKIIA, 10 AU(EPEH-
iloeThbCA, MiHAE 3HAK Ha JEefAKOMY IHTepBaJi, Ile O3Hadae,
110 BOHA Ma€ Ha HbOMYy xoda O oamH KopiHb. Te, mo Mmixk
JIBOMa KOpPEeHAMMN pPO3B’A3KYy pPiBHAHHA Becessa 3HaxommurThCHA
TIJIBKY OAVH KOPiHb IPYTOrO JIiHIIHO-HE3aJIeKHOT'0 PO3B’A3KY
PIBHAHHA IOBOAUTHCHA, 32CTOCYBaBIIN MIpKYBaHHA NJ1A QYHKIII1
3 (pOpMaJbHO HETaTUMBHUM iHJIeKCOM. TaKMM UMHOM, KOpEHi
IIepeMesKalTbCA 1 y JIBOX JIHIIHO-He3aJIe}KHUX PO3B’A3KIB
OJHOIO PiBHAHHA, i y pillleHb PiBHAHHSA, [I0B’A3aHUX PEKypeH-
THUM BiTHONIIEHHAM, iHIeKC AKUX Bipi3HAETbHCA HaA OOUHUIIO.
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fArmo xopeHi ABOX JIHIVHO-HE3aJEXKHUX pPO3B’A3KIB
PIBHAHHA 11032 HYJIEM CIIIBIANyTh, TO BUBHAYHUK BPOHCHKOrO
nasa piBHAHHEA Becesna He BinnosimaTuMme BimHOMIEHH!O (2.9.9) 1
3piBHAETHCA 3 HyJeM. ToMy KOpeHi ABOX JIiHIIHO-He3aJIeKHUX
po3B’aA3KIB piBHAHHA DBecessa 3 OJHAKOBMM IHJEKCOM He
CIIiBIIAIAI0Th, a MEPEMESKAIOTbCA ONVMH 3 OJHVIM.

Teepoicennsn doseoene.

Jna zHaiMeHIIOTO (HAMOJIMIKYBOTO [0 HYJIA) HEBUPOJ-
JKeHOTO KopeHA (pyHKNi] Becesns BUKOHY€TbCSA BigHOIIIEHHS!

J(E)=0 munv>0u E>0 (2915)

VP (r+2) <E, <720+ 1)(v+3)
VY(v+2) <§;<1/2V(’V+l)
Yv(v—1) <g" < \[v'—1

AKRII0O KOHKpeTHMI  KOpPiHb  JIiHIHO-HEe3aJIe}KHOTO
po3B’aA3Ky piBHAHHA Becensa posrsiazaty Ak (PYHKIIO Bif
3Ha4YeHHA Iapamerpa — iHAeKcy V, TO BUABUTBHCA, IO IO
(PYHKIIIIO T MOYKHA POIIJIANATI AK Oe3IepepBHO 3POCTAIYIY
dpyHKILIIO apryMmeHTy V.

IIpn 3pocranni ingexkcy VYV — mnapameTpa IepIiIui
HEHYJIbOBUI KOPiHb PO3B’A3KY PiBHAHHA becesda BignanaeTbcsa
Bim mHysna. Te K came BimOyBaeTbcA 1 3 KOMKHUM HACTYIIHUM
KOpeHeM PO03B’A3KYy piBHAHHA Beceuss, 1mo po3raapaeTbesa fK
napaMeTpuyHa (PYHKIiA Bifg aprymenty V.

3 IpuBeJeHUX BUIIE MipKyBaHb BUXOIUTH, II[0 AKIIO
po3B’A30K piBHAHHA Becesa mMae KopeHi, BinMmiHHI Bim mHyJ4,
TO IIi KOPEeHi YyTBOPIOTH 0€3KiHEUHY MHOYKUHY.

IIpn mabumixeHHI 3Ha4YeHHA 3MIiHHOI 70 Oe3KiHedHOCTI
Ha IIO3UTUBHIV ImiBBici iHTepBas Mi¥X KOpPEHAMM IIHOTO
pO3B’A3KY HabuumsKaeTbcA M0 TOCTiliHOI BeamumHu. Baaradi,
JOCJIIIsKEHHA IIOBEJIIHKY KOPEHIB € CKJIaJHMM 3aBJaHHAM.

Bingmosigno mo mpunyuienua Bypske, pisHi po3B’a3ku
piBuauaa Becesmsa — dynxknii Becess, ingexkc Axux Bigpis-
HAETbCA Ha Iijle 4YMcJ0, He MaloTh CIIJIBHMX KOpPEHIB 3a
BMHATKOM HYJIBOBOTO.
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3 OpuBeJleHUX MIipKyBaHb MOKHA 3pobuTM HaCTyIHI
BMCHOBKM NP0 0COOJMBOCTI TOBEIiHKM KOPEHIB PO3B’A3KIB
piBHAHHA Becesna — 30kpema, noseliHku QpyHKIIN Becensa
HEHEeTaTVBHOIO iHIeKCcy, 0OMe)KeHNX B HYJIL.

Mwu goBesu, 1m0 Qyskuii DBecens, ingekc aAKux
BipiBHAETBCA Ha OOMHMIIO, MalOoTh IlepeMiKHI KopeHi
(HaouyHa imocTpallid npuBedeHa Ha MaJ. 4). Bimepm Toro,
MM TIOKa3aJnu, o nasa oxuiel dysknii Becens 3HadveHH:A
JIOCAMKHOTO eKCcTpeMyMy (MiHIMyMy abo MaKCUMyMy) CTPOTO
He cIiBrajae 3 HyJeM Jpyroi ¢gyHsruii Becessd, i HaBnaku (e
3CYB OJVH ILIOAO0 OJHOTO).

ITe nor’sa3aHO i3 BacTocyBaHHAM Teopemu Posia gua
JIOKa3y icHyBaHHA KopeHIB no nobyTry QyHknii Becesns,
IIOMHOKEHOI Ha JesAKy MOHOTOHHY (PYHKIIiIO, III0 He MiHdAE
3HaK (B JaHOMY BUIIAJKy CTeIlleHeBYy), — BigHoineHHdA (2.9.6)
Ta (2.9.8).

IIa ocobsmeicTe Binpisusae Qyukruii Becema Bifg
TPUTOHOMETPUYHMX KOJIMBAJIbHUX (PYHKIIII, B AKUX €KCTPEMYM
onmuiei pyHKII cTporo cmiBmajgae 3 HyJeM IHIIOI, 1 JIyske

YCKPYTHIOE aHAJITUYHUI IIOUTYK PO3B’A3KIB — KpPAaIloK, ne
BUKOHYETbCA TOTOYKHICTbD!
d (.- d
—\x J(x))===F (x)=0 (29.16)
0T L) = S5F, (x)

Paunime 6yi0 noBegeno, 1o pyHK1ii Becesa HeHyJILOBOTO
iHeKCy MaloTh KOPiHb B HYJIi Ta B IeAKii 71010 OKO0JI1 3pOCTAIOTh.
Ockinbky Ha Oes3kiHeuHOocTi (pyHkUii Becens acuMnToTmdHO
HaOJIMIKAIOTHCA [0 HYJA (MAalOTh aCUMIITOTUYHUI KOPiHb), 1€
O3HadYae, 110 MiK HyJeM i 6e3KiHeUHicTIO icHye xo4ua O onuH
JocsyKHUM (KiHIeBuil) MakcuMyM ¢yHKIii Becesna. IcuyBanua
xoya O ojmHOTO Makcumymy QyHKLi Becessda mo3mTuBHOrO
inmexcy moBeneHe.

Posrnsanemo mnoBefiHKY IeplIoro KOpeHA 1 IIepIoro
MaKCUMyMy, fAKI B3HAXOAATHCA IOHAMOJMIMKYE 0 I[OYaTKY
KOOpAMHAT, Vv (PYHKIiN Becessa cTporo mo3uTuBHOIO iHIAEKCY.
IToznauumo BigmoBigHO mapamMeTpPUYHi QPYHKITII:

C(V)— IePUIN MaKCUMyM ‘]v (x) (29.17)
&(V)— MepIInii micasa HyJa KOpiHb Jv (x) nna v>0
Buxogutumemo 3 moJioKeHHdA, 1110 KOPiHb icHYE.
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OckinbKkM (PYHKIIA, II0 OMMCY€E MIOBEAIHKY IIepIIOTo
KOpeHdA 3aJIe)XHO BiJ] 3HaueHHA IapaMeTpa, € TaKO, II0
MOHOTOHHO 3pOCTa€ i3 3POCTaHHAM IHIEKCY, 1 HYyJbOBUIL
KOpiHb iCHYyE€, Ile TaKOK O3Hadae€, 110 IIpu yOyBaHHI iHIekcy
IepHInii HeHyJIbOBUI KOPiHb HAOJIMIKAETHCA [0 HYJIA.

Mixx nuysem i mepmmm kopeHeM y QyHKIii Becensa
B3HAXOUTHCA MaKCUMYM, AKUI TaKOMK ITOCTYIIOBO 3Milly€eTbCsA
IO IIOYaTKy KOOpAMHAT IIpM yOyBaHHI iHIEKCY.

Dyuria Becensa wHysnboBoro iHzmekcy Ta ii 3HaYeHHA
B HyJ, III0 NIOPiBHIOE OAVHUII, € Pe3yJabTaTOM TPaHUYHOI
IIOBeIiHKM BBeJEeHUX B PO3IJIAJ IapaMeTPUUYHMUX QOYHKILIN
Ipy HabJIMIKEeHH] 3HaYeHHA iHIEKCY 0 HyJdA B OKOJIi IOYaTKY
KOOpAMHAT (HYJIsA):

g(V)—)O npu V=0 i C(V)—’O npu ¥ — 0

lim C(v)=] (0)=1

lim {(v) = J,(0)

daxtuuno, npm HAOMMIKEHHI 3HAa4YEeHHA IHJEKCY [0
HyJd 1nobaM3y IOYaTKy KOOPAMHAT IEepIINii MaKCUMyM
TaKOK HaOJIMIKAEThCA JI0 IOYAaTKY KOOPAMHAT, TIOKY B HYJI He

«BJIUMAETBCA» 3 HUM, LI0 IIOACHIOE YABHMII ITapaiokc i ocobm-
BicTb moBediHKM B HyJi (pyHKLI Becessa HysboBOro iHAexcy.

IloBeninka c¢yukiin Becena pmyske BesmMKoro inpexcy
TaKO¥ pPO3MIANaeThbCcsA okpeMmo. IIpu mpoBepeHHi OGisbiiocTi
JOKa3iB, IOB’A3aHMUX i3 PO3KJIAJEHHAMU B PAJL, MM KOKHOTO
pasy ImpuiryckaJy, L0 3Ha4YeHHA iHAeKcy QyHKLI Becemnsa
3Buyarige. IIpore mpm HaOmmiKeHHi iHmexkcy ¢yHKLiT Be-
censa 1o Oe3KiHeYHOCTI meprmMii MaKCUMyM HeoOMesKeHO
BiZICOByeTbCA BiJ MOYATKY KOOpPAMHAT A0 Oe3KiHedHOCTi, a
JI0r0 3HA4YEeHHsI 3MEeHIIY€E€ThCA.

Tomy npu rpaHMYHOMY 3Ha4YeHHI IHJIEKCY, PiBHOTO
Oes3kiHedYHOCTI (BMIIQJIOK, III0 HE pPO3IJIANAETHCA B Teopii),
aCUMIITOTUYHMI MaKCYMYM CIIiBIIaJie 3 aCUMIITOTUYHNM HYJIEM,
i pynxruia Becessa 0e3kiHeUHOTO IHIEKCY BUPOMKYETHCA B
OpAMYy, 10 CHIBIAJa€ 3 YMCJIOBOIO IIiBBicCCIO.

Ha npaxTnni npu npoeeieHHi JOCTaTHBO TOYHNX 004MC-
JIeHb i TOOYZO0Bi JOCUTH TOYHMX MOJeJieil Py PO3KJALeHH] B
pAn 3a yHKIiAMU Becesida BUKOPUCTOBYIOTH He Gijybie 8-12
nocJiioBHUX (pyHKIiT Becessa, moB’sA3aHUX OAMH 3 OJHUM
PEeKyPEeHTHMMM BiTHOIIEHHAMM. A IJId PALOBUX MoJeJieil BlU-
KOPUCTOBYEThHCA He Oigyblie 3-4 pynkuit Becens.
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Ha croromusa HayOinbII IPOCTUM 1 peaslbHUM criocobom
3HaXOJKEHHsA KOPEHIB i NOCAMHUX eKCTpeMyMiB (MiHiMyMiB
Ta MakcuMyMmiB) (pyHKUiT Becesna i1 HeliMaHa HO3MTUBHOTO
iHmexkcy nobJanay movaTKy KOOPAMHAT i Ha JesAKOMY BimajieH-
Hi BiJj HBOTO € BUKOPMCTAHHA Cy4aCcHOI KOMII'IOTEPHOI TeXHIKMU
i MeTOZiB PO3KJIANIEHHA B PAIN.

Komm’'roTrepn nmoBuHHI MaTu AApO IIpoliecopa IJsa IpPo-
BeJeHHA KOPEeKTHMX O00UMCIIeHb 3 IIJIaBAIOYOI0 KpPAaIKOoIo i
BOYIOBaHMII B IPOLIECOP MaTEeMaTUYHUII allapar, 1[0 JO3BOJIAE
3IMICHIOBATY MaTeMaTUYHI OOYMCJIEHHSA 3 MOysKe BUCOKOIO
ToyHicTio. TouHicTh oO04YMCIIEHB Opollecopa IIOBMHHA OyTu
icrorHO (Ha GaraTo MOpPAIKIB) BuUllle 3a Ty 3aJaHy TOYHICTb,
3 FAKOI0 IIPOBOJATHCA KOHKPETHI aJrOPUTMIUHI 00YMCIIeHHA
KOPUCTYBadeM 3 BUKOPMCTAHHAM PAMIB.

Ilepen mpoBeieHHAM KOHKPETHUX O0UNMCJIIEHD 3 BUKOPYC-
TaHHAM (yHKIiIT DBecena 1 Helimana peKoMeHAyeTbCHA
aHAJITUYHO BUBYNUTY PIiBHAHHSA I BUKOPMUCTOBYBAHI JJIA HBOTO
pos3knanenHa i ¢yuknii. IloBenminka dQyrkruini Becess, 1o
pO3IIANATECA AK HapaMeTpuyHi (yHKHiI Bin 3Ha4YeHHA
iHIEeKCy, € «JOCTAaTHBO XOPOIIOI» — (PYHKLiI, y AKUX iHIEKC
TPOXM BiNpi3HAETBHCA OAMH BiJ ONHOIO, MOBOLATHCA OYiKe
CXOKMM YMHOM i1 B HaOJIMIKeHUX INPaKTUYHNX MaTeMaTUYHUX
MOJIeJIAX MOXKYTb OyTU 3 YCIIiXOM 3aMiHeHi ofHa iHIIIO.

ITpm npakTrarMx obuncienuax dpyHrnii Becensa, ingexc
AKUX OJMB3BKUIT OO0 IIJAMX 1 HAOIBIIJIMX 3HAaYEeHb, MOYKHA IiX
3aMiHIOBaTM Ha BinnoBimgHi aysKe nobpe BuBUYeH] (yHKIIi
Becena misoro Ta HamiBmijioro iHAeKCy, poOJAYM JeAKYy
IIOIPaBKy Ha TOYHICTH O00YMCIIeHb (HANPUKJIAL, ITOTPiOHO
Opatu meo Gisiblile 4IeHIB PO3KJIAIEHHA PAAY AJIA [IONPaBKU
TouHocTi). DyHrnii Becesa 1inoro ingexkcy npakTudHo nobpe
BUBUEHI, a 3HA4YEeHHA HAIiBIIJIOTO iHJIEKCY NO3BOJAIOTH BU-
KOPMCTOBYBaTM [HJA HUX KIiHIIEBI PO3KJIalleHHA B pPAg 3a
QHAJITUYHUMU (PYHKIIAMN.

Hikonn He MOKHA BUKOPUCTOBYBATU [Oy'Ke BEJUKY
KiJIbKicTh (pyHKIIN Becena nna nobymoBu iTepalliii, OCKiIbKMU
HanMmipHe 30inplneHHA IX KiIbKOCTI HiKOMM He IpuBene
IO [iIBMUINIEHHA TOYHOCTI MPaKTUYHUX KOMII'IOTEPHUX
obuycienb, a TIJIBKYM CTBOPUTH HEBUIIPABJaHI HaBaHTAMKEHHA
Ha OO0YMCJIIOBAJIbHY TEXHIKYy, MIPOIlecop i MOMKe MOTipIIuTu
30i3KHICTE OKpeMMX O00UMCIIIOBAJIBHUX aJITOPUTMIB. Y BUIIA-
KaX BUMKOPMCTAHHA HEKOPEKTHUX IIPOLECOPIiB pe3yJbTarT
HaaMipHMX o04YMCIIeHb MOKe OyTM HaJATO IOTipIIeHuUi is3-3a
JIaBMHOIIOZIOHOI0 HAaKONMYEHHS IIOI'PIIIHOCTI 004MCIIeHb.
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Ta0nnus 3Ha4ens Gpynkuiii becens winoro
i HamiBUiTIOr0 iHAEKCY MPU HIIMX 3HAYEHHAX 3MiHHOT

v LA L@ (LB L@ 5
0.765 0.224 0.260 0.397 ]0.178
0.5 0.671 0.513 0.065 0.302 |0.342
1 0.440 0.577 0.339 0.066 |0.328
1.5 0.240 0.491 0.478 0.185 |0.170
0.115 0.353 0.486 0.364 |0.017
2.5 0.050 0.224 0.413 0.441 |0.240
3 0.020 0.129 0.309 0.130 | 0.365
3.5 0.007 0.069 0.210 0.366 |0.410
4 0.002 0.034 0.132 0.281 |0.391
4.5 0.001 0.016 0.078 0.199 ]0.334
5 0.000 0.007 0.043 0.132 | 0.261
5.5 0.000 0.002 0.022 0.083 | 0.191
6 0.000 0.001 0.011 0.049 |0.131
6.5 0.000 0.000 0.001 0.028 | 0.086

Mepui n’siTh KopeniB ¢pynkuiii becens

uijoro ingexcy V=0,1,2 1a 3

xopeni | Jo(x)=0 | J1(x)=0 | J5(x)=0 | J3(x)=0 | N(x)=0
2405 |3.832 5136|6380 | 0.894
5.520 7.016 8417  |9.761 3.958
8.654 10173 | 11.620 | 13.015 | 7.086
1791 [ 13.324 | 14.796 |16.223 | 10.222
14931  [16471 [17.960 |19.409 | 13.361

N | W[~

IIpuBeneni Tabsuii HAOYHO IIOKA3yHOTh XapaKTep
MOBEMIHKM KOpeHiB (yHKIiT Becena ta nmamThs HabOIMIKeHi
3Ha4YeHHA (PyHKIiV Becensa 3 TOYHICTIO 70 YeTBEPTOTO 3HAKY
IicJyiAg KOMI.
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Ta0nuus 3Havenb Gpynkuii Becens i Heiitmana

X Jo) | J1®) [ S [ Ng) [ Ny | Ny)
0 1.0 0.0 0.0 — — =
0.5 0.938 0.242 0.031 -0.445 -1.471 -5.440
0.765 0.440 0.115 0.088 -0.781 -1.651

1.5 0.512 0.558 0.232 0.382 -0.421 -0.932
2 0.244 0.577 0.353 0.510 -0.107 -0.617
2.5 -0.048 0.497 0.446 0.498 0.146 -0.381
3 -0.260 0.339 0.486 0.377 0.325 -0.160
3.5 -0.380 0.137 0.459 0.189 0.410 0.045
4 -0.397 -0.066 0.364 -0.017 0.398 0.216
4.5 -0.321 -0.231 0.218 -0.195 0.301 0.338
5 -0.178 -0.328 0.046 -0.309 0.148 0.368
5.5 -0.007 -0.341 -0.117 -0.339 -0.024 0.331
6 0.151 -0.277 -0.243 -0.288 -0.175 0.230
6.5 0.260 -0.154 -0.307 -0.173 -0.274 0.089
7 0.300 -0.005 -0.301 -0.026 -0.303 -0.061
7.5 0.266 0.135 -0.230 0.117 -0.259 -0.186
8 0.172 0.235 -0.113 0.244 -0.158 -0.263
8.5 0.042 0.273 0.022 0.270 -0.026 -0.276
9 -0.090 0.245 0.145 0.250 0.104 -0.227
9.5 -0.194 0.161 0.228 0.171 0.203 -0.128
10 -0.246 0.043 0.255 0.056 0.249 -0.006
11 -0.171 -0.177 0.139 -0.169 0.164 0.199
12 0.048 -0.224 -0.085 -0.225 -0.057 0.216
13 0.207 -0.070 -0.218 -0.078 -0.210 0.046
14 0.171 0.133 -0.152 0.127 -0.167 -0.151
15 -0.014 0.205 0.042 0.205 0.021 -0.203

IIpuBeneni Tabauili He € OAyKe OOKJIATHUMU, OCKIJIBKU
iX OocHOBHa MeTa — JaTy 3arajibHe yABJIEHHS IIPO IIOBENIHKY
¢yukiiin Becena i Helimana moOama3y MoOYaTKy KOOPIMHAT.
InTepBasu, me yukiii MaloTs HeraTuBHe 3Ha4YeHHs, 3abap-
ByeHi. Ha1ibinbin OsiM3bKi 710 KOpeHIB 3Ha4YeHHA (QYHKIIN
BUIJIEH] YKUPHUM HIPUEPTOM.
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§ 10. AcuMnTOTHYHA NOBeAiHKA PyHKIIH
beceas Ta Heitmana

HocainuBmin mnoBeniHky ¢yHruin Becena i dyHkuIin
Herimana Hepasieko Bif IIOYaTKy KOOPAMHAT (IIOOJIM3Yy HYJIA),
MM IlepeifeMo A0 MOKJAIHIIIOr0 BUBYEHHA aCUMIITOTUYHOI
MOBEMIHKM IMX (PYHKIM [aJieKo BiJ IIOYaTKY KOOPJMHAT,
npu HabmamokeHHI 3MiHHOI o Oe3KiHedHOCTI AJA 0OMeKeHUX
iHZeKciB (mapaMeTpiB piBHAHHA).

Mwu sBigmiTuan, o npu HabJMMMKeHHI 3MiHHOI IO
6eskineunocti piBHAHHA IlTypm™ma-JliyBing, mo Axoro npmso-
InThca piBHAHHA Becessa:

){/”(X)—(V_I/i)z(v—i_l/z)

Jx)=y( x)/\/; Ans Beix V (216)

HabOJIMIKaeThCs A0 TUIIOBOTO XBUJIBOBOTO piBHHHHHZ

y"(x)+y(x)=0 nsis Beix V (292

Panimme Mm BCcTaHOBMIIM, TO OJIA HaMOIBI[IINX 3HAYeHb
dpyuxruiin Becessa MO3UTUBHOIO i HETATMBHOTO iHJEKCY MOYKHA
OTPMMaTH KiHIIEBE PO3KJAJEHHA B pAJ depel3 CTeIleHeBi Ta
TpuroHoMeTpnuHi Qysruii. Pysruii Becesna nHanisumisoro
IHAEeKCY MOMKYTb OyTM TOYHO BMpPAa’KeHI KIiHIIEBMM pPAIOM
eJleMeHTapHUX (pyHKLi. OTpuMaHe pO3KJIALEeHHSA 3a eJeMeH-
TapHUMU PYHKIIAMY O0yJI0 BUKOHAHE Ha [i/ICTaBl pEKYPEHTHUX
BiHOIIIEHb PO3B’A3KiB piBHAHHA Becessa i 6a30Boro po3B’A3Ky
XBUJIbOBOT'O PiBHAHHA.

%(X)Z—yv(x) (215)

Buxopaum i3 3araJbHMX MipKyBaHb IIPO CXOKICTb
noBeXiHKM (PYHKIiI Becesa, mo MmaroTbh OJM3bKUII iHAEKC,
MOKHa [OIMYCTUTH, IO MOOJM3Y BCiX HAMIBIIJINX 3HAYEHb
ingexcy yHrnii Becensa Takok MOBOOATbHCA OYKE CXOXKeE.
Tomy noBeniHKy 6y Ib-AKUX PYHKII Becesa MokHa onucaTy,
BMKOPMCTOBYIOUM METOJ IIOCJiIOBHMX HaOJMMKEHb — IHTep-
MOJIALIIO KiHIIeBUMM PAaMY CTEIIEHEBUX i TPUTOHOMETPUIHMUX
pyHKII}I, aHaJOTIYHUMX TUM, fAKI BUKOPUCTOBYIOTHCA IJIA
oTpuMaHHA QyHKLIV Becesda 3 HamiBUinuMu iHIEKCAMMN. 75



Pozrmanenna gna dpysknin Becena HamiBIiijoro iHgex-
Cy MO’KHA IPEACTAaBUTH depe3 NOOYTOK CMHYCIB i KOocuHYCIB,
3MIiHHOTO IIOJIOBMHHOTO CTYIIeHd 1 KiHI[eBUX CTelleHeBUX PANIB
HEeraTVBHOT'O CTYIIEHSA.

Tomy 1 € Bci mifzcTaBM OPUIIyCKaTH, 110 aCUMIITOTUYHA
TIOBeIiHKA PO3B’A3KIB piBHAHHA Becesa Takosk Moyke OyTu
OTpMMaHa dYepel3 CTeNeHeBi Ta TPUTOHOMETPUYHI (yHKIii
MeTOJOM IIOCJiJOBHMX HabOJIMKeHb.

IITo6 orpumaTu HabmukeHHA Aya QyHKLiN Becess,
poaraaHemo piBHAHHA [IlTypMma-JliyBisns, 70 AKOTO 3BOOUTHCH
piBHAHHA Becess, i mykaTuMeMo HOCTiZoBHI HabimkeHHA
111 PO3B’A3KIB PIBHAHHA, CXOKOr0 3 XBUJIEBUM Ha BiijaJieHHI
BiJl IOYaTKy KOOPAMHAT:

y"(x)-i-(%-i-l)y (x)=0 (2101)
X
m
y(x)skz x‘k(Vk sinx+chosx)+o(x‘m) (210.2)
=0

i BUKOPUCTOBYETBHCA ITIO3HAYECHHA 1lm O(Z)/Z = O
Z=>00

[ Hy IbOBOTO HAOJIMKEHHA MY OTPUMAEMO KJIACUYIHNI
PO3B’A30K XBUJIBOBOI'O PiBHAHHA — Yepe3 TPUTOHOMETPUUHI
¢yukii. asi 3acTocyemMo MeTON MaTeMaTUYHOI IHIYKITii.
Poarnauemo m wabmmxkenua. IlincraBumo panm (2.10.2) B
piBEAHHA (2.10.1) i HeXTyBaTMMEMO BCiMa dYJeHaMM pPALY,
CTyHiHb AKMX Oinblie M i ckiaagae o(x ™). Ile momyleHHA
JIO3BOJINTH OTPUMATU 3HAYEHHS KOe(iI[ieHTIB pAndy.

f 2(—k) (chos x—Wksinx)x—k—1+
20 4 (=h) (k=) (V sinx+W cosx)x ot
+ (Vk sin x + Wk cos x) WwxH*2=0 (2103)

JOMHOXKMMO OTPUMaHNIi PAJ Ha 3MiHHY X 1 TPOIirHOpy€eEMO
WiIeH pAny npu crtymneni -(m+1)

f —2k(chos x—Wksinx)x—k +
70+ (V sinx+W cosx)x1 (k(k+1)+0 ) =0
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> —2k(ch0sx—W‘sinx)x_k + 2 x_k((o +
k=0 k=1

+k(k—1)) (Vk_lsinx +Wk_1cosx) +o(x™) =0

Y Tomy BUNAIKYy, KOJM iHJEeKC (IlapaMeTp) PO3B’A30K
piBEagHa IIrypma-JliyBina € HamiBHiIMM, KIiJIbKiCTb
ujeHiB pany Oyne 3ynMHeHa Ha JeAKOMY 3HaudeHHi. IHaxiie
BUKOPUCTOBYIOThCA MOCJIiOBHI HAOMMIKEHHA, KiJIbKICTb AKUX
dopmasbHO He 0OMerKeHa.

OOMmesxkeHHA Ha [0OYaTKOBI KoeillieHTM BifgcyTHI Ta
3aJIeKaTh BiJl KOHKPETHUX IIOYaTKOBMX YMOB 1 JOIIyIIEHb,
TOMY HAaCTYIIHI KoeillieHTN J10BiJIbHI

Vp it W, mosinbui 3a Bubopom komcTanTH i

x¥cosx | —2kV+(0+k(k—1))W,_, =0
xFsinx | 2kW+ (0 +k(k—1))V,_,=0
3Bifcu oTpuMaeEMO Habip PEeKypPEeHTHUX BiJHOIIEHb:

Vi= Wiy (0 +k(k—1)) /2% (2104)

W,==V_, (0 +k(k—1)) /2%

TakyuM YMHOM, MM 3HAWUIIIM 3HAYEHHA KoeillieHTiB
Ias noBinbHOI oOMeskeHOI iTepanii — KkiHIleBOro paAny Ha-
OmkerHA.  OCKIJbBKM  pPEKYPEeHTHI  BiHOIIEHHA  JJIA
KOoeiIlieHTiB CTapTYIOTh 3 HYJbOBUX, NOBIJIbLHUX 33 BUOOpPOM,
KOPUCTYIOYMCh METOLOM MaTeMaTU4HOI IHAYyKIIii, My MoxeMO
3amncaTy peKypeHTHI BiHOIIEHHSA IJis KoedilieHTiB Oyab-
AKOTI'0 KiHIIEBOTO YJIeHa PANY PO3KJalleHHA.

Vi=W, u W,==V, o=1/2—v)(1/2+v)
(0+k(k—1))(0+(k—1)(k—2))

V= Ve 4k(k—1)
_ (@+k(k—1))(@+(k—1)(k—2))
W= Wy Ak(k—1)
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Ha Bigmaseninn Bixm m©Do4aTKy KOOPAMHAT MHOMKMHI
3MIHHMUX PAJN JOCUTH O0oOpe CcXOommuThcA i mpu HabamskeHHI
3MiHHOI 10 6e3KIHEeYHOCTI JOCUTD TOYHO OIMICYE ACYMITOTUYHY

IIOBeJiHKY pO3B’A3KiB piBHAHHA Beces.

N —k-2
ITorpimuicTe o0uncieHs ckiIamae X.

ToMy OpM JOOCTaTHBO BeJUKUX B3HAYEHHAX 3MiHHOI
IIpeficTaBJeHe aCUMIITOTUYHE PO3KJANEHHA B PAL MaJo Bin-
pi3HAETBCA Bif TOYHOTO PO3B’A3KY PiBHAHHA. IIpu mocraTHBO
BeJIMKMX 3Ha4YeHHAX 3MiHHOI (pyHruii Becesnsa, Helimana Ta
ix sinitai KoMOiHaii MokyTE 6yTH 06uMcCIIeH] 32 JOIIOMOTOH0
aCUMIITOTMYHOI OPMYJIN:

m
~ ~k-1/2 ;
z(x)=3 x (Vks1nx+chosx) (210.5)
k=0
ITosHaummo cremneHeBi pAgu AK (2.10.6)

m m
V(x)=> ka_k i W(x)=> V\;{x‘k
k=0 k=0

z(x)= (V(x)sinx+W(x)cosx)x—1/2 (210.7)

IlepeTBOpuUMO OTpMMaHe BifgHOIIEHHA y opMy, 3pyd-
HIIy JJ1A BUBYEHHA aCUMIITOTUYHOI IIOBEJIHKM pPO3B’A3KIB
piBuAHHA Becesna na 6eskineunocti. Pospinmumo npasy i JgiBy
vacTuHy BigHomenHda (2.10.7) Ha Bupas:

x V2 \/ Vi(x)+Wix) (2108)

Mn OTpMMaJIi HaCTYIIHE Bi,I[HO]_UeHHH:
172
z(x)x" V(x)

SV Wi Vi wiy
W(x)

_|_
Vi) W)

Bupso, 1110 B s1iBil YaCTHHI BiTHOIIIEHHSA CTOATD (DAKTUYHI
3HAYEHHA CUHYCIB 1 KocmuHyciB. 3acTtocyemo opMysn
CKJIAJAHHA apTyMeHTIB TPUTOHOMETPUYHUX (PYHKILII.
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sin x +

COS X

cos Y= V) sin Y= W)

Vi) W) V)W)

2 2
i BBeleMo nosnauenHa G= \/V (x)+W(x) (2109
Toni Bupas (2.10.7) mosxkHa nepenucaTi y BUTJIAML:

z(x)xl/z/gzcosqf sin x +sin  cos x

z(x) =sin (x+y) ¢ x (21010)

Bupasumo B aBHiil dopmi sHadeHHa Y :
tgy = siny/cosy =W(x)/V(x)
Beinen \y =arc tg (W(x)/V(x))

I popmyny acuMnTOTHMYHOrO PO3KIIAIEHHA AJIA PO3B’ A3~

KiB piBHAHHA Decesnsa Ha BifgflajeHUX Bif OYaTKy KOOPAMHAT
3HAYEHHAX 3MIiHHOI MOKHA BUPABUTU TAKUM UMHOM:

z(x) =C_,x_1/2sin (x+arc tg (W(x)/V(x)) )

IITe omna exkBiBaJeHTHA (pOopMyJia aCUMITOTUYHOTO PO3-
KJQJIeHHA MO’Ke OyTu OTpuMaHa, AKIIO MM BBEAEMO iHIIII
eKBiBaJIeHTHI BiJHOIIIEHHS:

sing = MEY cos = W)

Vi) W) Vi W)

Toni Bupas (2.10.7) mosKkHa mepenucaTu y BUTJIAII:

z(x) xl/z/gz sin¢ sinx+cos ¢ cosx
z(x) =cos (x—¢) gx™* (21011)

I dopmyny acumnTorMuHOrOo pO3KJIALEHHA MOYKHA
BMPa3UTH IIle ONHVM €KBiBaJIEHTHVM YMHOM:

z(x) =G x cos (x—arctg (V(x)/W(x)))
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Teepootcenna 7. llosedinka po3s’sskie piensnns be-
censl Npu 3HAYEHHAX 3MIHHOI, 8i00aNeHux 6i0 No4amky
KOOPOUHAM, BUPANCAEMbCS eKBIBALEHMHUMU OPMYIAMU:

z(x) ~\ Vot Wy x 2 sin (x +arc tg (Wy / Vo))
z(x) ~ Vot Wy x™2 cos (x—arc tg (Vo /Wy))

20e z(x)= (V(x)sinx +W(x)cos x ) x 2 @107

zZV(x)Zkgo\ﬁx_k ma W(x)zkgo\yx_k

JMoka3. Jloxas 11bOTO TBEPAMKEHHA BUXOIUTH 3 0CODJM-
BOCTel) acCMUMITOTMYHOI IOBeJiHKM HeraTUBHUX CTYIIEHIB
Yy CTeleHeBUX pAMAIB IpM 3HaAUYEeHHAX 3MiHHOI, BigajeHmux
Bin Hysa i nparHyumx g0 OeskiHedHOCTi, AKI OpU LBOMY
HaOJIMIKAIOTBCA 10 3HA4YeHb  BIiNNOBIMHMX  HYJbOBUX
KOHCTAHT.

Teepoicennsa oosedene.

Dopmynn  acuMOTOTMYHOI HOBeNiHKM  OyIb-AKUX
po3B’aA3KiB piBHAHHA Decena 3 o0Me)XeHUMM apryMeHTOM
[IOKa3yITh B ABHIN (opMi, III0 Ipy BigjgaJsieHH] Bif mo4aTKy
KOOPAMHAT Liell PO3B’A30K HOCATH KOJMBAJBHUIL XapaKTep
3 1epionoM, OJM3BKUM IO KOJMBAJIbHUX TPUTOHOMETPUUHUX
PYHKII 3 OeAKMM 3CYBOM BIJHOCHO IIOYaTKy KOOPIMHAT.
Maxkcumymn i mimimymyn pyHKIiI 0pu 11boMy HaOIMMKAIOTHCHA
JI0 HyJIf IPY 3POCTAaHHI 3HAYEHHA 3MiHHOI.

Hanpuxnaz, njia HeBeJMKUX 3Ha4UeHb iHIEKCY (DyHKIIIN
Beceus, Boxe npu 3Ha4eHH 3MiHHOI X >8 npubimsunii inTepsaJ
Mi’K KopeHsMu BiKe piBHmii T = 3,14..

HJocainskeHHA OTPMUMAaHMX aCUMIITOTUYHUX PO3KJIATEHDb
po3B’A3KiB piBHAHHA bDecens 3 o0MeXeHUM iHIEKCOM
(mapameTpoM) LO3BOJIAE IPUITYCTUTY HAABHICTE O€3KIHEYHOTO
4ypcJia MaKcUMyMiB i migiMmyMmiB ¢pyHKLIii Ta icHyBaHHA Oe3Ki-
HEYHOTO 4YMCJIa KOPEeHIiB INX (PyHKIII.

PopMyaM aCUMOTOTUYHOTO PO3KJIAJTEHHA JO3BOJIAIOTH
oTpMMaTy NMpUOJM3HI 3HAUEHHA IIbOT0 KOPEeHs i eKCTpeMyMiB
Ipy BiggaJieHMX Bif HyJid 3HAYEHHAX 3MIHHOI.
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YuM MeHIIe 110 MOJYJIIO iHJIeKc piBHAHHA Becessa, Tum
LIBUIIIE 1 TOYHIIIIE OTPMMAaHI PO3KJIaleHHA HabJIMIKAI0OThCA JI0
TOYHMX 3Ha4eHb PO3B’A3KIB piBHAHHA Becesnda i Tum Gumoxue
JIO TIOYATKY KOOPJAMHAT MOYKHA BUMKOPUCTOBYBATU OTPMUMAHI B
oMy Iaparpadi po3kIageHHA.

Yum Oinbille 3HAYEHHA 3MiHHOI, TMM To4YHille 3abes-
neyyeTbca 301KHICTH i TMM MeEHIIIe YJIEHIB aCUMIITOTUYHOTO
POBKJIaIeHHA MOXKHA BUKOPUCTOBYBATU HJA JOCTATHBO
TOYHUX NMPaKTUYHUX OOUMCJIIEHb.

Ha mpakTuii gacTo 3acT0COBYIOTE KOHKPETHI (pOopMYyin,
AKi He MICTATH HIAKMX MOBIJIBHUX MOCTIMHMUX i 3a0e31euyoTh
00YMCIIEHHSA 3 IOMMJIKOIO MTOPAAKY X -2

J (x)= \/7 (cos (x—p)— 4V L sin (x—p))

N (x)= \/7 (sin (x p)+4V 1 cos (x—p))
ne p=m(2v+1)/4 (21012)

Jl15 IOpiBHAHHSA NIPUBELEMO 00UMCJIEHHSA JBOX 3HAYEeHb
3MiHHOW0O nJia QyHKIiT Becensa i HeilimaHa 3 BUKOPUCTaHHAM
poskynanens (2.10.12). OOuncienHa OyJau rnepeBipeHi BpydHY
Ha IIePCOHAJBHOMY KOMII'IOTEpPi 3 BMKOpPMCTaHHAM BOYIO-
BaHOI mporpaMyu MiKPOKAJIbKYJIATOPa 3 PO3IINPEHUMU MOK-
JUBOCTAMU. ¥ AYKKaX MIJdA MOPIBHAHHA BKa3aHi 3HaYeHHA 3
BUILIOI0 TOYHICTIO, B3ATI 3 TabOMMIOb IIMX (PYHKIIIN.

J (10)=0,0433 (0,0435)
N, (10)=0,0557 (0,0557)
N (10)= 0,2488 (0,2490)

TakyM YMHOM, MM [OOCJIJMKYBaJM MOMKJVBOCTI OTPU-
MaHHA HaOJMMIKeHMX 3HAa4YeHb pPO3B’A3KIiB piBHAHHA Becesa
AK HeJaJIeKO BiJl HyJid, Tak 1 OpM BifgaJsieHMX Bif MoYaTKy
KOOpAMHAT 3HAYEHHAX 3MIHHOI.

OTrpumaHi popMysn 03BOJIAIOTEH IPOBOAUTU O0UMUCIIEH-
HA 3 Ay’Ke BUCOKOKI TOYHICTIO, BUKOPMCTOBYIOUM IOCTATHBO
MaJly KIJIbKICTB YJIEHIB PAAY TOTO UM IHIIIOTO PO3KJaJeHHS.
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3aBraHHA NOOYZOBM ACUMIOTOTUMYHMX  PO3KJAJEHb
IIPeJICTABJIAIOTE BeJIMYEe3HI CKJAJHOLI, OCKIJIbKM IIpu
ix pimesHi pOBOAMTBCA MaTM CIpaBy 3 pAgaMu, III0
PO3XO0IAThCA, ajie AKi B eAKin obsacTi 3py4Hi AJa obumcaeHb
i 3a0e3meuy0Th IPOCTY OLIHKY MOIPIITHOCTI.

IIpu posraani acUMITOTHYHUX PO3KJIAJEHb PO3B’A3KIB
piBHAHHA BeceJid BUHMKAIOTh TPU Pi3HI KJacu 3asiayd 3aJI€KHO
BiJ IOBEIIHKM iHAEKCY 1 3MiHHOI.

Haiibinpummii iHTepec mpeacTaBisae MPaKTUUHI 3ajadi,
opy  AKUX iHOekc (mapamerp) QyHKNII dikcoBaHmir, a
3MiHHa npamye o OeskiHewnocti. Haiibineir nmomysiapHUMMK
i 3pyYHMMM B IIbOMY BUIAIKY BUSBJIAIOTBCS PO3KJIAJIEHHA,
orpumaHi I'ankesieM, Axki My mpmuBoaMMO TYT 6e3 HOKa3Yy:

Xait p=T(2v+1)/4 npuv<oo i x>0

. k
J (x)= \/%(COS (x—p)3 (=) v,2k)

s (@x)*

m k
—sin (y— (=) (v,2k+1)
sin (x p)kg0 (22 ) (21013)

m ok
N (x)= \/%(sin(x—p)z =D v.2k) |

im0 2x)*

m k
(=1) (v,2k+1
+cos (x—p)kz=0 (3x) )) (210.14)

e k)= LOTk12)
K\ T(v—k+1/2)

SaJIMIIKOBUI YJIeH PO3KJANEeHHA IJIA PANIB, oTpuMa-
Hux 'aHkeseMm, Ma€ TOJ Ke MOPAJOK, 110 1 NepiIi BiIKMHYTI
yienn panpy. Hua Qpysrniin Becesna 7 Helimazna 3aaMInox
4YlCeJIbHO MEHIIle IIepLIOro BiKMIAHOI'O 4WJeHa pAfy 1 Mae
TOI Ke 3HaK.

(21015)

fxio BUKOpMCTOBYBaTM HMI YJIEHIB aCUMIITOTMYHOIO
poskianenna laHkena Tta Beiwunua (2x—m—1/2) mana B
MIOPiBHAHHI 3 X, TO OTPUMAaHMUII 3AJIUINOK IPUOJIN3HO PiBHMIL
IIOJIOBMHI BIIKMHYTOT'O 4JIeHa PALY.
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fkmio B npexcraBiieHHA (QPYHKINN, AKl € JIHITHUMUI
koMOinatiamu ¢yukuini Becesna Tta Heilimana i € po3s’a3Kom
piBHAHHA DBecessa, mincTaBUTH aCUMITOTMYHI PO3KJalleHHA
Tankensa nna pyuknin Becena i Heimana (3a ymoBwy, 1o ni
PO3KJIAIEHHA B TaHOMY KOHKPETHOMY BUIIAJIKY MOMKYTb OyTH
3aCTOCOBHI Ha MpPaKTUIL), Iie Bipa3dy A03BOJUTH OTPUMATH
ACUMIITOTUYHI PO3KJAJEeHHA IUX PYHKITIN.

Tamri 3aBranEa oOYIOBM acUMMIITOTUMYHUX PO3KJAIEHD
CTOATH, KOJIV 3HAYEHH:A iHJIEKCY 1 3MiHHOI Oe3KiHewuHO 3poc-
TalOTh, aJjle PI3HMUIA M HMMM 3aJMIIaeTbCA IIOCTiNHOIO
KOHCTAaHTOI, 1 y BUIaJKaX, KOJM BiJHONIEHHA 3MIiHHOI i1
iHZeKCcy pikcoBaHI IpM 3POCTAHHI 3Ha4YeHHA 3MiHHOI. Bci
oTpMMaHi pasilie GOpPMyJaM acUMITOTHMUYHMX PO3KJaZeHb B
UX BUIIAIKAX HEe MOXKYTb OyTM 3aCTOCOBaHVMIAL.

X—=00 1 Xx—V=const (210.16)
X—00 i Xx/V=const

IIurtanHa po3B’A3KYy TaKMX aCUMITOTUYHUX 3a7ad Bim-
HOCATBCA JI0 OYysKe CKJANHUX INUTaHb 1 B oMY Haparpadi
He poamiAnailoTbeA. Ha mpakTuili 3aBIaHHA 3 OOAIOHMMU
YMOBaMI 3yCTPi4al0ThCA IOCTATHLO PiZIKO 1 HE € MOMINPEHNMHU
MaTeMaTUYHUMY MOJEJIAMIU.

Tomy mnepepn BUKOPMCTAHHAM TUX UM IHIINX aCUMII-
TOTUYHUX POBKJAJEHb B3aBJaHHA HeoOXiTHO [meTaJsibHO
QHAJITUYHO JTOCJiPKYBaTH i BCTAHOBJIIOBATH BificyTHiCTE abo
HAABHICTb «KPUTUYHUX» oOMeskeHb (2.10.16).

Y 6inbIrrocTi BUIIa gKiB, KOJIV MM MOYKEMO BUKOPUCTOBYBaTH
aCUMIITOTUYHI po3kaageHHsa [ankesna (2.10.13) i (2.10.14) abo
noxibHi 10 HMX aCUMIITOTHYHI PO3KJIALEHHSA 3 BUKOPUCTAHHAM
CTEeNeHeBUX PAAIB 1 TPUTOHOMETPUYHMX (PYHKI[IN, Tpeda
nam’ATaTy — BOHM YTBOPIOIOTH PAAM, 110 PO3XOLATbCA. Tomy
IpM JIOCTATHBO BEJMKMUX 3HAUEHHAX IHJEeKCy ix moTpibHO
BUKOPJCTOBYBATHU 3 OIVIAZOM Ta 00epeskHiCTIO.

IToOnm3y modaTky KOOpAMHAT PEKOMEHIYETHCS BUKO-
puCTOBYBaTH He AaCUMITOTUYHI PO3KJAJEHHA, a OpaMe
POBKJIaIEHHA B PAJ 3a CTEeleHEeBUMMU (PYHKIIAMMU. Y IeAKii
«cepenHiVi» obJslacTi MOYKHa BUKOPMCTOBYBATM O0MABA TUIIN
PO3KJaZeHb — CTeIlleHeBi pAAuM, IO CXOAATHCA, 1 acuMII-
TOTUYHI PO3KJAJEHHA, III0 PO3XOJATHCHA, i HOTIM IOPIBHATHU
OTPUMaHI pe3yJbTaTy MiK CO0OI0.
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§ 11. IlpuBenenns nudepeHniaIbHUX PiBHSAHDb IPYroro
NnopsiAKy A0 piBHsAHHA becens

Y upoMy po3aisi po3ryiAnaeTbCA NUTAHHA IIPO Te,
Akl pudepeHnianbHl PIBHAHHA MOMKYTH OyTHM IpUBeeHi
no piBuanaa bBecena. HazassuuyallHO TpMHAZHUMM 1A
IPaKTUYHUX JOCJIJMKEHb € JiHiHI AudepeHnianbHi piBHAHHA
IPYTOro MOpPALKY, 110 SBHO IPUBOAATHCH 10 piBHAHHA Becens
IIJIAXOM JedKOol 3aMiHM 3 BMKOPMCTAHHAM aHaJITUYHUX
(PYHKIIINA.

IcTopuuno ckjasioca Tak, 0 NUTAHHA IPUBOAVMOCTI
TUX UM IHIMMX »udepeHIiaJlbHUX PIiBHAHb [0 PIBHAHHA
Becensa BupimryBanuca pisHuMy MaTeMaTHKaMM B Pi3HMIL 9ac
IJIs KOHKPEeTHMX 3a7ad, 10 BMBYAJMCA HUMU, 1| KOHKPETHUX
MaTeMaTU4HUX Mozetelt. Tomy acnekTu IIPUBOAMMOCTI
LIBYJIIIIE HATaAyIOTh 3BEIEHHA TUX UM IHIINX OPAKTUIHO
LiKaBUX pe3yJbTaTiB 1 JOeAKUX y3araJbHEHb OKPeMUX
BUIIAJIKIB, I1I0 IPUBOAATHCA 10 TUX YU IHINUX PIBHAHBb BeceJid.
Burnag neaxkux xpurtepiiB nposonuscsa Jlommesem.

Jo neAxux ONHOPIAHMX 1 HEOJHOPIAHUX JIHIMHUX
audepeHiaJbHUX PIBHAHBL [APYTOrOo IOPAAKY MOKYTb
IPUBOAUTY AK MaTeMaTUYHI MOJeJIi OTHOBUMIPHUX (PI3MIHUX
IIpolieciB, TaK i BUKOPUCTAHHA METOJIy PO3JiJeHHA 3MIHHUX B
PIBHAHHAX MaTeMaTUYIHNI (PI3UKY 3 YACTUMHHVMY [OXITHVIMIU.
3araJbpHUI BUL TAaKUX AMdepeHIliabHNX PiBHAHD B 0iJbIIoCTi
BMIAJKIB He TOBOPUTH IIPO Te, IO BOHM MOKYTb abo He
MOKYTb IIPUBOJUTHUCA 0 HOOpPe BUMBYEHOTO BUIIAAKY — pPiB-
HAHHA Becess, i MaTu Po3B’A30K, III0 BUPAKAEThHCA Uepes
eJIeMEeHTapHi Ta NUIIHAPOBI PYyHKII.

Tomy OyJio mpoBeLeHO y3araJlbHEHHA KPUTePiiB IpuBO-
JVIMOCTI ORHOPIMHMX AU epeHIiaJibHUX PIBHAHb JPYTOro
IopPAAKY JI0 piBHAHHA Beceus.

Buropucraemo To¥ camuii mixXin, AKNUIL 3 CAMOTO II0YATKY
BUKJIAZY MM 3acCTOCyBaJy [Jid IIPUBENEHH: KJACUIHUX
piBHAHBb Becena po piBaaHHA IlTypMma-Jliysina, i BU3HAUMMO
3araJibHi Kputepil mnpuBoammocTi. PosrasaHemo 3araJbHUIL
BUIAJOK [PUBENEHHA JBOX JIHINHUX »IndepeHIiaJbHUX
PIBHAHB IPYTOTO IOPAIKY.
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Teopema 6. Kpumepinn npueooumocmi. Oonopione
oughepenyianvhe pigHAHHS OPY2020 NOPAOKY BUSTAOY:

E(x)z"(x)+F(x)z'(x)+F(x)z(x)=0 (2111)
Modice Oymu npueodeHo 00 IHUL020 PIBHAHHSA GUTAJY:
u"(x)+Q0x)u’(x)+G(x)u(x)=0 (2112)

3 BUKOPUCTNAHHAM AHATTMUYHOL 3AMIHU 8UTIAOY:

u(x)=exp( f U(E )dE)z(x) (2113)
oe U(x)=(E(x)—Q(x))/2 (2114)
E()=F(x)/E(x) u H(x)=F(x)/E(x)
SAKWO MOmOIHNCHO BUKOHYEMbCA yMOo6A.
U'tx)+U’(x)+O(x)U(x)=H(x)—G(x)  (115)

/loka3. Pisusnna Becena € oKpeMnM BUIIAAKOM OiJbIm
3araJIbHOTO BUIIAJKY, 10 3apa3 PO3TJIALAETHCH.

Poaranauemo mgudpepeniianbue piBHaAnHA (2.11.1). Poaz-
JiNVBIIM JIOTO IIpaBy 4YaCTMHY Ha HEBUPOJKEHMII IIOTeHIiaJ
opy JOpyriil noxinHi 3BemeMo Lie pPIiBHAHHA A0 Oljibid
3PYYHIIIOr0 OJIA NOLAJBIIOIO PO3IJIALY BULIALY:

z"(x)+E(x)z'(x)+H(x)z(x)=0 (2116)

IIpunycrumo, mio ampasiTuyHa 3aMmiHa, fAKa II0B A3Yy€E
po3B’a30k piBHAHHA (2.11.6) i piBHamHa (2.11.2), icHye Ta
MOKe OyTM IpefcTaBJieHa Y BULJIAMI:

u(x)=A(x)z(x) (2117)

IlincraBumo 3aminy B piBHAHHA (2.11.2) i oTpumaemo
HaCTYIIHMII BUpas:

0=A(x)z"(x)+2A4"(x)z'(x) +A" (x)z(x) +
+0(x)(A'(x)z(x)+A(x)z'(x) )+ G(x) A (x)z(x)
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ITomuOMx)MMO piBHAHHA (2.11.6) Ha P(x)
0=A(x)z"(x)+E(x)A(x)z'(x)+H(x)A(x)z(x)

ToTosxkHa PiBHICTE OTPUMAaHNX PIBHAHL 3a0€311e4yeThCsA
TOTOKHOIO PIBHICTIO IIOTEHIAJiB IPYM KOMKHIM IMOX1gHIN:

z"(x) | A(x)=A(x) (211.8)
Z'(x) | E(x)A(x)=24"(x)+0(x)A(x)
z(x) | H(x)A(x)=A4"(x)+0(x)4"(x)+G(x)A(x)

Enementapue pudepeHIiasbHe pPIBHAHHA [IEePIIIOrO
IOPAAKY IIpM IepIuiyt moxifgHiy ¢yHKIII go3BoJfe Binpasy
3amnycaTy 3araJibHe IIOJABaHHA NJIA 3aMiHIL.

A'(x) [ A(x)=(E(x)—0(x)) /2 @119)

dopmasbHO IPOIHTErpyBaBLUIM OTPUMAHUII BUpPaA3
Ta BBIBIIM AJA 3PYYHOCTI HOBe MmoO3HadeHHA (2.11.4), mu
OTPMMAa€EMO IIOTEHIliaJ [JiA 3arajJibHOro Buay 3aminm (2.11.3),
Axuil O0yJo noTpibHO BixuryRaTU:

Ax)=exp | (E(€)—0(&))2dE=exp [ U(E )dE

Orpumana 3 (2.11.8) TOTOKHICTb ITPU HYJIBOBIN TOXiTHIN
(pyHKI[I 103BOJIAE TOYHO OMMCATY yMOBM i OTpMMATU UiTKIi
KpuTepii, 3a AKMMYU IIepeTBOPEHHA OJHOT0 AUdepPeHIiaJbHOr0
PiIBHAHHA APYTOTo MOPAAKY B iHIIE MokJInBe. CKopucTaeMoCs
TUM, III0

A'(x)=U(x)A(x) u A"(x)=(U'(x)+U'x))A(x)

ITincraBuMO 3Ha4YeHHA NoTeHIliasy 3aminm (2.11.4) i
JI0TO MOXIiNHMX B ApyTe piBHAHHA 1 JaJi CIPOCTUMO:

H(x)=U'(x)+U(x)+0(x)U(x)+G(x)

TakuyMm UYMHOM, MM OTpPUMAaJM HeoOXigHI yMOBM icHY-
BaHHA 3aMiHM. B ycix MipKyBaHHAX MM BBasKajJM Ta MOpU-
IIyCcKaJM, 110 Bcl HeoOXimHI moxifgHi Ta iHTerpasm iCHYIOTB.
Jokas 11poro moTpibHO IPOBOAUTH AJIA KOYKHOTO KOHKPETHOTO
BUIAJKY PIBHAHDB, III0 PO3TJIANAIOTHCA HA HPAKTUIL, Hepen
3aCTOCYBaHHAM caMoi Teopemu. Teopema dokazana.
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Cniocmeo 1. Knacuune pisuanns becens
x2z"(x)+xz'(x) + (x*=v*)z(x) =0  @u)
npugooumucs 00 pieusanusa LLImypma-Jliysina suenady

y/l(x)_ (V—l/i)z(v+1/2)y(x):

-y (x) (215

3a donomozoio saminu: Y (x)=x"*z(x)

Mokaz. Y Teopemi 6 yci onmepailii mpoBOATBCA Hap
IeAKVMY aOCTPAKTHUMM «XOPOIIMMM» (PYHKLIAMMU. Y KOHK-
PEeTHUX 3acCTOCYBaHHAX MOMKYTb OyTHM BimoMmi mnoTeHniasm
omHoro abo 1nBox pAudepeHIiaJbHUX pPIiBHAHb. ¥ JAaHOMY
BUITAZKY HaM BiZjoMi 3Ha4YeHHA HACTYIHUX MOTeHIiaJiB (y
II03HAYEHHAX TeopeMu 6):

Q(x)=0 y piBHanHI (2.1.5) IIItypma-Jliysina
E(x)=1/x # H(x)=(*—v*)/x* gna @111

ITorenmian i 3arajgbpHMii BUA 3aMiHM BiAIloBimHO 1O
(2.11.3) 1 (2.11.4) mosxHa oTpUMaTH 332 (POPMYJIIOIO:

U(x)=(E(x)x—Q(x)) [2=1/2x
v (x)=exp( | U(€)dE)z(x)=x""z(x)

BcranoBuMO 3HaueHHA MOTeHIiaJy IpKM HYJbOBIiN
noxigHin gaa pisHanHa ITypma-JliyBina, ckopucTaBIINCh
BigHoeHHAM (2.11.5) Teopemnu 6.

U'tx)+U¥x)+0(x)U(x)=H(x)—G(x) (@15
nos pisasmma V(X)) +G(x)y (x)=0

3sinen G(x)=—U'"(x)—U’(x)—O(x)U(x)+H(x)
aso G(x)=1—v—1/2)(v+1/2) /x?

TaxkyMm 4MHOM, JOBEJEHO iCHYBaHHA 3aMiHM MIK OBOMAa
JaHUMM PiBHAHHAMU. Cridcmeo dogedene.
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Cniocmeo 2. /[o knacuunozo pisnsanns becens
x*z"(x)+xz'(x) + (X*—v*)z(x) =0 (L)

npuBooUmbCs Oughepenyianore pieHAHHS 8UTAOY
u"(x)+Q0x)u’(x)+G(x)u(x)=0 (211.2)

3 GUKOPUCTNAHHAM AHATTMUYHOL 3AMIHU USTAOY:

u(x)=exp( | UE)dE)z(x) (21110)
oe U(x)=(1/x—0(x))/2 @IL11)

it icnye maxa koncmanma vV 20 (inoexc),
WO MOMONCHO BUKOHYEMBCS YMOBA: (21112)

U'tx) +U(x)+0(x)U(x)=(1—v¥x*)—G(x)

[ oTpuMaHHA ITHOTO CIiICTBA MU 3aMiHMIM abCTpaKTHE
piBHAHHA (2.11.1) Ha KOHKpeTHe KJacu4iHe pPiBHAHH:A Becejsa
B II03Ha4YeHHAX TeopeMnu 6.

CiaincrBo 2 Hazmae Kpurepii, 3a AKMMMU 3OiVICHIOETHCA
epeBipka KpurepiiB OpPMBOAMMOCTI IeAKOro JiHITHOTO
IpepeHIiaJIbHOTO PIBHAHHA APYTOTO IOPAAKY [0 PiBHAHHA
Becensa. Heobxinuo orpumaTy nnorenmiait (2.11.11), migcraButn
B ymoBHM (2.11.12) met noTeHIias i IOTeHIia M PiBHAHHA, 110
nepesipsaeTsesa (2.11.2).

fAkmo BracTbea mifmibpaTu Taky KoHCcTaHTy V, 3a AKOI
i ymoBu (2.11.12) BMKOHYIOTBCA TOTOKHO, IIe O3Ha4ae€, II0
0azoBe PIBHAHHA MOKHA Bigpasy K IIPUBECTM OO0 PIBHAHHA
Becejsa 3a gomomorom aHaJiTMYHOI 3aMiHN.

Cniocmeo 3. ‘xwo 0sa OughepenyianvHi piGHAHHS
MOJCHA npugecmu 00 O00HO20 [ MO20 XHC MPEemvbo2o
oughepenyianbHo2o piGHAHHS, BUKOPUCHOBYIOYU NPUBLOEHHS
meopemu 6, ye o3xHavae, wo Yyi 08a PiBHAHHI MOICHA NPUBEC-
mu 00uH 00 00H020 i 3amina (2.11.3) icHye.

Jokas € IpUpPOAHMM CJiICTBOM JIHIMHOCTI KpuUTepiio
(2.11.5) 1 iHImMX BJIACTMBOCTE} BMKOPMUCTOBYBAHUX B TeOopeMi
6 neperBopeHb. B neArmMx BuNajgkax BUKOPUCTAHHA IIHOTO
cJificTBa MO’Ke BUABUTHCA AysKe 3PYUHUM.

88

Y zaraJibHOMY BUIIQJKY, IO € IPUPOJHUM CJiJICTBOM
TeopeMu 6, MOKHA C(OPMYJIIOBATM HACTYITHE IIOJIOXKEHHS.
fArmio gia nBox nudpepeHNiaNbHNUX PiBHAHD BUrIALY (2.11.2)
i (2.11.6) icHye mapa TaKMX 3aMiH, AKl JO3BOJIAIOTL IPUBECTU
ui gBa gudepeHIiasbHI PIiBHAHHA OO OJHOTO i TOro K
OZHOPIAHOTO AM(EepPEeHIiaJIbHOTO PiBHAHHA APYIOro IOPAIKY,
I1e 0O3HAYAE, III0 Ba PIBHAHHA MOXKYTb OyTU IIpUBeJeHi OqUH
0 OJHOTO 3 BUKOPMCTAHHAM 3aMiHU TeopeMnu 6.

ITeit kpuTepilt MOKe IMOJIETIINTY OOCTINKEHHA NeAKUX
KJaciB aqudpepeHIjiaJbHNX PiBHAHD.

Cniocmeo 4. Byov-sike Hesupooicene 00HOpiOHe Ou-
pepenyianvre pigHANHHA OPY2020 NOPAOKY GUSTIADY:

u"(x)+Q0x)u’'(x)+G(x)u(x)=0 (2112)

MOdice OymuU npuBedeHo 00 PIGHAHHS GUTIADY:

" (x)+q(x)p(x)=0 (21113)

30 O0NOMO20I0 3AMIHU BUSTADY:

u(x)=exp(—[ O(€)/2 d&)p(x) ©1114)
de q(x)=G(x)—0'(x)/2—0 (x)/4 @1115)

YmoBa 1i€i JemMm € OKpeMMuM BUIOAJKOM TeopeMu 6,
KoJM MU posrasanaemo piBHAHHA [Itypma-JliyBina. Byab-ake
HEBUPOJKEHe ONHOpPigHe nudyepeHIliajibHe PiBHAHHSA IPYTOro
IOpAAKY MoOsKe OyTm JmIlle €OVHNMM YMHOM IPUBENEeHO IO
PIBHAHHA 3 HYJbOBMM IIOTEHIIiaJIOM IIpM IepIIiyl nmoxinHin 3
TOYHICTIO 0 KOHCTaHTU (depe3 OLHOPIJAHICTD).

IIpn nobynoBi peKypeHTHUX BiZHOIIEHb i aCUMIITO-
TUYHUX (POPMYJ MM CKOPUCTAJINUCA IIPUBEJEHHAM PIBHAHHA
Becena pgo piBuamua Ilrypwma-Jliysina sBuraany (2.11.13) 3
HYJIbOBUM IIOTEHIiaJIOM IIpY IIePIIiii IOXigHiNi i moTeHIiaIoM
Py HYJbBiV NOXifHIN

q(x)=(1/4—v*+x*)/x" (21116)

fArmo onpmopimue pudepeHIianbHe PIBHAHHA TaKOXK
MO)Ke OyTM HOpUBEIEHO MO0 LIbOTO K CaMOTO PIBHAHHA, Ie
O3Hayae, I110 BOHO IPUBOAUTLCA i1 10 piBHAHHA Becess.
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Y pAnl NpakTUYHUX NPUKJIAAKIB IPUBEJEHHS OBOX
piBHAHB TeopeMu 6 MOKe BUABUTHUCH HEJOCTATHIM.

Hdy'xe NONYJAPHUMM 1 INPAKTUYHUM METOJOM € METOJ
3aMiHM 3MIHHUX B TOMY PiBHAHHI, p03B’ 30K AKOTO 3a3aJIerinb
Bimomwuit (O OTpPMMAaHHA CKJAJHIININX pimnleHb) abo B
piBHAHHI, AKe NOTPiOHO mpuBecTy A0 OiNbII TPUBiAJILHIIIOTO
Ta OYEeBUHIIIOLO.

Teopema 7. 3amina 3minnux. OoHnopione oughepen-
yianvHe piBHAHHS OPY2020 NOPAOKY BUSTAOY:

z"(x)+E(x)z'(x)+H(x)z(x)=0 (2116)

Modice Oymu npueedeHo 00 PiGHAHHS UTAOY:

o"(Q)+P(Q)'(C)+S(C)w(C)=0 (2112)

3a 00NOMO2010 3aMiHU 3MIHHUX BUTAOY:

x=y(C)  z(x)=z(y(Q))=w(C) (21117)
PQ)=ENQO)W'(Q)—y"(CQ)/y'(C) (21118)

SQ=HW(@Q) (') (21119)

/loka3. IloeranmHo BMKOHA€MO 3aMiHy 3MIHHUX 1
PO3PaxyHOK HOBUX AM(PEpPEeHIliaJiB, ITicJId YOro HifcTaBMUMO
oTpuMaHi nmaHi B Jpyre piBHAHHA 1 HaOyneMo 3Ha4YeHHA
IOTEeHIaJiB.

2(x)=2(y(%)) = ()

. _dz(x)_d dz(w(C)_o'(C)
S A I Y G
Z”(x)_W_E af<$%)

_ 0" (OW () -y (C)
(W)

ITincrTaBuMO oTpuMaHi BigHOIIEeHHA B piBHAHHA (2.11.6).
Teopema ooxazana.
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Ilonepenskenna. IIpu BuKOpMUCTaHHI TeopeMmu 7 IIpPO
3aMiHy 3MiHHUX Ta ii (popMyJ1 HeoOXigHO maM’ ATaTH, 110 ITepeT
IPOBEJIeHHAM OyIb-AKNX 004McIIeHb napu aqudpepeHIfiaJbHNX
PIBHAHHA NPUBOAATHCHA 0 HACTYIIHOI'O BUIJIALY — IIOTEeHIiaJ]
Ipu IPYTrilt IOXigHIi B IBOX PIBHAHHAX MOBUHEH OyTU piBHMIL
TOTOKHIN OOVMHNITL.

OxpeMmuit iHTEepec MNpenCTaBJAE IOKJATHUI POITIIAL
KJIACUYHOTO piBHAHHA DBeceya, pajma dAKoro MoTeHIiaIn
OpuiiMaloTh TaKi 3HAYEeHHA:

E(x)=1/x wu  H(x)=(x*>v?)/x?
Cniocmeo 1. [lughepenyianvue pieuanns eueindy

Co"(Q+Lo'(Q+(@ P~ v)o(f)=0 @)
MOdice bymu npusedeHo 00 KiacuyHo2o pieusanHs becens
3 GUKOPUCIAHHAM 3AMIHU 3MIHHUX!

x2z2"(x)+xz'(x)+ (x>~ v*)z(x)=0 211)

x=al oea — oesxa diiicna, uucmo ysisna abo Kom-
NJIeKCHA KOHCMAHmMa i QpyHKyis

o({)=z(al) — poss’azox pisnanns (2.11.20).

Jloka3z 1IbOro MIPOCTOr0 TBEPHKEHHA IIPOBOAUTHCHA
nifcTaHOBKOIO JaHOi JiHiHOI 3aminu B piBHAHHA DBecesa
(2.1.1) abo KOPUCTYIOUUCH TEOPEMOIO 7.

IIp BukopucranHi JifiCHOI KOHCTAaHTM XBUJIBOBI
BJIACTMBOCTI (DyHIaMeHTaJbHUX PO3B’A3KIB piBHAHHA becensa
30epiraloTbCsA, OPY BUKOPMCTAHHI YMCTO YABHOI KOHCTaHTHU
— 3HUKaIOTh, PyHAaMeHTaJbHUI PO3B’ A30K MoAM(iKOBaHOTO
piBHAHHA DBecena icHye, Mae filicHI 3Ha4YeHHA 1 € MOHO-
TOHHIVIM.

CruinctBo 1 € JI0CTATHLO IMOIIMPEHUM i BPYYHUM B
pos3rasani, AKe 3aBKIM IPUBOAUTHLCA N0 pPiBHAHHA DBecessa
OKpeMUM BUIIAIKOM Teopemu 7.

Haibinbim IOV PEHUM MEeTOJIOM IIPaKTUIHOTO
PUBEJIEeHHA PIBHAHb OJHOI'O0 BUIJIANY OO PIBHAHHA IHIIIOTO
BUIJIAZY — 30KpeMa, IPUBEJEeHHA [0 KJACUYIHOTO PiBHAHHA
Becessa, € xombiHania ABOX METOAIB — MeETOAY IPUBEJEeHHA
ons 06a30BOro pIiBHAHHA Ta METOAY B3aMiHM 3MIHHMX JJ1d

piBHAHHA Becess.
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Mera pmocaimskeHHA — OTPUMATH PO3B’A30K JIESAKOT0
PIBHAHHA 3 BUKOPUCTAHHAM (QPYHIAMEHTAJbHUX PO3B’A3KIB
piBuaAnHA Becena — ¢yukuinn Becessa, Heiimana abo inmmx
nobpe BMBYEHNMX YACTUMHHUX PillleHb.

IIpuBeneHHA 10 PO3B’A3KY, BUPAMKEHOT0 3a JOIOMOTOIO
dpyHIaMEeHTaJbHUX PO3B’A3KIB piBHAHHA Becesd, 3piiicHIO-
€TbCsA B JBa eTalM — dUepes Iepexif 0o iHIIOro piBHAHHA
i saminy 3wminHuMX. BinmiTumo, nio AKIIO0 3aMiHa 3MIHHUX,
AKY IOTPiOHO IpoBecTH, Ay’Ke CKJaJHA Ta HEO4YeBUOHA, TO
IIpaKTUYHA IL[iHHICTH I[bOTO INPUBEJIEHHA 0 PiBHAHHA Decens
abo IHITIOTO PIBHAHHA € HEBEJUKOIO.

3a3Buyalli B 3aBAAHHAX IIPO IIPUBEIEHHA OJHOTO
IndpepeHIiaJbHOTO PiBHAHHA 40 IHIIIOTO BigoMi BCi moTeHIianm
PiBHAHB — AK IIOYATKOBOTO, TaK i 0a’KaHOTro Pe3yJbTyIY0ro
(MOKJIMBO, 3 TOYHICTIO OO0 YUCJOBUX KOe(IIlieHTIB, II[0
BXOOATH B ToTeHIianu). Haiibisnbin cKJIaJHUM € BU3HAYEHHHA
3araJibHOTO BUAY (DYHKIII, 1110 BXONATD Y BiJHOIIIEHHA 3aMiHMU,
AKI TPUBOJATH OJHE PIBHAHHA JIO IHIIIOTO.

IIpuBenemo mpuKIa], AKMM YMHOM MOKHA KOMOiHyBaTHU
3aCTOCyBaHHA BUCHOBKIB Teopemmu 6 1 7. Hamnpocrtimmm
BUIIAKOM IIPVMBENEHHs, I0 PO3IJANAE€ThCA B JiTepaTypi, €
IndepeHIliajgbHe PIBHAHHA BUTJIALY:

u”(x)—czu(x)=u(x)(p(p+1)/x2) (21121)

ne C, p — nedAKl KOHCTaHTIHL.

Y mosHaueHHAX TeopeMu 6, KA 3aCTOCOBYETBHCA Ha
nepuioMy etari, notenmianam (2.11.2) MarOTh BUTJIAL:

O(x)=0 u G(x)=—cz—p(p+1)/x2 (211.22)
3einen U(x)=1/2x i u(x)=x "2(x)

He 3zactocoByroun npyry ymoBy Teopemu 6, Bimpasy
PO3IJIsAHEMO OTPMUMaHe PiBHAHHA 1 3aCTOCYEMO TeopeMy 7 PO
3aMiHy 3MIHHMX [0 IIPOMisKHOro peayJibraTy. IlinmcraBumo
3aMiHy 3MIHHUX B OTPMMaHe PiBHAHHS:

x*z"(x)+xz'(x) — (c*X*+(p+1/2)*)z(x)=0

abo mepenuIieMo 110ro, BBiBIIM YABHY OJIVIHUITIO:

x*z"(x)+xz"(x)+((ci)’x*~(p+1/2)*)z(x)=0
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JaHe piBHAHHA He € KJACUYHUM pPIiBHAHHAM DBeceJs,
aJie aysKe OJM3BKO 0 HBOTO. KIIO IpoBecTH JiHIIHY 3aMiHy
3MIiHHMX, BMKOPMCTOBYIOUM KOMILJIEKCHI umMcja 1 yABHY
OOVHUITIO, IIO3HAYVIBIIN HOBY 3M1HHy

X=1icXx imnormasum V=p+1/2
MM OTPMMa€EMO KJaclyHe PiBHAHHA Beceja.
3aranbHMI Po3B’A30K PiBHAHHA (2.11.21) Mae BUTIAL;

u(x) ZxI/ZZv(icx) e V=p+1/2 (211.23)

Ha posraauyromy mnpukmgazni OyJo I[OKasaHO, IO
IJiA TIPpUBENIEHHS JNeAKOro PIiBHAHHA A0 pPiBHAHHA DBeceisa
BUKOPUCTAHHA OJHUX opmys Teopemu 6 1 cioaimcrea 2
MO’Ke BUMABUTHUCA HemocTaTHIM. AJie TeopeMma 6 1 cJuincTBo
2 nosBoJiAe Bimpa3y OoTpMMAaTH 3araJibHUI BUJT 3aMiHU, AKa
MOKe BUSIBUTUCA HEOUEBUIHOIO.

Sawmina (2.11.10) mosxe mpuBecTU aHe PiBHAHHA (2.11.2)
Io piBHAHHA Becesa (mocraTHA yMoBa), ajie He 3abesmeuye
HeoOXinHI yMOBM iCHYBaHHA TaKOrO Iepexony (BOHA OIUCYE
TIIBKM ONMH 3 MOMKJIMBUX Kpurepiis). IIpore B peaxkmux
Bumnaakax 3amina (2.11.10) 3abesdneuye nepexin no piBHAHHA,
AKe MeTOJOM 3aMiHM 3MIHHUX HNPUBOAUTBHCH IO KJACUYHOIO
piBEAHHA Becessa, po3B’A30K AKOr0 MOKe OyTM BUpaKeHMUI
yepes IUJIHAPOBI (PYHKILI.

Y poaraagyromy mnpurjgazni (2.11.21) O6yB BUKOHaHUI
nepexiy Bizm AificHOTO 3MIHHOTO IO YMCTO yABHOro. Taki
OUIIHAPOBl (PYHKIII po3riafaJyucs paHinie y BIAIIOBIAHMX
posxinax. Bymo BcraHOBJEHO, 110 Li (PYHKIII MaoTb
JilicHe 3Ha4YeHHs NPM UYMCTO yABHUX 3HAUYEHHAX 3MIiHHOI i
He IMPOABJAITH HIAKMX XBUJIbOBUX BJacTUBOCTel. BoHu
MOBOJATHCS OCOOJMBUM YMHOM.

fx me oguH NpUKJIAJ NPUBENEHHA AOUdepeHLiabHUX
pPiBHAHBE 10 piBHAHHA bBecesa posriasaHeMo piBHAHHA, AKi
IeTaJIbHO BUBYaJMCA JIOMMeJeM.

Jlommesiem OyB OTpMMaHMII 3araJibHUII KJAcC PiBHAHD,
PO3B’ABKM AKOrO0 MOXKYTbH OyTM BUpaskeHi udeped (PyHKIi
Becessa, me Ak mapaMeTpy BUKOPUCTOBYIOTHCHA iHINI (PYHK-
1ii. Po3B’A30K OyJ0 oTpuMaHuii B IBa €Tanyu 3 BUKOPUCTAH-
HAM 3aMiHM 3MIHHNX B JeAKOMY PiBHAHHI, AKe 0yJI0 IPUBEIEHO
o piBHAHHA Beceja i po3B’s30K AKOr0 BUPAYKAETbCA Hepes
¢yukuii Becess.
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JlomMmesb IOKasaB, III0 3arajJibHUMM PO3B’A3KOM KJACy
IudpepeHIiabHNX PIBHAHD

u"(x)+0(x)u’'(x)+G(x)u(x)=0 (211.24)

ne O(x)=(20—2Bv+1) /x

i G(x)=(Bry2x® +a(o—2pv)) /x2

oyme u(x)=xpv-oZ (yxB)

v

Y npusenenomy npurigaani Jlommesnem OyB npoBeneHMn
He TiJIbKM [epeXxisl Bifi ofHOTO AMdepeHIiaJbHOTO PiBHAHHA
o iHIIOTO, ajle i BUKOHAHA aHAJNITMYHA 3aMiHa 3MiHHUX B
piBHAHHI Becena. Jlommesem OyB [OCIHIAMKEHMI I[N KJac

PiBHAHL 3 CKJIAZHMMM IOTeHIiaJaMy, 110 MIPUBOLATHCA IO
piBHAHHA Becess.

JlomMeJTio HaJieskaTh AOKJIAAHI pe3yJIbTaTy JOCTiIsKEeHb,
L0 OMNMCYIOThb JeAKMI 3arajbHMil KJjac audepeHIiaJbHUX
PiBHAHB.

Bin BcramoBus, mio axmo Z,(X) — Gymp-axmit pos-
B’A30K piBHAHHA Becejid, To HacTynHa PYHKITiA:

u(x)=x(x) (W) Z, (w(x) (21125)

€ PO3B’ABKOM PiBHAHHA BUIJIALY

u"(x)+Q0x)u’'(x)+G(x)u(x)=0 (211.26)

O(x)=—(W"(x)/ W' (x)+(2v—1)y'(x)/y (x) +
+2(x)/%(x))

G(x)=(y"(x)/ ' (x)+(2v—1)y’(x)/y (x) +
2 (x)/%(x)) X' (x)/ % (x) —
—x"(x)/x(x) +(y'(x) ]

JloMmMenb BMBYMB IiKaBUI OKpPEMMII BUIIAJIOK IPV-
BeJleHHA BY3bKOIO, aJie MPaKTMYHO YacCTO BIKMBAHOTO
kJacy amdepeHIiaJbHUX PIBHAHb APYLoT0 IOPAAKY, IO
IPUBOLATHCA [0 piBHAHHA Becesa. BuBegenHa nux criagHNX
popMyJI OCTATHBO OYEBUIHE.
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Onsa Toro, mob oTpmMaTy Ii y3araJibHeHI pPiBHAHHA,
JloMMeJIb PO3IJIAHYB ITPOCTIIIe PIBHAHHA BUTJALY:

O (Y)— 2po' (W)/y—c2m(y) =0 (21127)
J10T0 PO3B’A30K:! (,0(\|I) =\|Ip+1/ZZp+1/2 (iC\|J)

2p=21/ —1 — 3Ha4YeHHHA iHAEeKCy

O)ZM(W)/X(\V) i1 \|l=\|f(x) — BUKOPMCTaHi 3aMiHN.

Ilpamoio mizncTaHOBKOIO 3aMiH, 10 IIPUBOAATHCH,
Oyau orpumani ysarasbHeHI gopmynu Jlommesna (2.11.25) i
(2.11.26).

OcHOBHaA CKJIAJHICTH IIbOTO 3aBJAHHSA IIOJIATAE B TOMY,
1100 BUBHAYUNTHY, UM 32 J0BOJIbHAE JIeAKe TaHe Au(pepeHIliajbHe
piBHAHHA yMmoBaM JloMMesd i UM MOKe BOHO OyTMU IIPUBEJNIEHO
o piBHaHHA Becesa 3a pmoromororo 3aminnu (2.11.25), Ario Hi
3araJjbHUit Bua pyHKIin (2.11.26), i 3HaueHHa iggexcy V misa
HbBOT'0O HEBIJOMI.

Ha croropnimniHii geHb 11e € AKHANIOBHIIINM i TPaKTUYIHO
IiKaBIIIMM pPe3yJbTaTOM IIPUBENEeHHA piBHAHHA Becessa no
JIeAKOro KJjacy andepeHIfiaJbHNX PiBHAHb. IcHYIOTH Tabsmii
OpuBeJleHNX (PYHKIN 1 3aMiH.

IlepeTBoperHa JloMMeJa O3BOJSE 3a OIIOMOIOI0 3pyd-
HUX JOJIA IPaKTUYHOTO 3aCTOCYBaHHA (PYHKIL IIpeICcTaBUTH
IOCTaTHBO INMPOKUII KJaC PO3B’A3KIB IPAKTUYHUX 3ahad 3
BUKOPUCTAHHAM (pyHKIIT Becess.

IIpore mosxHa momiTwTH, IO IIepeTBOpeHHA JloMMess
€ OKpeMMM BHMIAJKOM y3arajJbHEHUX TeopeM, fAKi Oyinu
oTpM-MaHi aBTOpoM Iiiei poboTu mpm AOCIHiAKeHHI JiHITHUX
IupepeHIiabHNX PIBHAHL JIPYTOrO HOPAIKY.

HJocroigskeHHA  MOSKJIMBOCTI  IIpUBEJEHHA  JIeIKOT0
IudpepeHIiaJbHOTO PIBHAHHA APYTOTO IMOPAAKY IO PIBHAHHA
Becena mnpoBoguTbcA 3 [IBOX CTOPiH, BUKOPMCTOBYHOUMU
npoMiskHe (OydepHe) nudepeHLialbHe PiBHAHHA!

— BUKOPUCTOBYETHCA 3aMiHa 3MIHHMX 1 Teopema 7
IJA TpUBeNeHHA pPiBHAHHA DbBeceisia 10 neAKOro piBHAHHA,
PO3B’A30K AKOTO BMUpasKaeTbeA deped (pyHKIiI Becens;

— 3aCTOCOBYEThCSA TeopeMa 6, 110 IPUBOAUTEL OTPUMAaHE
MIPOMisKHe PIBHAHHA JI0 TOrO PIBHAHHA, JOCJIJIYKEHHS SKOTO
MM IIPOBOAMIMO, 1 OLIIHIOIOTBCS KpUTepil icHyBaHHA 3aMiHN.
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Poazraan piBuass Jlommesa Ta iHImMX noaibHUX oOKpeMux
BUITAAKIB JHHIMHUX »Ou(epeHIialbHNX PIBHAHb JPYTOro
NOPALKY IOEeMOHCTPY€E OCHOBHMI HiNXin, AKUI AOMiHye Hpu
IOCJIAsKEeHHI IUTaHb ITPUBOAVMOCTI.

BaraTo pgociigHuKiB-MaTeMaTUKIB CTUKAIOTLCS B CBOIl
[IpaKTU4HIV po0OTI BUpIlIEeHHA OPUKJIATHMX 3ajad Ta II0-
OyzoBu MaTeMaTMYHUX MojeJseil isMyHMX Ipolecis
3 piBHAHHAMU DBecens 1 BMBYAIOTH KJacKU pPiBHAHB, [0
AKUX IPUBOINATbCA PIBHAHHA DBecensa 3 BuKOpMCTaHHAM
IIepeTBOPEHb JIBOX TUINB — 3aMiHM 3MIiHHMX B PIBHAHHI
Becena 1 moxyamBOro mozaJsibIlIoro NpMBEeNEHHA OTPMMaHOTO
IipepeHIiaIbHOTO PIBHAHHA JI0 NEAKOIO iHIIOTO TUILY.

Knacuunmm npurnanom € piBHaAHHA JIoMMesna 71 Bemki
3BeJieHi Tabaniyi piBHAHD — OKPEMUX BUIIAJKIB [I€PETBOPEHD
Jlommess [nA KOHKpETHMX (PYHKIIM 3aMiHM 3MiHHUX.
ITpuBenemo nexinbka NpUKJIAAIB:

w(x)+<Cu'(x) + (b exp(2ex) —d*+
+80a-2)) ) =0

Poss’szox U(X) =x'a/de/c(b exp(cx)/c)

2
2

n +
u"(x) 2bx+c

2bx+c

__p —
2bx+c )u(x) 0

Po3B’a30K u(x) =Zp ((2bx+c)1/2) Ta iH.

IIpore Ha mpakTHUIi AOCHIZHMKM YaCTO CTUKAIOTHCA 3
IeAKMMM AudepeHIiaJdbHMMY PIBHAHHAMM APYTOrO NOPAILKY
3 ABHUMM 3HAUYEHHAMM KOe(iIlieHTiB, i 0OCHOBHOIO CKJIAQHICTIO
€ IUTaHHHA, Y iCHy€ 3aMiHa IOCTaTHLO IIPOCTOr'0 BUTJIALY, AKa
JI03BOJIAE IIPUBECTU PO3B’A30K IIbOI'0 PiBHAHHA 10 PIBHAHHA
Becensa, BuropucroByoun dyukiii Becena i enemenTapHi
¢ yHKITii. 3aliMeMOoCcs JOKJIa JHIIIINM i JeTaJIbHIIIIM BUBYEHHAM
IIbOTO 3BOPOTHBOI'O B3aBJlaHHA, CKOPUCTABIIMCHL pPe3yJibTa-
TaMu TeopeMm 6 i 7.

96

Teeporcenna 8. Knacuune pisnanusa becens
X z"(x) +xz'(x) + (x*— v¥)z(x) =0 211)
Modice 6ymu npusedeHo 00 PiGHAHHS GUSTIADY:

o"(C)+P(C)'(Q)+S(C)w(C)=0 (21127)

3a 00NOMO2010 3aMIHU SMIHHUX 8UTADY:

x=y(C)  o@Q)=z(y(0)) (21117)
PO)=v"(QIy(@)—y"(Q/y'(C) (21128)

SQO=(1—v>/ () )y'(¢)? (211.29)

g noxkasdy TBepAKeHHA 8 NOCUTH IIOKJIACTU B TeopeMi
7 3Ha4YeHb MOTEHIlaJiB:

Ex)=1/x wu  H(x)=(x2?)/x?

fIkmo HaM mNOTPiIOHO mepeBipMTM, UM NPUBOAUTHCH
JoBinbHe piBHAHHA (2.11.27) no piBHAHHA Becesas MeTonom
3aMiHM 3MiHHMX, MU IIOBMHHI BCTAHOBUTM iCHYBaHHHA AedKOI
saminu (2.11.17) i Bukonauusa ymoB (2.11.28):

PQ)=y"(Q)/w(@)—y"(O)/y'(C) (211.28)

IleperBOpMMO 006MBI YaCTVHM OTPUMAHOTO PiBHAHHA:
dy(©) _ dv'(©)
dP({)= —
YO T VT

DopmasbHO TPOIHTETPYEMO OTPUMAaHe PiBHAHHA:
¢
V(NG =exp(~ [ P(n)dy)
fIku1o aJa 3pydHOCTI MM BBeZEMO (PYHKITiO (p( C ):
¢
o(C)=exp(— [ P(n)dn) (21130)

PQ)=—¢'(Q/o(C)
TOM] MOKHA 3aIlMucaTy W'(C)/\V(C):(P(C)
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3BiZicK 3 ypaxyBaHHAM KOHCTAHTM MOSKHA BUPA3UTH:

g
\V(C)=c €Xp(f(p(§)d§) abo nerasbHinIe

c :
w(Q)=cexp( [ (exp(—[P(pdn) ) d&) @usy

Taxum 4yMHOM, IIBidi IPOiHTErpyBaBIIN i 3aCTOCYBaBIIN
eKCIIOHEHTY 0 IIOTeHIliaJy, 110 CTOITh IIpM IepIIili HoXigHii
IIOYaTKOBOTO PIBHAHHA, MM 3HalleMO ABHMI BMJ 3aMiHMU,
fAKa MO’Ke IIpuBecTy A0 piBHAHHA Becesa. OTpumaHa yMmoBa
(2.11.31) € HeoOXimHOIO, ajie He OOCTATHBLOIO.

OueByAHO, 110 AJd Oy Ib-AK0I (popMaJIbHO IHTEIrPOBaHOI
¢yHKHii nmoreHniancy MoskHaA o0uMcanTy 3Ha4YeHHA (2.11.31) i
OTPpMUMaTH JeAKy 3aMiHy 3MiHHUX. IlepeBipuMo BignoBinHIiCTb
HoTeHIaJdy IpY HYJIbOBIN ITOXIAHIN:

SC)=(1—v*/y(@)*)y'(¢)? (211.29)
S =0 *—v* (W W)
S(Q)=vy'(§) v o(¢)* @152)

fAxrmo mosxkHa mifibpaTu Take 3HAUYEHHA iHIEKCY, IIpU
AkoMy BinnHomeHHA (2.11.32) BUKOHYBaTHMETbCA TOTOYKHO, TO
Iesake piBHAHHA (2.11.27) Mmoske 6yTu nmpuBeseHe N0 PiBHAHHA
Becens meTomoMm 3aMiHM 3MiHHUX.

Teepootcenna 9. Jlesxe pisHAHHA 8u2nAOY

o©"(C)+P(Q)w'(C)+S(C)w(C)=0 (211.27)

3a 00NOMO2010 3aMIHU IMIHHUX SU2TAOY:
x*z"(x)+xz'(x) +(x*— v?)z(x) =0 211)

Modice Oymu npuseoeno 00 pieusanHs becens.

x=y()  o@)=z(y( %)) (21117)

g
w(&)=cexp( [ (exp(—[P@m)dy) ) dt) @usy
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SAKUWO BUKOHYEMbCA MOMOINCHICIND.

SQO=v"(0)*—v*(y'(O)/w(©)) (211.29)

Onsl 0essKux KoHcmaum V U €, AKi Moxcyms Oymu
OMPUMAHI MemMOOOM HEeBU3HAUEHUX KOoepiyicHmis, s6HOI0
nIOCMAaHo8Ko0 abo THUUMU MeMOOaMU.

IIpumitra. HeBuznadena KoHcTaHTa C BUHMKAE 3aBIAKN
hopMaSIBHOMY iHTErpyBaHHIO i 3araJIbHOMY BUIY MOTEHIiAJy
(2.11.28), axuit Mmoyke OyTM ABHO BUpPaKeHUI dyepe3d PYHKITiIO
3aminn. KoHcTaHTa MOsKe HOpiBHIOBATM OAVHNII 200 TpUiIMaTH
1HIlle HeHYJIbOBe 3Ha4YeHHd.

fxuio My normanemo norenrgian P (| C )=1 / C
Tomi 3amina (2.11.31) maTumMe 3araJIbHUII BUTJIALI:

XZ\V(C_,):CC e C — JesKa KOHCTaHTA.

Jlna icHyBaHHA NpPUBENEHHSA METOAOM 3aMiHM 3MiHHUX
HeoOXiTHO [MOMAaTKOBO BMMAaraTy BUKOHAHHA KPUTEPiio
npuBoaumocTi (2.11.29):

S ( C_, ) =c’—v?/ C_,z — 3araJbHUI BUJ, IOTEHIIaJly.

OTpumaHi BMBOAM IOBHICTIO CHIBHAJAIOTh 3 Pe3yJib-
TaTaMu ciaigctBa 1 teopemu 7. Mwu noBesn, 3a AKUX yMOB
MOSKJIVBE IIPUBEJIeHHA N0 piBHAHHA Becesa piBHAHHA 3 OLHUM
KOHKPETHO 3aJlaHMM IIOTEeHI[iaJloM 1 fAKMI BUIJIAL IIOBMHEH
MaTy APYTUIl IIOTEHIiaJ] IIbOT0 PIBHAHHA.

IlinBenemo npomiskHi mimcymxu. Mu orpumanm Kpure-
pii — Teopemy 6 i Teopemy 7, AKi gBOMAa pisHMMU criocobaMm
IOO3BOJIAIOTH BMKOHYBAaTM NPUBEIAEHHA OOHUX JIHIMHUX
IudpepeHiagbHNX PIBHAHD APYTOro IOPAAKY [0 iHIINX aude-
peHLiaJbHMX PIBHAHB TOTO K TUILY.

Koum My mocaimsxyemo MOKIMBICTD IpUBELEHHA OLHOIO
PIBHAHHA [0 IHIIOTO, CIIOYATKY MM IIOBMHHI crpobyBatu
OKpeMo 3acTocyBaTu TeopeMy 8 i okpemo — Teopemy 7. B
IeAKUX BUIIaJKaxX BMKOPMCTAHHSA LMIX TEOPEM BiKe J03BOJIAE
OTPMMAaTH 3aJI0BIIBHMUII PE3yJIbTAT.

OerMI/IM BUIIaJKOM € IIMITaHHA IIPMUBEJEHHA piBHHHb o
piBEArHA Becesa. g 1boro MOYKHA CKOPUCTATUCH OKPEMUMN
BUIIaIKaMU — CJIiICTBOM 2 TeopeMu 6 i ciencTBaMm Teope-

My 6 — TBepnskeHHAMHU 8 1 9.
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s Toro, 06 oTpuMa TN CKJIA JHIII ClIOCOOM TPpUBE e HHA
JIBOX pPIBHAHB, IIOCJIJIOBHO 3aCTOCOBYBAaTVMEMO TeEOpPEMY
6 i Teopemy 7, BMKOPUMCTOBYIOUM TpeTe AudepeHIiatbae
PIBHAHHA AK «IIOCEPeIHMK» MK ABOMa JOCJIIKyBaHUMU PiB-
HAHHAMIIL.

Hexait mHam BigomMuii po3B’A30K PiBHAHHA:

z"(x)+E(x)z'(x)+H(x)z(x)=0 (2116)

HocuigsxyeMo MOMKIIMBICTE KOMOIHOBAHOIO IIPUBEJEHHA
II0 HbOTO iHIIOr0 PiBHAHHA BUIJIANLY:

u"(Q)+V(Qu'(Q)+K(Q)u(f)=0 (211.33)

fAx «mocepengHMK» PO3rIIAHEMO PiBHAHHA:

©"(C)+P(Q)w'(C)+S(C)o(C)=0 (211.27)

Hawm Binowmi norenniamu E(x), H(X) i neaxuit saranpuuii
PO3B’A30K Z(x) piBEAHHA (2.11.33). IloTeHuianu piBHAHHA -
«IIocepenHMKa» 3a3naJgerigb HeBigomi. IloTpidbHO BUpazuTU
poss’szok U({) pismanma (2.11.33) wepes X i z(X) i ouinnTn
KpuTepii icHyBaHHA TaKOl 3aMiHN.

HeobxinHoto ymoBOIO mpuBefeHHA piBHAHHA (2.11.33)
JI0 IeAKOro pPiBHAHHA-«IocepenHmnka» (2.11.27)

u"(Q)+V(Qu'(Q)+K(Q)u(f)=0 (21133)
o©"(C)+P(Q)w'(C)+S(C)mo(C)=0 (211.27)

3rizHo ymoBaM TeopeMy 6 € 3aMiHa BUTJIALY:

g
o@)=exp( [ UE)dE)u(t) @1134)
e UQ)=(V(5)—P(%))/2

HeobxinmHOIO yMOBOIO TpPUBENEHHS IHINIOTO pPiBHAHHA
(2.11.6) mo ;esAKOTO PiBHAHHSA -«IIOCEPETHUKA»

z"(x)+E(x)z'(x)+H(x)z(x)=0 (2116)
o”(Q)+PQ)w'(C)+S(C)w(C)=0 (211.27)

3rifHO yMOoBaM TeopeMM 7 € 3aMiHa BUTJIAL:
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x=y(C)  z(x)=z(y(C))=w(C) (21117)
PQ)=E @)y (O)—y"(Q)/y'(C) (21118)

S(C)=HW@) (w'(C)) (21119)

MoskHa Bin3HauMTH, 10 B JaHUX MipKyBaHHAX
HEOOXiTHMMIM yMOBaMy NPUBEJIEHHA PIBHAHb OAUH OO OJHOTO
€ IIOTeHIiany IpU MepHINX MNOXIAHUX NBOX NAaHUX PIBHAHB i
MOSKJIVMBICTD ICHYBaHHA MK HUMMU 3aJI€3KHOCTI.

IlincraBuBmim B piBHAHHA (2.11.18) ABHe B3HAaYEeHHA
Bimomoro morenmiany £ (x)MM oTpuMa€eMo amudepeHIliaJbHe
piBuanHa, mo asuo 38’asye Y(C) it P(C).

Ilns toro, mo6 mix norenmianamu P(C) it V() icmy-
BaJla 3aJIeKHICTh, TOTOMKHO IIOBMHEH BUKOHYBATUCA KPUTEPIil
TeopeMu 6:

U'(Q)+U,(O)+PQUI)=K({C)—SC) @usa

HocaoimxeHHA nocTaTHIX yMOB 3abe3nedyeTbesa IIOTEH-
miaJlaMy IIpY HYJIbOBUX HOXITHUX (PYHKIIIL

fArmo pgocnimHMKOBI  BracTbCcA 3HAWTU  PO3B A30K
OTPMMaHOI cUCTeMM pPiBHAHBL, II[0 MOB’A3ye IOTeHIiaJn
IBOX BioMMX PIiBHAHb MK 0000, B3HAalTHM HeBimoMy
QyHKIIiII0 3aMiHM 3MiHHUX, i IIeil 3arajibHUI PO3B’A30K Oye
IpeJCTaBJIEHO uUepe3 eJjeMeHTapHi (QyHKIii, To 3aBmaHHA
OPUBEJIEHHA NBOX PIBHAHB OIMH IO OJHOTO MOJKHA BBasKaTHU
BUPIILIEHMM.

3araJpHMUI BUJ OTPUMAaHOI cucTeMy AudepeHiaIbHuX
PIBHAHb MO’K€ HAIITOBXHYTM [AOCJIJHMKA Ha IYMKY, AKOTO
Uy yHKOii MOYKHA BMKOPMCTOBYBATM JAJA B3AaEMHUX
IIepeTBOPEHDb i AaJji HaKJacTM yMOBM, 3aCTOCYBaBIIM MeETOJ
HeBU3HAYEHUX KoedirieHTiB abo iHImii.

Pozp’askom piBHAHHA (2.11.27) € QyHKIIA:

O)(C) ZZ(\II(C)), e pyHKIiA Z(x) BijoMa.

Pozp’askom piBaAHHA (2.11.33) € PyHKIIA:

:
u(Q)=exp(—[ U(E)dE)z(w(C)) (21135)
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ITocnimoBHE BUKOHAHHA MOBOX PO3MJIAHYTUX II€PEeTBO-
PeHb Ja€ 3aJIeKHICTh 3araJibHOTO BUTJIALY:

u(x)=A(x)z(y(x)) (211.36)

ne Y(x) it A(x) — mesimomi pynkuii
I nesKol napy audepeHia bHUX PiBHAHD:

z"(x)+E(x)z'(x)+H(x)z(x)=0 (2116)
u"(x)+Vix)u'(x)+K(x)u(x)=0 (211.33)

Z(X) — Bimommit PO3B’A30K HEAKOTO PiBHAHHAL

fxmo B monepemHbLOMY PO3IJIANL MU [IOMIHAEMO
YeproBiCTb 3aCTOCYBaHHA TeopeM 6 1 7, MM OTpUMa€EMO JIeAKY
3aJI€KHICTh 3araJibHOTO BUIVIAAY, IO OTPUMYETHCA B IBa
eTanmu:

u(x)=B(W(x)z(W(x)) s

Haiibinpiur ckiagHuM, ajie TPaKTUYHO e 3MiJICHeHHUM
cnocoboM TpuUBeNeHHA AMpEepPEeHIiaJ bHUX PIBHAHb OAMH 10
OIHOTO € BUKOPUCTAHHA OBOX PiBHAHL-IIOCEPENHUKIB. KoyxHe
3 [AaHUX DPIBHAHb CIOYATKY NPUBOAUTHCA N0 JedAKol mapu
IudepeHIliaJbHNX PIBHAHL 3a JOIIOMOTOI0 TeopeMmu 6, i Bixe
oTiM Mi®K HMMM BCTaHOBJIIOETHCH 3aJIEKHICTH METOIOM
3aMiHM 3MIHHUX [0 TeopeMi 7.

Mmn orpumaemo cucremy 3 II'ATM AudepeHIiaJbHUX
piBHAHB 3 I’'ATbMA HeBinomMmumy QpyHrHiaMu. ko cucrema
BUPIIIyeTbCA B eJIeMEHTAapHUX (QYHKIIAX — 3aBJaHHA
NIpUBEEHHA Ju(epeHIliaJbHNX pPIBHAHb MOSKHA BBaKaTU
BUPIIIIEHUM.

u(x)=A(x)B(Y(x))z(y(x)) (21138)

IIpnmiTka. Ao 3acTocoByBaTn Teopemu 6 i 7, BUKO-
PUCTOBYIHOYM METOJI MaTeMaTH4YHOI IHAYKIii, 1Ii Teopemu
oTpibHO YeprysaTy oguH 3 ogHMM. IToCcJTifOBHE BUKOPUCTAHHA
yMOB OJiHi€l 1 Ti€l sK TeopeMM HacTO He Ma€ CEHCY.

BurmiouennaMm € npuBeneHHA 0 AudepeHIiaJbHOIO
PiB-HAHHA 3 HYJbOBUM MOTEHIAJIOM IIPM MNEPIHIiii MOXiTHIN,
OCKIJNIbKM [0 HBOTO €IOVHMM YMHOM MIPUBOAUTLCA OyIb-AKe
nudpepeHIliasbHe PiBHAHHA AaHOTO TUITY. Y IHIIMX BUIIAJKAX
JIONATKOBI IIpMBeJEeHHA He BUITPaBIaHI HA IIPaKTUIL.
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Ilepeiimemo Bizt abcTpaKTHMX MipKyBaHb, METOIO AKUX €
IIPOBEEHHsA 3araJibHOI cucTeMaTyu3allil NMTaHb NIPUBENIEHHA
PiBHAHB, 10 PO3IJIALY KOHKPETHOrO piBHAHHA Becesa Ta iHmmMx
HEOYeBUIHUX IU(pepeHIiaJbHNX PiBHAHB, II[0 IPUBOLATHCH
o Hboro. Po3rasiHeMo okpeMuii BUAJOK.

Jema 4. [lughepenyianvhe pisnsanms euensioy:

y'(x)+g(x)y(x)=0 (211.39)
Modice Oymu npusedeno 00 pienuanHs becens
z"(x)+E(x)z'(x)+H(x)z(x)=0 (2116)

E(x)=1/x a  H(x)=(x*>v?)/x?

30 O0NOMO2010 V3A2A/IbHEHOI 3aMIHU 8UTADY.
y)=exp( [ PE)/2 d&) z(w(x) ©@1140)
20e P(x)=y'(x)/y(x)—y"(x)1y'(x)

akwo icnye  gynkyia  \J(X), saxka 3adoeonvhse
oughepenyianbHOMy PIBHAHHIO.

gt=v o+ LY -0

V(x)
3 (\p”(x) )2 V) (211.41)
4 y'(x)” 2y'(x)

Ilpakmuune 3nauenns nema 4 mae minbKu 6 momy
eunaoky, sxkuwjo @yukyis Y(X) icHye, modce 6ymu eupa-
Jicena uepes eleMenmapHi yHKyii' i Mae 00CmamHbo npocmitl
guensio. Axugo npocmuil po3e’si30x \Y(X) icnye, Ha npakmuyi
8iH Modice Oymu OmMpUMAHUL MEMOOOM HEeBUIHAYEHUX
Koeghiyicnmis.

IIpumitka. 11106 3pobuTy 3aBAAaHHA HOIIYKY PO3B’A3-
KiB peaJslbHUM 1 BUKJIOYUTY OJMH IIOTEHI[iaJl IIpKU IIepIii
IOXIAHIN, MM IIPpUBEJM MJOCJIKyBaHe Ha IIPUBOAUMICTD
piBEAHHA po Buraany (2.11.39) wa migcraBi ciaigcrBa 4
TeopeMu 6.
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/Moka3. 3acrocyemo 3zaMiHy 3MIHHMX [0 pPIBHAHHA
Becensa i pgasi npmuBenemo oTpmMaHe PIBHAHHA 10 JESKOT0
PIBHAHHA 3 HYJIbOBUMM IIOTEHIIiaJIOM IIpM IeplIiil IoXimHii.
Bynb-axi nudepenmnianeHi piBHAHHA [aHOTO TUILY MOMKYTH
Oyt npuBepneni no piBanaa IIrypma-JliyBina eguauM
uyHOM. IIpMpiBHABHIM OAMH OJHOMY IOTeHIIaJM B LbOMY
PiBHAHHI, MM OTPMMAa€E€MO KpUTepili NOPUBOAMMOCTI IOBOX
IndepeHIialbEUX PiBHAHD.

Hesaxe nudpepeHIiajgbHe PiBHAHHA BUTJIALY

®”(C)+P(C)w'(C)+S(C)w(C)=0 (21127)

IPpUBOAUTLCA [0 PiBHAHHA becesnsa 3a J0IOMOI0IO
3aMiHM 3MIHHUX 3a YMOBU:

x=y(€)  o@)=z(y(Q)) (21117)

PC)=v"(QI(C)—y"(O/y'(C) (211.28)
SQ)=v'(Q)* (1—v*/y(C)*) (211.29)

Orpumane piBHAHHA (2.11.27) npuBOAUTHCA N0 PiBHAHHA
IIItypma-JliyBisnisa 3a 4OIIOMOTOI0 HacCTYIIHOI 3aMiHM:

y'(C)+q(Q)y(C)=0 (21139)

€
y(Q)=exp( | P(€)/2 d&)o(C)
ze g(0)=S(C)—P'(C)/2—PYC)/4 (211.40)

ITigcTaBMBINM 3HaYEHHSA ITIOTEHIIAJIB, BUPaKeHUX Yepes
dpyukuiro 3aminm (2.11.28) i (2.11.29), B pe3ysbpTyue piBHAH-
HA (2.11.40) i cpocTuUBIIIM, MU OTPUMAEMO NUQEpPEHIiaJibHe
PiIBHAHHA — KpUTepilli NIPUBOAMMOCTI Ta iCHyYBaHHA 3aMiHU
JaHoro Tuily. JIema oosedena.

Teopema 8. [[ughepenyianvre pigHanHA 8UTADY:

u"(x)+Vx)u'(x)+K(x)u(x)=0 (211.33)
Modice Oymu npusedero 00 pieHsanHs becens
z"(x)+E(x)z'(x)+H(x)z(x)=0 (2116)
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Ex)=1/x 4  H(x)=(x*v*)/x*

30 O0NOMO2010 V3A2AIbHEHOI 3AMIHU: (211.41)
b

u(x)=exp( [ (PE)—V(x))/2 d&) z(y(x))
de P(x) =y (x) Iy (x)—y"(x)/y'(x)

axwo icnye ynxyis Y(X), axa 3adoeonvusc oughepen-
YianbHOMY DIGHAHHIO!

2
K(x)—V'(x)/2—V(x)/4 = y'(x)*+ (211.42)
(PO 3 (WY, v
W(x) /4 4 \y'(x)’  2y'(x)
Ilpakmuune 3nauennsa meopema 8 Mac miibKu 8 momy
BUNAOKY, AKWO QyHKyis \Y(X) icnye, modxce Oymu supaxcena
yepes eleMeHmapHi yHKYii i Mae 00CMamub0 NPOCMill Gue-
7120. Axwo npocmuii poss’sizok Y(X) icuye, Ha npakmuyi

GiH MOdJICe Oymu OMpUMAHULl MemooOM HeBUIHAYEHUX
Koeghiyicumis.

s pgoBemeHHA TeopeMy 8 MU TPUBENIM 3arajibHe
piBHaHHA (2.11.33) nmo piBanHa [IItypwma-JliyBina i 3acrto-
cyBaJii Jemy 4, CKOPMUCTaBIUNCH CJICTBOM 3 TeopeMu 6.

fIxk mpuKJaz, 1110 JEMOHCTPYE 3PYUHICTb IIPOIIOHOBAHOTO
MeTOAy, PO3IJIAHEMO 3aCTOCyBaHHA JeMu 4 i Teopemu 8 1o
PIBHAHHA IIPOCTOr0 BUIJIALY, PO3B’A30K AKOr0 HEOUYEBUIHO, i
npuBegeMo 1ioro A0 piBHAHHA Becesa:

y'(x)+xy(x)=0

g ( X ) =X BUKOPMCTOBYEMO IIO3HAYEHHA JeMu 4

Iz zarasmpHOrO BUAYy BimHomieHHa (2.11.41) naa pga-
HOrO BMIIAJKy MOSKHA IPUILYCTUTY, III0 PO3B’ A3KOM
nudpepeHiiaspHoro  piBHAHHA (2.11.41) Oynme cremneHeBa
dYHKIIA, AKy MM LOIYKaTMMEMO MeTOIOM HeBM3HAYEeHUX
KOe(IIi€HTIB y BUTJIAMLL:

Y(x)=hx$
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ITincraBuMO mepenbadyBaHe 3HA4YeHHA (PYHKIII B piB-
HAHHA 3 JieMt 4 1 OTpMMaEMO BiJTHOIIIEHHS:

Px)=vy'(x) 1y (x)—v"(x) 1y’ (x) (211.28)
S(x)=y'(x)? (1—v2/y(x)?) (211.29)
g(x)=S(x)—P'(x)/2—P¥x)/4 (211.40)

3Bifgcu oTpuMyeMo:

P(x)=1/x

S(x)=htsx 52 (1—v*/(h*x%))

g(x)=x=1 s%x5 2 (1—v¥/(h*x>))+1/4x*
IIepeTBOpPUMO 1 CIPOCTUMO:

x=hsHh> 2 pi¥x? +1/4x?

OueBUAHO, L0 BiTHOIIIEHHA NIpPUIIME BUJ TOTOYKHOCTI,

AKIIIO BUMAaraTy TOTOYKHOI BiAIOBimHOCTI KoedilieHTiB mpnu
CTYIIEHAX 1 PIBHICTB CTYIEHIB 3MiHHOIO:

1=25-2 l=hs 1/4=v252
3Bigcu HabyBaeMO HACTYIIHMX 3HAYEHB:
s=3/2 h=2/3 v=1/3

TaxkuM YMHOM, PO3B’A3KOM PiBHAHHA Oyne:

Y'(x) +xy(x) =0
y(x)=x2Z .(2/3 x*?)

1/3
Mwnu orpmmanu po3B’A30K HEOUEBMJHOTO PIBHAHHAA,

BUpaskeHoro deped pyHkKIii Becesa i enementapHi PyHKIIii.
Taxwnii ske pe3yJsbTaT MOXKHA OTPUMAaTH, BiApa3y MiZicTaBUBIIN
3HAUEeHHA (PYHKIIi 3aMiHM 3 HeBiJOMMMM KoediljieHTaMu B
nudepennianpae piBHAHHA (2.11.41). Pe3yabTaT NDOBHICTIO
coiBnagae 3 TaOJAMYHMMM OaHMMIL.

IlepeBara BMKOPMCTAHHOTO MeTOAY 1 3aIlpOIIOHOBAHOI
TeopeMy 8 odeBUAHA — SAKIIO IIPOCTUI PO3B’A30K 3aaadi
IIpUBEEHHA icHye, BiH Moyke OyTM OTPUMAaHMII PO3B’A3KOM
JedakKoro paudpepeHiiadbHoro piBHAHHA (2.11.41) Metomom
HeBUBHAYEHNX KoedilieHTiB.
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Poaroanytuit nmpuksiaz € oxkpeMuMM BUIIAIKOM naude-
PeHLiaNbHNX PIBHAHb BUTJIALY:

u"(x)+ax>u'(x)+bxu(x)=0

Buxopucrosyemo 3aminy \|!(x) =hx* P(X) =1/x
IIpusenemo piBHAHHA A0 piBHAHHA IllTypMma-Jliysina
Y'(x)+g(x)y(x)=0

g(x)=bx +a(2—a) /4x*

X

u(x)=exp(—[a&”/2 d&)y(x)=c exp(a/x)y(x)

) =exp( | PE)/2 d&) z(w(x)=x""z(w(x))
g(x) =R sx5 2 (1—v ¥ (h’x*) ) +1/4x*

OueBUIHO, 1110 IOTEHIIaJ g(x) IpuiiMe BUJT TOTOKHOCTI,
AKIIIO BMMAaraTy TOTOYKHOI BiIOBiHOCTI KoeiIfieHTIB mpu
CTYIIeHAX 1 PIBHICTBH CTYNIEHIB 3MiHHOIO:

1=25—2 b=h*s* 2a—a*=1—6v*
3Bincu HabyBaEMO HACTYIHMX 3HAYEHB:
s=3/2 h=2/3b" wv=la—1|/3 >0

TaxuM 4MHOM, PO3B’A3KOM PiBHAHHA Oyne:
u"(x)+ax?u’(x)+bx u(x)=0
u(x)=expla/x)x"?Z,, (2/3 b**x**)

ne inzexc pisuanaa Becena v =|a—1|/3 >0

TaxkyM YMHOM, MM IIOCJIJOBHO PO3IJIAHYJIM OeKiJIbKa
KpUTepiiB, 3a AKMMMU OuUepeHliasbHI PIBHAHHA OPYTOTo
OPANKY MOKYTb ab0 He MOXKYTh Oy TH IpUBeAeH] 10 PiBHAHHA
Becena, — kpurepii Teopemu 6, 7 i 8.

Boun BuxomATe i3 3araJbHOrO BUY IIOTEHITiaJiB
PIBHAHHSA, AKe JIOCIIIMKYETHCA HA IPUBOAVIMICTD N0 PIBHAHHA
Beceas.
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Hacrynamum BapiaHTOM, AKUII OPUBOAUTL NedAKe Aude-
peHLianbHe piBHAHHA A0 piBHAHHA [IITypma-Jliysina i axui
BUKOPMCTOBYE }10r0 pO3B’A30K, € 3aMiHa BUIJIALY:

o(C)=B(y(C)) z(y(C)) (21137)

BI/II{OpI/ICTOByIOT{I/II}JI JIAHITIOMKOK piBHHHb:

z"(x)+E(x)z'(x)+H(x)z(x)=0 (2116)
u"(x)+Q0x)u’(x)+G(x)u(x)=0 (211.2)
o”(Q)+P(C)w'(C)+S(C)w(C)=0 (211.27)

13 3HAYEHHAMM ITOTEHITIAJIIB:
E(x)=1/x &  H(x)=(x>-v?)/x?
3a TeopeMoio 6 BUKOPUCTOBYEMO IIepPETBOPEHHSA

b
u(x)=exp( | U€)dE)z(x) (2113)
ne Ux)=(E(x)—0(x))/2 @114)
U'tx)+U’(x)+0(x)U(x)=H(x)—G(x)  (@15)

IligcTaBMMO NOTeHITiaa M B PIBHAHHA 1 OTPUMa€EMO:

u(x)=x"* exp( [ —0(x) /2 dE)z(x)
G(x)=(x—v*)/x* +(Q'(x) +0(x)/x) 2

Haji BukopucTaeMo 3aMiHy 3MIiHHMX. 3aCTOCYEMO
TeopeMy 7 PO 3aMiHy 3MiHHUX B PiBHAHHAX:

x=y(©)  z(x)=z(y(0))=w(C) (21117)
PQ)=0w@Q)v' (Q)—y"(Q)y'(C) (21118)

SC)=Gw(@)(v(©Q)) (21119)

Y mpakTUYHMX 3aBJaHHAX HaM Bimomi morenmiamm P(C)
it S(C) i meobximHO BMKOHATM 3BOPOTHil Tepexis 10 PiBHAH-
HA Becesa. IloTeHuianm ABOX PiBHAHb IIAPAM B CUCTEMi He
BIU3HAYEH] Ta 3BOPOTHE 3aBJAHHSA CKPYTHE.
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IIpore mMm wmosxkemo posrsaamatu 3aminy (2.11.37) B
eyseMeHTapHMX abo IHmMMX QYHKIIAX Ta BMUBYATU KJACU
PiBHAHB, 10 AKUX IPUBOAUTL Ta UM iHIIA 3aMiHa.

Jema 5. Jlughepenyianvhe pisnsanns euensioy:

o"(x)+P(x)w'(x)+S(x)w(x)=0 (211.27)
Modice Oymu npusedeno 00 pieuants becens
z"(x)+E(x)z'(x)+H(x)z(x)=0 (2116)

E(x)=1/x wu  H(x)=(x>v?)/x?

3a 00NoM02010 QYYHKYIT 3aminu \Y(X) euensaoy:

o(x)=y(x)*z(y(x)) (21138)

AKWO MOJICHA Nidibpamu 3aMiHy, Wo 3a0080JIbHAE
P(x)=(1=2a)W¥'(x)/W(x)—y"(x)/y'(x) (2139)
Sx)=(w'(x)) (1—(v2—a?)/y(x)? (@1140)

g nokasy JieMy JOCUTB PO3IJISAHYTM, OO AKOTO PiB-
HAHHA 110 TeopeMmi 6 Oynme mpuBeneHo piBHAHHA Becesa 3a
JIOIIOMOTr0I0 cTemneHeBoi (pyukii saminnm (2.11.37):

B(x)=x* ne u(x)=x%(x)
u"(x)+Q0x)u’'(x)+G(x)u(x)=0 (2112)

BuxopucraHHA 3araJbHOTO BMUAY 3aMiHM [OpuBeAe IO
TaKMX 3HaYEeHb [IOTEHI[iaJiB HOBOT'O PiBHAHHA:

U(x)za/x — TIOTeHIjiaJ 3aMiHu 3 Teopemnu 6
O(x)=(1-2a)/x # G(x)=(1—(vr—az)/x2)

ITorim BacTrocyemo Teopemy 7 mpo 3aMiHy 3MiHHUX i
3aMIHMMO 3MiHHY X Ha feAry pyHKuio Y(X). lle nae neobxinui
BigHomrenHa (2.11.39) i (2.11.40). Jlema 5 Mae IpakTU4YHE
3HAYEeHHA TiJIbKM B TOMY BUIIAJKY, AKIIO (PYHKIIA 3aMiHU
JOoCUTbh IpocTa i Mo:ke OyTu BUpasKeHa 4deped eJieMeHTapHi

dYHKIII
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Posrsianemo Ax mpukiajn 3acTOCyYBaHHA JeMU D Jeske
nudpepeHIiasbHe PIBHAHHA 3araJIbHOTO BUTJIANLY:

o”’(x)+P(x)w'(x)+S(x)m(x)=0 (211.41)
ne P(x)=y/x # S(x)=oxP (211.42)
Buxopsaum i3 3araspHOro BuAy piBHAHL (2.11.39) 1
(2.11.40), mosxkHA NPUIIYCTUTH, IO (PYHKIA 3aMiHM MOKe

OyTu 3HalileHa MeTOIOM HEBU3HAYEHUX KoeiIlieHTIiB #AK
eJiIeMeHTapHa CTeleHeBa (PYHKIA:

q!(x) =cxb me b it ¢ — mesinowmi.

ITlincraBumo yHknito 3amiam B piBHAHHA (2.11.39) i
(2.11.40), ckOpOTHMO 1 OTPMMAa€EMO BiJHOIIEHHH:

vy=1-2ab
oxB=b*ctx?2(1—(2—a?)/(cxb)?)
Ow4eBMHO, 0 TIOTPIGHO JONATKOBO BIMATATH:
B=2b—2 o=b%"? v=a
3sinen b=(B+2)/2  c=20"Y(B+2)
a=v=(1—y)/(B +2)

TakuM YMHOM, 3 TOYHICTIO JO KOHCTAHTU PO3B’A30K
piBHAHHA (2.11.41) MoXHa BMPA3UTU dYepel3 HACTYIIHUNI
3araJbHNI PO3B’A30K KJIACUYHOTO piBHAHHA Decens:

o(x)=xba Zv(cxb)

Mu mnoxazanu wMetTon, AKMM MOKHa JOCJIMKYBaTH
nudpepeHIianbHl PIBHAHHA Ha MOSKJMBICTH IIPUBENEHHA iX
o piBHAHHA Becejyid 3 BUKOPMCTAHHAM IIPOCTUX (DYHKILN
3aMiH BifTmoBinHO o TeopeMm 6 1 7.

HIna nokasy JeMu 5 MU PO3TJIAHYJM KOHKPETHY
(PYHKI[II0O 3aMiHM — OPOCTY CTeIeHeBY (YyHKIli0. 3aMicTb
Hel MOYKHA BUKOPUCTOBYBAaTU OyAb-sAKi eJeMeHTapHI PYHKITiI
I TaKMM 4YMHOM BM3HA4YaTHM HOBI KpuTepii mpuBoamMmOCTi
KJaciB nqudepeHIiaJbHNX PiBHAHL. [IpoTe MOKHA BiA3HAYNTHU
HaCTYIIHe.
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IIpu pitnenHi koHKpeTHOI 3aad4i (2.11.42) 11e71 po3B’A30K
My Moram O oTpumaty, Oe3mocepenHbO BUKOPUCTOBYIOUM
JiHiVHYy 3aMiny Teopemn 8. DarkTuU4HO, JeMa 5 i BcA 3arajbHa
3aMina BuriAny (2.11.37) BuABMJIMUCA OKPEMMM BUIIAJKOM
TeopeMu 8.

Haib6inpi ckmagamM, xo4a IPakKTUYHO I11e 3aCTOCOBHUM
MeTOO0M, € BI/IKOpI/ICTaHHH BaMiHI/I BI/[I‘JIHI(yZ

u(x)=A(x)B(Y(x))z(y(x)) (21138)

3okpema, JlomMmesnbr mTpuM AOCIigMKEHHI 3araJbHUX
po3B’aA3KiB piBHAHL (2.11.26) BMKOPMCTOBYBaB Ha IIPaKTUIl
okpemuyt Bunanox s3amiam (2.11.25) came Taxkoro BUIJIALY.
Bin BuxopucrToByBaB OKpeMmii Bunazok (2.11.38) i orpumas
LIVPOKUI KJac audepeHLiaJbHNX PiBHAHD, IO IPUBOAATHCA
o piBHAHHA Becensa.

Ha mpakTuni npu pimensi 3agadi npuBeneHHA nude-
peHIliaJbHMX pPIiBHAHL J0 KJacUYHOro piBHAHHA Decensa
BUKOPMCTAHHA yCKJIaAHeHNX KpuTepiis (2.11.38) € He3pyUHUM.
Binbi Toro, BuKopucrana Jlommesem 3amina Buraany (2.11.38)
TAKOX MO’Ke PO3IJIANATUCA AK OKPeMMUIl BUNAJOK TeopeMu 8
Ipo iCHyBaHHA JiHIVHOI 3aMiHN.

Bcei posromanyTi 3aMiEM Ha TIpaKTHUIL € OKPeMMMM
BUITaKaMM TeopeMMu 8 1 ysaraJsibHeHOI 3aMiHN:

u(x)=A(x) z(y(x)) (211.36)

ITe moB’s3aHO 3 TMM, IO IIOCJIiJOBHE 3aCTOCYBaHHSA
IO OOHOrOo AudepeHIiaJbHOTO PIBHAHHA ABOX 4u Oijsblie 3a
3aMiH TeopeMy 6 IIpO IPMBOAMMICTbL PiBHAHL €KBiBaJIeHTHO
ONHOPa30BOMY 3aCTOCYBaHHIO YMOB Iii€ei 3K TeopeMmu Ta
ICHYBaHHIO y3araJibHIOBaJIbHOI 3aMinu. IlocisizoBHe 3acTo-
CyYBaHHA TeopeMU 7 IIPO 3aMiHy 3MIHHUX TaKOK €KBiBaJIEHTHO
OHOPa30BOMY 3aCTOCYBaHHIO yMOB Iiiei Teopemu. s
JIHIVHNX AudepeHniaJbHUX PIiBHAHL 1 TeopeM 6 1 7 cTporo
BMKOHYETbHCA 3aKOH TPAH3UTUBHOCTI.

ITe moBomuTh TOI hakT, 110 JiHiliHA 3aMiHa TeopeMu 8 €
y3araJibHeHUM BUIIAJKOM JIHIVHOI 3aMiHM 1 OXOIJII0€ Bei i
OKpeMi BUNAAKU (30KpeMa JIOCTATHBO CKJIAJHOTO BUIJIANLY),
110 BUKOPUCTOBYIOTHCA Ha ITPAKTULI.

JocToiHCcTBa MeTOLY IIPAMOIO 3aCTOCYBaHHA TeopeM 6,
7 i 8 mpo mpuBOAUMICTE AM(pepEeHIiaIbHUX PIBHAHBb OAUH OO
omHOrOo oueBUMHI. B 1IbOMYy BUIANKY 3aBJaHHA IIPUBEIEHHS
3BOJUTHCA JIO PO3B’A30K JIeAKUX AUQPEpPEeHIliaJbHNX PiBHAHBb

MEeTOJIOM HeBM3Ha4YeHUX KoeilieHTiB. "



§ 12. IlincymkoBi pe3ybTaTu po3aiay

ITincymyemo pes3yisibTaT, OTpMUMaHi B boMy po3xisi. Mu
BMBYAaJM OCHOBHI BJACTUBOCTI pyHIaMeHTaJbHIUX PO3B’A3KIB
piBHAHHA Becensa — 1MIiHAPOBUX (PYHKIIN.

x*z"(x)+xz'(x) + (x*—=v*)z(x) = 0 @11)

me V — gneska KOHCTaHTa (MOMKHA BBajsKaTy, II0 L
KoHCcTaHTa HeHeratusHa v >0), a y(x) — dyHKuia.

PiBusanua Becessa Takok 3anucyetbesa y dpopmi:

2
Z"(x)-l-%z'(x) HI-L)zm =0 ey

Krnacuune piBuAHHA Becensa moske 6yTu nmpuBeneHe M0
piBHaHHA ITypma-JliyBiss:

yvn(x)_ (V—1/2)2(V+ 1/2)

X
3a JOIIOMOTOI0 3aMiHM: )g)(x) = \/;Jv(x) (21.6)

s knacuvHMX PO3B’A3KIB piBHAHHA DBecesna icHYOTH
PEKYPEeHTHI BIIHOIIIEHHA BUTIIALY:

S () =T (x)=J'(x) (2112)

J_ (0)=2](x)+](x) @119

OTrpuMaHi peKypeHTHI BiHOIIIEHHS JTO03BOJIAIOTH BUIIN-
caTu ILie OAHY IIapy PEeKYPEeHTHUX BiTHOIIEHb, IIOB’A3YIOYi
Tpu pyukrnii Becensa:

2]V’(x)=]V_1(x) —]Vﬂ(x) (2128)
4_1(x)—2%fv(x)+4+1(x)=0 (21.29)

);(x)=—)i(x) (215)
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s po3B’A3KIB KJIACUYHOTO PiBHAHHA Becessa icHyOTH
iHTerpasbHI POpMM PEeKYPEHTHUX BiTHOIIIEHB:

X

Jv(x) :_f g: J1/+1( §)dg (2:211)

Obmesxeni B Hyxdi ¢QyHrnii Becena 3 nHaniBuinum
IHIEKCOM BMpPaKalOThCA Uepe3 ejeMeHTapHi (QyHKIii 3a
JOIIOMOr'0I0 KiHIIEBOTO PANY:

T (x)=(=1yx" (L) Sinx \/% (2229)

n+1/2 xdx

ACUMIITOTMYHA TOBEMIHKA IMX (PYHKIIIA:

0=\ 5

n+1/2

n
;;; S sinx (23.7)

HeoOmerxkeni B wHysni d¢ynknii Becesna 3 HamiBiiaum
IHZEKCOM BMPAasKalOTbCA depeld eJIeMeHTapHI PyHKILI:

_nn2( d " cos 2
I, (X) =x" <xdx> T 2 N (2410)

IIpr wminmmnx 3Ha4YeHHAX IHJIEKCY pPO3B’A30K pPiBHAHHA
Becesa mosxe OyTu oTpuMMaHMI PO3KJIALEHHAM B PAL:

k 2k
S () @)
ho=(3) 2 T )]

npu 1 =>0 (2.5.8)

IIpu Heninux 3Ha4YeHHAX IHJIEKCY iICHYIOTH JBa YaCTUHHI
JIHIIHO-He3aJIesKHI po3B’A3KM piBHAHHA Beceud:

S (=) /)"

>0 (259
S KT (zv+k+1) 259

Lo=(3)"

IITo6 otpumaTtm naBa JiHiIHO-He3aJIe}KHI PO3B’A3KU
piBHAHHA BeceJsa nmpu Bcix 3HaueHHAX iHznexkcy, Oyan BBeneHi
¢yuruii Hejimana.
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Heobwmesxeni B myJi ¢pyuriii Helimana 3a0BOJIBHAIOTH
HaCTYIIHOMY BiZHOIIEHHIO!

am V=20 (26])

N (x) = J,(x)cos VTE—J_V()C)Jl

SINVT

Kopeni posr’askiB piBHanHa Becesd, oKpiM MOYKJINBO
HyJid, € npocTuMu. KopeHi nociigoBHUX po3B’A3KIB PiBHAHHA
Becensa nepemerkaerbesa oquu 3 oguuM. KopeHi n1BOX JiHiiHO-
He3aJIe)KHUX PO3B’A3KIB piBHAHHA bBecessa, 110 MawTb
ONHAKOBUII iHIEKC, IIepEMEKAETHCA OOVH 3 OOHUM.

HJo rnacuyHoro piBHAHHA DBecensa npuBomutbesa aude-
peHLiasbHE PIBHAHHA BUTJANY:

u"(x)+Q0x)u'(x)+G(x)u(x)=0 (211.2)

3 BUKOPUCTAHHAM aHAJITUYHOI 3aMiHM BUTJIALY:

u(x)=exp( f U(E)dE) z(x) (211.10)
ne Ulx)=( 1/x—Q(x))/2 21111)
U'tx)+U(x) +O(x)U(x)=(1—v¥x*)—G(x)
Tlesike mudepeHmiabie PiBHAHHA BUNIALY:

®"(C)+P(C)w'(C)+S(C)w(C)=0 (21127)

Mosxke OyTm mpmBezeHO o piBHAHHA Becesa 3a nomo-
MOTOI0 3aMiHM 3MIHHUX BUIJIALY:

x=y(€)  o@)=z(y(Q)) (21117)

¢ 3
w(Q)=cexp( [ (exp(—[P(pdn) ) d) @usy
SO =y —* (W W) (21129)

Ona oTpuMaHHA y3araJbHEHOI 3aMiHU 1 NpUBeAEeHH:A
I epeHIliaJIbHOTO PIBHAHHA J0 PiBHAHHA Becensa HeoOXigHO
IIOCJIIZTOBHO 3aCTOCYBAaTH OBi IIi TeopeMu.
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IndepeHnianbHe piBHAHHA BUTIALY:

u"(x)+Vx)u'(x)+K(x)u(x)=0 (21139

MOKe OyTM ImpuBeAeHO No piBHAHHA becesa 3a A0mo-

MOTOIO ysara.aneHo'i 3aMiHnu BUTJIAOY:
X

u(x)=exp( [ (PE)—V(x))/2 d&) z(w(x))
ne P(x)=y' () y(x)—v"(x)/v'(x)
' AKITO igHye dyuKuia Y(X), sika 3a10BOJbHAE MU epeH-
II1aJIbHOMY plBHﬂHHIO:
K(x)—V'(x)/2—V (x)/4 = w'(x)+ @i
W(X\2 1 3/ V(XN Yv(x)
Ay )g—1-3( \|1’(x))+ 2y'(x)

IIpakTuuyHe 3HAaYEHHS TeopeMa Ma€ B TOMY BUIIAAKY,
Armo QyHkuia Y(x) icuye, moske OyTu BupaskeHa depes
eJleMeHTapHi (pyHKIi Ta Mae mpocTiit Buraamg. Ko npoctuii
Po3B’A30K Y(X) icHye, Ha IPaKTUL BiH MOsKe Oy T OTPUMaHUI
MEeTOJIOM HeBM3HAaYeHUX KoedillieHTiB.

Y3arajbHeHa 3aMiHa Ma€ 3araJbHUIT BUTJAL:

u(x)=A(x)z(y(x)) (211.36)

PexypeHTH]I BiffHOIIEHHA nJA PO3B’A3KIB KJACUYHOTO
piBEAHHA Becena 6ynu orpuMmani 6e3nocepeiHbo, 3 BUKOPUC-
TaHHAM METONY PEKYPEHTHMX BiHOIIEHb, BUXOILAYM TIJIBKNU
i3 3araJIbHOTO BUY MIOTEHIliaJiB piBHAHHA Becess.

IIpuBenenna opHOpPiAHMX AudepeHIiaJbHUX pPiBHAHD
go piBHarHA DBecena 1 mpexcraBieHHA IX pPoO3B’A3KIB 3a
JIIOIIOMOT'0I0 3araJibHOro pPO3B’A3KYy piBHAHHA Becensa Buxo-
IOUTH TiNIbKM i3 3araJibHOro BUJY MHOTEHITiaJliB PiBHAHHA, III0
IPUBOAUTHCS.

AKTVBHO BUKOPMCTOBYBaJsocsa piBHAHHA IIITypma-
JliyBina, nmo axkoro piBHAHHA bBecesid NpUBOAUTBCA €IVHUM
YYHOM — JIJIA OTPMMAaHHA PEKYPEHTHUX BiTHOIIEHb, aCUMIITO-
TUYHUX PO3KJAJeHb, BUBYEHHS [IOBEMIHKM HYJIB PO3B’A3KIB
piBaaHHA Becess i orpuMmaHHA (QOpMyJI DpUBeNeHHA Aude-

PpeHIliaJbHMX PiBHAHb 10 PiBHAHHA Becess. 115



Po3paina Il

Inmi acnekTu piBHSIHb beceas
i nuAiHApPOBUX (PyHKIiN

§ 1. lIpuBenenns nudepeHniajJbHUX PiBHAHb
CTapUIMX MOPSAKIB 10 piBHsAHHA becens

Y nonepegHbLOMY PO3iJi feTaJIbHO BUBYAJMCA 3aTaJbHi
BJIACTMBOCTI poO3B’A3KIB piBHAHHA Becena — ¢yukninn Be-
censa, Heiimana abo iHmIMX crHoemiaJdbHUX (UMJIIHIPOBUX)
yHKIN 1 poariAgmanamMcsa NOUTAHHA IIPUBOAVIMOCTI IO
JIHIVHUX audepeHIiaJbHNX pPIBHAHb JPYTOTO IIOPANKY.
Bona pospaxoBaHa Ha HIMPOKRY ayAuTOpiio, 110 Mae 06a30BY
IIiITOTOBKY.

HOna ocib, arxi BuropucroByioTh ¢yHKHii Becema i
Hesimana pna posB’A3KiB OpakTMYHMX 3afad i XO04UyTh
JOKJIamHilIe Ai3HATUCA HOpPOo o0cobsmBocTi ix mnoBemiHKM i
HAMOINIBIII TUIIOBUX iX BJACTUBOCTAX, IIONEPENHIN po3mai
HaJlae BUYEPIHY iH(opMalio.

ITomansimi po3ginm po3paxoBaHi Ha 0cib, 1110 3a1IMa0THCA
ITOrJIMOJIeHVM BYBYEHHSM BUINIOI MaTeMaTMUKM, MAaTeMaTUIHOI
dizuknireopii ceniaabHNX PYHKIINA, 1 MOMKYTb IPEeNCTaBIATHA
IedKl yCKJIaTHEHHS NJIA HeclleliaJicTiB.

IIpuBenemo pesyabraT, HajJesxkHUM Jlommednto. Po3rasa-
HEMO HOBMII y3araJibHeHU AudepeHiaJpHNii orepaTop:

Df(x)z(x j—))f(x) (311

Poarananyre B nonepemaHbOMY po3misi nudpepeHIliajibHe
piBHAHHA (2.11.24), 10 npuBoAUTHCA N0 piBHAHHA Becens, 3
BMUKOpPMCTaHHAM ornepatopa (3.1.1) mosxxe OyTu 3amnmcaHo:

(D+0)(D+0—2Bv)u(x)+B -y x> u(x) =0
ftoro pos3s’szox U(X)=X BV_aZV (Yx B)

Jlommesns 1 BaTcoH yzarasbHUAM OTpUMaHe PiBHAHHA,
OTPUMABIIM PO3B’A30K MLIJIOTO KJacy AudepeHIiaIbHUX
PiBHAHB CTapIIMX NOPAOKIB:
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ItI()(D+a_2Bk)(D+a_2[3k—2[3v)u(x):

=(=1)'B"y*"x*Pu(x) (812)
P03B’A30K LIbOr0 PIBHAHHA MalOTh BUTJIAL:
u(x)=x"°7 (yx") (313)

me Y=c¢ exp(ikn/n) OJIA k=1..n

OTpumaHMii po3B’A30K yTBOPIOE PYHAAMEHTAJBHY CUC-
TeMy. M1 MOYKeMoO OTpMMaTH OKpeMi BUIIaJKM — HaIIpUKJIaAL
IudepeHIiadpHl PIBHAHHA YeTBEPTOrO i BMIIOTO INapPHOTO
HOPAIKY.

o nudpepeHniaspHNX PIBHAHD BUIMX IOPALKIB dac-
TO IPUBOAUTb METOJ PO3AiJIEHHA 3MIHHUX B NIPUKJIATHUX
3aBIaHHAX MaTeMaTM4HOI pismuru. Posrasremo nudepen-
IiaJibHE PiBHAHHA Y€TBEPTOTO IIOPAAKY, 110 OMMCYE IIOIIepedHi
KOJIMBaHHA KOHIYHOI'O CTPMYKHSA:

d* (4 d’u 2
=Qu (314)
fAxkio nposBecTy 3aMiHy 3MiHHUX

1/2 2
x:2C 1 mozHaunTH C u(f;)=z(x)
TO PIBHAHHA YeTBePTOro IOpAnKy (3.1.4) mosxe OyTtu
IIpUBeJleHe JI0 CUCTeMM ABOX PiBHAHb Becesd:

2" (x)+ +-2'(0) % 2(x) — 4y 2(x)=0 515)

Poarogauemo Haiibisbin 3araJbHMUIT BUMNAJ0K HPUBOIU-
MOCTI JIHIVHNX qudepeHIialbHNX PIBHAHD CTAPIINX IOPALKIB
Io piBHAaHHA DBecesd, cropucraBmMCh —pPel3yJbTaTaMl,
OTPMMaHMMM B IolNepenHboMy poszini. OueBmupaHO, IO OO
piBHAHHA DBecensa MoKyTh mnpuBoAuTHCA AUepeHIialbHi
PIBHAHHA CTApPILIOTO IMOPAAKY 3 IIapPHOI0 CTaPIIOI0 IIOXiTHOIO.

Jlia nboro po3rjAHEMO y3araJbHeHOro naudepeH-
niagpHOro omepatopa (3.1.1) i BMBYUMMO JOTO BJIACTMBOCTI
IeraJpHine. Po3rasHeMo npuBeeHHA PisHUX AudepeHIiab-
HUX pPIBHAHB [0 3arajlbHOTO BUIJIAAY 3 BUKOPMUCTAHHAM

omeparopa (3.1.1). 117



IITo6 posraaHyTH y3araJbHeHUN audepeHLiaIbHNI
OIIePaTOp CTAPIINX IOPAMKIB, 3alIMIIEMO HACTYIIHE:

n

[1(D+ay)= i D S, 4 (316)
k=1 k=o0

ae S():l S1:a1+ e +an Sn:al . an
n-k

Sk: 2 iy - dig nuA Beix immexcis  Ip il
0

Posrasanemo ysaraabaennii qudepeHniaabanii onepaTop
IPYTroro MOPAAKY i OTpMMaeMO BUpas3 B ABHIN ¢opwmi:

(D-i-al)(@'i'az):(xc% +a1> (xc% +a2) -

2
=x2a% + x <a1+a2+1>a% + a,a, (817)

3Bigcy MOKHaA OTPUMATY OKPEMUI BUIIAJOK:
2
(D+v)(D—v)=x?-d +x-d 2 (318)
x?  dx
Pipuanna Becessa MoxHa npefncTaBUTU y BUTJIAML:

(D+v)(D—v)z(x) +x*z(x) =0 (319)

OudepeHnijianbHe pPiBHAHHA CTapLIOTO IOPAAKY, fKe
MoKe OyTu mpuBeZeHe OO0 piBHAHHA Becesd, moBuHHE OyTH
IIpUBEJIEHe JI0 HACTYIHOTO BUIJIAAY:

lf_[ ((l)+vk)(2)—vk)+x2)z(x) =0 (3110)

dyHIaMeHTaJbHOIO CHUCTEMOIO PO3B’A3KIB pPIBHAHHA
Buraany (3.1.10) e miniiiHO-He3asaexHl QyHKHii Zik(x).

ITe cnpaBensmBO, OCKIJIBKY BMKOHYETHCA TOTOYKHICTBH:

((D+vk)(1)—vk)+x2)zik(x) =0 (3111)

AJIA KOKHOTO 3HAYEHHA ITapaMeTpa k = 1. .n
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Odnsa toro, o0 JiiHIHI gudepeHiaJgbHi pPiBHAHHA
CTapIIOro MOPAAKY BUBYATY Ha IIPUBOAUMICTD O KJIACUIHOTO
piBHAHHA Becesa, i piBHAHHA HeoOXiIHO ©IpuUBeCTM IO
BuraAny (3.1.10). Jasi HeoOximHO BMAinmTy napu JiHITHMX
omepaTopiB, MOOYTKM AKMX MPUBOSATL IO KJIACUYHOTO
piBaanaa Becena (3.1.11).

Hanpuxnan, nudepenunianbHe pIiBHAHHA YeTBEPTOrO
IOPALKY MOKe OyTU IIpUBEJIEHE 10 ABOX JIHITHO-He3aJ e KHUX
piBHAHD Becens, mocToro nopAnKky — 4o TPhOX PiBHAHB.

TaxkyMm 4MHOM, 3araJibHUI PO3B’A30K AMdepeHIiaJIbHOTO
PIBHAHHA CTapIIOro IOPANKY MOiKe OyTm IpencTaBJIeHM
JIiHIHOIO0 KOMOIHAIli€I0 YaCTUHHMX PO3B’ A3KiB piBHAHL Beces,
0 AKUX OyJI0 IpuBeAeHO Au(epeHIliajibHe PiBHAHHA.

Jlinitiai gudpepenIiasbHi PiBHAHHA JPYTOTO IIOPAIKY
IOCTaTHBO YaCTO 3yCTpidaroTbCcA B NPUKJIASHMUX 3aJadax
MaTeMaTUYHOI Pi3UKN.

IImranHa npuBeneHHA JHINHMX AudepeHiaJIbHUX
PiBHAHB APYTOTO NOPAAKY 10 piBHAHHA Becensa posrasanamica
B IIOIIEPENHLOMY PO3JiJi Ta BKe IPeNCTaBIANN IIeBHY
ckJagHicTb. IIpMBeleHHA PIBHAHL CTApPLIOrO MOPAINKY — e
CKRJIaHIMIMI 1 KOIITKIIMII ITporiec.

Y  3aBHaHHAX  MaTeMaTMYHOI  (PIBMKM  MOXKYTH
3ycTpidaTuca JiHiHI TudepeHIliaJbHl piBHAHHA YeTBEPTOTO
MIOPANKY — HaIIPMKJAJ, BOHM 3allal0Th OMMC ITPOYHOCTHBIX
XapaKTePUCTUK, CKJIALHI KOMMBAHHA 1 Tak JaJli. SHaXOKEeHHA
QHAJITUYHUX PO3B’A3KIB TaKMX PIBHAHb € JIOCTATHBO
CKJIaJHVM.

OTpuMaHHSA aHAJTITUYIHNUX PO3B’A3KIB AMdepeHIliabHNX
PiBHAHB LIOCTOTO MOPAAKY 1 BMUIIle Ha IPAKTUIl BUABJIAETHCA
BKpail CKPyTHMM — abo Iii pPiBHAHHA aHAJITUYHO IIPU-
BOJATBCA [JO PIBHAHb MEHIIOr0 IOpAAKYy, abo pma ix
PO3B’A3KY BUKOPUCTOBYIOTE YMCEJbHI METOOM Vi KOMII'I0TePHI
o0uMCIeHHA.

3araJibHMUII  PO3B’A30K  AUQEpeHNiaJbHUX pPiBHAHB
cTaplIMX MOPAZKIB MOMKHaA aHAJIOTIYHO LIyKaTy B 3araJlbHOMY
BUTJISAI:

n
u(Q)=A(C) ¥ crazk(W(Q)+ iz k(W) @112
k=1
e zik(x) — Tnapu JIHIAHO-He3aJIeXKHMUX pPillleHb
piBHAHDL Becensa 3 ingexcamu Vi
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Poarnanemo nomysapHWMii OKpeMmii BUIANOK Audpe-
peHLiaJbHNX pPIiBHAHbD — PIBHAHHA YETBEPTOTO MOPAIKY,
3araJIbHUI PO3B’A30K AKOI'O MOXKHA NpPeNICTaBUTM depesd OBl
mapy JIHIMHO-He3aJIesKHUX PO3B’A3KIB pIBHAHHA Decens
JIiJICHOIO 1 YMCTO ySABHOI'O 3MiHHOTO OJITHOTO iHZEKCY.

(D+v)(D—v) +x2) z(x) =0 (319)
(D+v)(D—v)—x%) z(x) =0 (3113)
2 (0)=¢.J, () N, (x)+ & T (x)+ ¢, K (x)

AndepeHIjianbHe PiBHAHHA YEeTBEPTOTO IOPANKY, PO3-
B’ABOK KO0 MOYKe OyTU IIpecTaBJIeHMI TAKMM YMHOM, (3.1.10)
3aIMCYETHCA Y BUTJIANIL:

(D+v)(D—v) +x2)(D+v)(D—v)—

—xz) z(x)=0
(D4— 2V2D2+v4—x4)z(x)=0 (3114)
Bunmnmiemo crynesni audepeHIiagsHOro onepaTopa:
2
D? =x2 LZ +x-4_ (3115)
dx dx
3 2
PPy d 32 d j d (3116)
dx® dx? dx

4 3 2
D =x* % + 6x3 e + 7x? diz + xdi 6117)
% X X X

Ilicia mpuBeneHHA OTPUMA€EMO HACTyIHe AudepeH-
IiaJibHE PIBHAHHA JOCTATHBO CKJIAZHOIO BULJIALY:

(x“il1 + 6x3i3 +x%(7—2v?) d*
dx* dx?® dx?

+x(1—-2v2%) ajL +yioxt)z(x)=0 @ELB)
X
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AHaJIOTIYHO MO’KHA PO3TJIAHYTU BUIIAJOK, KOJIM IHIEKC
omHOro piBHAHHA Decess, BiAmoBigHOro AificHOMY 3MiHHOMY,
He piBHMII iHIeKcy Apyroro piBHAHHA BeceJss, BiANOBiZHOTO
4JMCTO YABHOMY 3MIiHHOMY:

Z(X)ZCIJVI(X)‘F Czj\cl(x)"_ Csjvz(x)"' C4~7<V2(x)
(D+y ) (D—v,) +22) (D +v,)(D—v,) —

—xz) z(x)=0
(D'~ vz +v2) D 4wiv} +
+x2(vi—vi)— x“) z(x)=0 (8119)

Ilicnia nmpuBemeHHA OTPUMAEMO HACTyOHe OudepeH-
IiaJibHE PIBHAHHA JIOCTATHBO CKJIAJHOTO BUTJIALY:

d* s d° 2 2 2 d*
xtl rox3 4 +x2(7T—(vi+v2)) 4+
( T Ox (T (v 4 v])) <2

tx (1= +vi) L tvivi+
dx

+x2(V2E—v2)—x*) z(x) =0 (31.20)

PiBHAHHA MoKHa mepenucaTyt y BUTJIALL:

(i-q-i d3+ 7_(V12+V22) d2_|_

dx*  x dx® x? dx?
v 1= +vi)y d | vivy o
x? dx x4
2 2
+ 11%"?— —1)z(x)=0 (81.21)
X

BapianT, KoM po3B’A30K PIBHAHHA YETBEPTOTO MOPAI-
Ky YABHO TiNbKM 4deped (PYHKII KificHOro abo TiJIbKM YMUCTO
YABHOTO B3MIHHOIO, PO3TJANAE€TbCA aHajsoriuo. Ilpore B
IIPAKTUYHNX 3aBAaHHAX MaTeMaTUYHO1 q)lB]/[KI/I BUIIa 0K
(3.1.14) 1 (3.1.19) 3ycTpidaeTncsa gacTinre. A 3apas3 PO3TJIAHEMO
aJroputTMu Ha MoBi JavaScript.
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Po3pain IV
IIporpaMu i aAropuTMU OOUYNCAEHD

§ 1. 3arajibHa NOCTAHOBKA 3aBaHHS 00YMCJIEHD

Y nmaHOMY PO3Hini MPUBOAATHCA MPOrpaMyu 00YMCIIEHb
dyurnin Becena Ta IHIMX OUIIHAPOBUX (QYHKIN MaTe-
MaTM4HOI (pismku, HanmcaHi aBTopoM Ha MoBi JavaScript. Ha
CBOTOJHIIIHIT meHb MoBa JavaScript mae gocraTHbO OGaraTo
IepeBar B IIOPIBHAHHI 3 IHIIMMM MOBaMIU IIpOrpaMyBaHHA.

Ha Bigminy Bix nonmynapumx moB tumy C++, Pasal
Ta iH., MoBa JavaScript miaTpuMyeTbcA IPaKTUYHO Bcima
cydJacHMMM iHTepHeT-OpaysepaMmu i He BMMAarae cleliaJjJbHOI
incrasanii. JavaScript — BOysmoBana MoBa IporpamMyBaHHA
BeO-CTOPIHOK, fAKa Ma€e JysKe XOpOoIli 3acodu BUBOIY Ha
eKkpaH MoHiTopa i1 y daia y dpopmi HTML- i XML-pasmeTkn.
IIporpamMn BUKOHYIOTbCA Ha JIOKaJbHOMY KOMII IOTEpi.

BuBenenna naHnxipesyabTaTiB po3paxyHKiB Ha MOHITOP
y ¢opmi Tabauite abo TEKCTOBOTO paiijly He IMIpeCTaBJIAE
HIAKMX yCKJaJHEHb, OCKIJIBKM BOHO HepenbadeHe 3acobamu
moBu JavaScript. KopucrtyBaueBi 3asmiaeTbcsa TiJIbKU
30epertTu pe3yJsbTaTy 00YMCIEHb Ha JIOKAJbHUII KOMII'IOTEP
i3 bpaysepa.

Heposnikom JavaScript € BigcyrricTs 3acobiB mia
BUBeJEeHHA rpadiunoi indopwmarii Ta mobymosm rpadixkis,
aJle Ile He IePeIlKOAMJIO aBTOPOBi, AKa 3MOIJIa peaJisdyBaTiu
BUBEJEHHA JAaHMX Ha €eKpaH MOHiTopa i Ha JIpyk y dopmi
emynanii mceeno-rpadikmu 3acobamu posmitku. IIBuAKicTH
OTPMCOBKM TIpadikiB 3ajeXuUTb B IIepIIy 4Yepry Binm Tumy
iHTepHeT-Opays3epa 1 JeKiJTbKa MeHIle — BiJl IIBMAKOCTI
JIOKAJIbHOT'O KOMII'I0Tepa.

Ho npyroi mosoByHM XX CTOJITTA 0yJI0 HAKOIMYEHO
xoporri Matematudhi 06ibsioTexkm, HammcaHi HA MOBaX TUITY
Agron, @oprpas Ta in. IIpore mo kinna XX crosuiTta BigdyBea
AKICHMII CKAYOK B PO3BUTKY IIPOTPaMyBaHHA — OyJiu CTBOpeHi
IIPUHIMUIIOBO HOBI 00’€KTHO-OpPi€HTOBaHI MOBM CTPYKTYPHOTO
nporpamyBanHa tuny PL/1, Pascal, C, C++ ra in. Ilouasa-
cA po3pobKa MNPUHOUIIOBO HOBOTO 3aco0y eJIEKTPOHHOTO
IofaBaHHA Ta Iepefadi iHgopmalii — raobaJspHOI Mepeski
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Iarepuer. na peasizanii kiai€eHTCbKMX creHapiiB 0Oyia
CTBOpEHa HOBa mporpecuBHa moBa JavaScript. I'obasizaiia
CBITOBMX IpoIleciB MaJia ¥ ICTOTHI HEZOJIKM — 30KpeMma,
OyJso daxTuyHO 3ary0JsieHo OaraTo MOPOrpaMHUX PO3POOOK
MaTeMaTU4YHOTO amapary.

Ha mouatky XXI cToJsiTTa nporpaMy MaTeMaTUYHOTO
amapaTy Hodaju BigHoBJOBaTMCA. Bysm pospobJieHi creri-
aJbpHI MaTeMaTuUuHi 0i0JsioTeku, B AKUX BMKe [epeBipeHi
QJITOPUTMM 4YMCEJbHMUX MeTOHiB Oyiy IepenmcaHi HOBUMM
3acobammu mnporpamyBaHHA. Jlo Henousiky Takux 06ibisioTex
BIJHOCUTBHCHA iX 3aKPUTICTD 1 Te, 1110 BOHM PO3HOBCIOMKYIOThCH
3a IJIAaTHOIO JilleH3iel0 abo HE3AKOHHUMM «IIipaTChKVIMN»
komiaMyu. OpHMMM 3 HaOIIBII IONMYJAPHUX MOB Iporpa-
MyBaHHA Iodajia XXI CTOJITTA IPOJOBKYIOTH 3aJMIIATUCH
Pascal, C, C++ i Tomy mozibHi.

o Oesmepeunux poctoiHcTB MOBU JavaScript BimHO-
cuTbCcA 11 JOCTYINHICTE 1 BiZKpHUTa apXiTeKTypa, XOpolli
3acobu 1A BUBENEHHA JaHMX B IHTepHeT-Opaysepwn,
daxTyyHa OE3KOIITOBHICTE Ta BiJbHE PO3IOBCIONKEHHA
6ibsriorek mporpam Ha JavaScript. Xoda 10 mMoBa I Mae
b6arato cxoskoro 3 C++ (came Ha jtoro 6azi Oysa mobymoBaHa
cucreMa kKomaHp JavaScript), izmeosioria mporpamMyBaHHA Ha
JavaScript nomiTHO Binpisuaereca Big C ta C++, mBupire
Haraaylo4m «IIpocyHyTi» Bepcii moBu PL/1 Ta noxidbHux paH-
HIX MOB CTPYKTYPHOTO IIPOrpaMyBaHHA.

IIpakTnuno HIXTO 3 PO3POOHUKIB CydacHUX MaTeMa-
TUYHUX IIpOrpaM He BUKOPUCTOBYe BOyZOBaHy B Opaysepn
MOBY IporpamyBaHHA JavaScript nja npoBeneHHA MaTe-
MaTUYHNX 00uMcIieHb. I MoBa HallyacTille BUKOPUCTOBY€EThHCA
IJIA CTBOPEHHA JMHAMIYHOTO [Au3aliHy BeD-CTOPIHOK Ta
nonepeAHboi 00poOKM maHux Beb-muM3aliHepaMmu, a He
nporpamicTaMy fAK TaKUMIL.

IIpaitoroun BeO-mM3aliHepPoOM, CTBOPIOHOYM Beb-caiiTu,
BeO-cTOpiHKM 1 mporpammu Ha JavaScript ma «KJi€HTCHKOI
CTOPOHM», aBTOP 3MOIJVIa [O0AYUTH IIPAKTUYHO HeoOMerKeHi
MOXKJIMBOCTI Ta MNPUTOJOMIIIMBY THYYKICTb Iiiei MOBM 1
3pyuHicTh ii BacTocyBaHH#A, fAKka abCOJIOTHO HeE3aCJIYsKeHO
He BUKOPUCTOBYETHCA B MaTeMaTUYHOMY IIpPOrpaMyBaHHI.
3 MeTOI0 IIOKasaTu IlepeBarM IIporpecuBHOi MoBu JavaS-
cript aBTOp pO3pobMIa cepilo MaTeMAaTUYHUX MPOTPaAM MJiA
o0uyCJIeHHA 3HAYEeHb CIeNiaJbHUX (PYHKII.
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Mosa JavaScript cTBoOpioe meBHI TpyAHOII AJiA
Cy4YacHMX mOporpamictiB 3 0cobamBO [JdA HOporpamicrie-
MaTeMaTMKIB — aBTOp He 3ycTpidaJa IIporpaM 3 apCceHay
MaTeMaTUYHOI'O alapary i 4MceJbHNX MeTOiB, peaJsi30BaHUX
3acobamm moBu JavaScript.

I Toro, 11100 CKJIagaTy peaJibHi KOMePIiiiHI mporpaMm
Ha Iiii MOBi, HEIOCTAaTHbBO BMBYUTM IIPOTPAMYBaHHA HAK
BOHO € 1 cucrtemy komaHp JavaScript. BuBegenua manux 3
MoBu JavaScript Mae cBOW0 XapaKTepHY creln@iky — BOHO
spaiiicaoeTsea y popmi HTML- i XML-koxiB i Beb-cTopiHOK
B inTepHeT-Opayzep. MoBa JavaScript TicHo moB’sAzaHa 3
MOBaMM TIIEPTEKCTOBOI PO3MITKM 1 € HeBim'eMHUM BOyIIO-
BaHMM 00’€KTOM y BeO-CcTOpiHKAX.

Jnsa miniMaJbHOTO O(OPMJEHHSA BUBENEHHA OaHUX 3
nporpam, HanucaHux Ha JavaScript, HeoOxigHe eJeMeHTapHE
spanHa HTML- i XML-pasmetkn. I'nmnboke sx 3HaHHA Beb-
IU3aliHy 1 MOBU IiIlepTEKCTOBOI PO3MITKM 1I03BOJISAE€ BUBOAUTH
Ha eKpaH MOHiTOpa JlaHi MPaKTUYHO OyJb-AKOTO Bi3yaJIbHO-
OpuBabIMBOro AM3aiHy i 0pOpMIIEHHA.

Hanseuuaiino 3pydyHMM 3ac000M /IS PO3IOBCIONKEHHA
Ta oOMiHy mnporpam, HammcaHuMX Ha MoBi JavaScript, €
raobasbHa Mepesxka IHTepHer. BOynoani y BeO-cTOpinKmM
IporpaMy MOXKYTb PO3MIIyBaTHUCA Ha IHTepHeT-calTax fAK
B nyOJsigHOMy, Tak i B KOH(igeHUiTHOMY (m1aTHOMYy abo
IIapOJIBHOMY) pesKkuMax. BUKOHYIOTbCA HalMCaHi IIporpammu
Ha cropoHi Kiienra B 7ioro iHTepHeT-Opaysepi, Tomy cep-
BepHA CTOPOHA AJIA 004MCIIeHb He 3aJliI0€EThCH.

Kopucrysau manmcanmx Ha MoBi JavaScript mporpam
MOYKe He MaTu OcOOJMBMX HABMYOK pPOOOTH B CHEIliaJbHUX
IIPOrPaMHMX IIaKeTaX, He BCTAHOBJIOBATM IOPOTMX KOMep-
LifiHMX IporpaM i He KyIyBaTy OCOOJIMBMX JilleH3it — jiomy
IOCUTb MaTM iHTepHeT-Opaysep Ta eJIeMeHTapHI HaBUYKMU
KOpMCTyBaua Mepexxki IHTepHeT.

Insa B30epelkeHHA pel3yJbTaTiB o004YMCJIEHb JIOCUTh
36epirtu BeO-cTOPiHKY, 110 OyJia 3reHepoBaHa JavaScript’om,
Ha JIOKAJIbHUII KOMII'IoTep abo CKOomiroBaTM MaHi 3 iHTEpHET-
Opaysepa B OynOb-AKMiI 3pydHMII KOPUCTyBaueBi HONAaTOK
(3orpema odpicamit). MoxHa TakoX BiAIIpaBUTU JaHI HA APYK
Ha mpuHTep abo y daitn PDF, Hamani mposiBmm oOpobKy
uboro paiiory B Oispln yHiBEepcasbHOMY popMaTi.
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§ 2. [Iporpamue oouucaenns pynkuii becesns

Y § 5 posginy 2 OyJsio oTpuMaHe KJacudHe PO3KJIAJeHHA
B papn ¢yHKNiN Becess 3 BMKOPUCTAHHAM TraMMa-(yHKIIN
Eninepa, a came:

(g e

im0 K!T(zv+k+1)

IIpukymanui obuucieHHA 3HadYeHb QYHKII Becessa
B OKOJI HyJ A IJA MajJux iHAeKCiB i3 3aJaHOI0 TOUYHICTO 3
BUKOPMUCTAHHAM KOMII'IOTEPHUX TEXHOJOTII 3aCHOBaHO came
Ha ITbOMY PO3KJIaNeHHI B paA.

(25.7)

HJana ¢opmyna He MoKe OyTM BUKOpHUCTaHA MJid
obuncyeHb 3HaUYeHb (PYHKIIN Becena mpu ninmx HeraTMBHUX
3HAYEeHHAX IHJEKCy, OCKIJIbKM B HBHOMY BUIJIAAl BOHa
BUPOIIKYy€eThbCcA. IIpy 3HAXOMKeHH] 3HaYeHb (PYHKIi Becessa
3 HaIBIIIMM IHZEKCOM TaKOYX BMKOPUCTOBYIOTbCA IHIII
PO3KJaleHHA — B KiHIleBUI pAJ B ABHOMY BUIJIA]L.

Ilpocpama 1. ObOuucnenns snauenv @yukyiu becens
npu Yinux HeHe2amueHUX 3HAYeHHX IHOeKCy Ha 0a3i pauiuie
OMPUMAHO20 PO3KIAOEHHS 8 PO

k 2k
(xS (=) @/2)
J, () (2) ,Eo K (n+k)!

OCKIJBKM PO3PaXyHKU IIPOBOAATHCA HA IIEPCOHAJJIBHUX
KOMIT'IOTEpax 3 32-pO3pANHUM IIpefCTaBJEeHHAM aHUX, I
MmoBa JavaScript po3paxoBaHa came Ha Take IIPeACTaBJIEHHHA
iHopmarii, My MOKEeMO ITPOBOAUTY PO3PAXYHKY 3 PO3YMHOIO
TOYHICTIO (IIOTPIIIHICTIO), 110 He nepeBuinye E = 107,

npu =0 (258)

Juia 6isbIno] yacTUHM DPUKIIASHUX 3a1a4 I1i [IOKa3HUKU
HOTPINTHOCTI O0YMCJIEHb € [OOCTAaTHIMM 1 3aJI0BIJIbBHUMMN.
Benury wacTmry o0uMciieHb MOKHA IIPOBOOUTH 3 MeH-
o0 TorpimmicTIo — mopaaky E = 10°. Anropurmm, mo
IPUBOAATHCA, € CTIKMMM i BpaXOBYIOTb HETATMBHI 0colJim-
BOCTI 32-pO3PANHOTO IPEJCTaBJIEHHA. BMKOpPMCTAHHA IIMX
nporpam fuis 64-po3pAHOTO IpeACcTaBJIeHHA He Ma€ HiAKUX
YCKJIATHEHb i 00MesKeHb.
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Bigmosiguo o (2.5.8) mouaTkOBUII YWieH PALY PO3KJA-
IeHHA QPYHKIIN Becessa obumciaoeTbed 3a POPMYJION:

a, = (%)"1_' (4.21)

Kosken nomanpmmit 4jgeH IbOTO PAAY MoKe OyTu
oburcIIeHNiT BiTIOBIAHO /10 pEKYPEHTHOrO BiTHOIIIEHHSA:

2
a, —q (L&) (422)
kTl ke (ntk)

Ha nincrasi nboro nporpamMumii MonyJsb Ha MOBi Java-
Script maa poapaxyHKyY 3HaueHb (pyHKIii Becena 3 1inum
HEHeraTUBHUM iHJeKcoM, BOynoBaHMII y BeO-CTOpiHKM 1
TaKwuii, II0 IPOBOOUTH oOuMcJeHHA 0e3 OKpyIJIeHHA i3
3aJJaHOI0 TOYHICTIO (TIOTPIIIHICTIO), MOYKe Oy TI TpeICTaBJIEHUIT
HAaCTYIIHMM UMHOM:

<script type="text/javascript”>
function NNBessel(x,n,eps)

{
var Emax = 1E-13; /* MakcuManbHa norpimuicrte */
var Emin = 1E-6; /* MminiManesHa morpimHicTp */
if (x == null) x = 0; /* 3miHHa */
if (n == null) n = 0; /* iHzerc QyHRUiI */
if (eps == null) eps = Emin;
eps = Math.abs(eps);
/* pmani BunpaBreHHA 1 Kopekuis 3abopoHeHi */
if (eps > Emin) eps = Emin; /* BumpaBneHHa */
if (eps < Emax) eps = Emax;
X = Math.abs(x);
n = Math.abs(n); /* ORpyrineHHs iHZekrcy */
n = Math.floor(n);
var ak = 1; /* 3MinHi iTepauii */
var s = 0; /* 3MinHi - cyMma psaay */
var k = 0; /* HyMepauis unenim paay */
var i = 1;
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/* OGYHCIIEHHS HYIBLOBOTO ulleHa pany */
for (i = 1; 1 <= n; i++) ak = ak * x / 2 / i;

/* OBuYHCNeHHs pAAy i3 3aZaHoo MorpimHicTio */
while (Math.abs(ak) > eps)

{
s = s + ak;
k =k + 1;
ak = (-1) *ak * x * x / (4 * k * (n + k));
L}

/* BumpaBleHHs norpimHocTi Ta pacxoZuMOoCTH */
if (Math.abs(s) < Emax) s = 0;
if (Math.abs(s) > 1) s = 0;

/* MOBEepHEHHA OTPUMAHOTO 3HAYEHHA CYMH pany */
return s;

}
</script>

Burnuk pospaxysry dpyukuii Becena 3 minum ingexcom
IPOBOAUTBLCA ILIAXOM BUKJIUKY NNBessel (x,n,eps), Oe

X — 3HaYeHHSA 3MiHHOI;
n — HOMep iHmekcy (yHEIii Becens;
eps — TOYHICTH (MIOTPIIIHICTE) 00UMCIIEHD.

fIkiio Bka3aHi 3HaYeHHA He Oy Ay Th 3aJaHi B TapamMmeTpax
1 He BMB3HAYEHi, TO 3a YMOBYaHHAM NPUIMalOTbCA HACTYIIHI
3HAYEHHA 3MiHHUX NJs (pyHKIi NNBessel:

x = 0 — 3HAYEeHHA 3MiHHOI,
n = 0 — HOMep iHzmeKcy yHKLiI Becess;
eps = 1lE-6 — TOYHIiCTB (TIOTrpilnIHicTE) 00YNCIIEHD.

Bci Braszani 3Ha4YeHHA 3MIHHUX MOMKYTb OyTu mnepe-
BMBHAaUeH] Ta 3asiaHi Oe3rocepenHbO KOPUCTyBadeM B TEKCTI
caMoi ImporpamMy — B ABHOMY BUTJIAL].

IIporpama &KOpeKTHO mnpaIfoe y BCiX OOIIMPEHUX
iHTepHeT-Opay3epax Ha KOMII'IOTepax He HMMKYEe HIXK i3
32-po3pANHMMM IIpeJCTaBJIEHHAMM, NPU 3HaUeHHAX I[JIOTO
inmexkcy n Bin 0 go 10 (iHzekcu OKPYIVIAIOTHCA) 1 IIpu
3Ha4YeHHAX 3MiHHOI x Big 0 opienToBHO A0 50 Ta MEHIIL

fxHalikpanyi pe3yiabTaTy OOUYMCJIEHB CIOCTEPIraroThbCs
IpY MaJMX 3HAYEeHHAX IHIEeKCy B JeAKil OKOJII HyJId.
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Ha npaxtuni xopmcrtyBaueBi MoOske 3HazmobuTuca
BiKe TOTOBUII BMKOHYBAHUII MOAYJb — fAK IJA O0YUMCIIEHBb
KOHKPETHNX 3HaueHb (PYHKIiV Becens 3 11inyM HeHeraTMBHUM
IHZEeKCOM, TaK i NJIA OTpMMaHHA TabJuIlb 3HA4YeHb (PYHKIIi
Becesa i HaBiTe BidyasapHOI mobynosu rpadikis Ha MoHiTOpI.

IIpuBomutrbca mnoBumit HTML-konm  BebG-CcTOpPIHOK,
AKuil 0e3 3MiH HeoOXiHO 3amMcaTy B TEKCTOBUII haitg B
0yIob-AKOMY TEKCTOBOMY pPeIaKTOpPOBi, BCTAHOBMBIIM IOMY
crneniaJsibHe po3mupeHHsa htm abo .html. AkTusysaBmu daiin
B iHTepHeT-Opays3epi B JIOKAJIbHOMY pPeKUMi (HaIIpUKJIAZ,
MOABIIHMM KJIAI[AaHHAM MMUIIL II0 iMeHi daiiamy abo mpasBoro
KHOIIKOIO MUIIT), KOPUCTYyBad 3MOKe IPOBecTy Bci HeobOximHi
JIOMy PO3pPaxyHKIL.

Y Koni, 1110 TPUBOAUTLCA, BUKOPUCTAHUY MiHIMaJbHUNA
IV3aiiH 7 cTpore o(OpPMJIIEHHA, fAKe MOoKe OyTu 3MiHeHe
HIJIAXOM 3acTocyBaHHA cTuiiB i CSS.

OcobauBicTIO TaHMX IPOTPAM € 3BIT PO XiJ] BUKOHAHHA
004MCITIOBAJIBHOTO IIpollecy, AKMI 3MIHIOETbCA Ta IPYKYETbCHA
BHU3Y BiKHa B pANKY CTaHY iHTepHeT-Opaysepa. PeaynbraTn
BMKOHAHHA IporpaMm y Buraazni tabammi abo rpadika
JEeMOHCTPYIOTbCA B HOBOMY BIKHI, III0 BiIZKpMBae€TbCcA 3
MOMEHTY 3aIlyCKy IIPOrpPaMIL.

Haui orpuMmaHi pe3ysnbTaT pO3paxyHKIiB MOXKYTbE O0yTHU
30epeskeHi Ha JIOKaJBHUI KoMIT'loTep abo ckomiioBaHi B
Oynb-saKe odicHy abo iHITY cymicHY ITporpamy.

HeobOxinno Takosx mam’sTatu, mo B MoBi JavaScript
IEeCATKOBI ApoOM 3ammucyioTbCcA 3 PO3MIIBHUMKOM y BUTJIAMI
KpaIkKy, TOMy KOMY B UMCJIaX BUKOPUCTOBYBATU 3a00POHEHO.

Hacrynna mnporpama mnpoBoauTs noOyzoBy Tabsmiii
3Ha4YeHb s PYHKIiH Becesna i3 3ajaHuMM IiauM iHZEKCOM
Ta 3MiHHUMU. PeKOMeHyeETbCA CTBOPUTU TEKCTOBUIT paiii 3
iM’am i posummpeHHEaM TabBessel.html

<html>
<head>
<title>dyHruil Becensa :: Tabnuusg 3HadyeHb</title>

<script type="text/javascript”>
/* ®yHKIUis BHBeZeHHsa Tabnuui ®HK. Becensa */
function TabBessel()

128

/* KOXHOTro pa3y BiIKpHBaeThCH HOBe BiKHO */

var msgWindow = Math.random() * 1000000;

msgWindow = Math.floor (msgWindow) ;

MsgBox = window.open(“”,msgWindow,”"toolbar=yes,locat
ion=yes,scrollbars=yes,directories=yes, status=yes,menu
bar=yes,resizable=yes”);

/* BU3HAYEeHHS 3MiHHUX */
var Emax = 1E-12;

var Emin = 1E-1;

var PEmax = 12;

var PEmin = 1;

var i = 0; var j = 0;

var indexl = Math.floor (document.formd.indexl.value);
var index2 = Math.floor (document.formé.index2.value);
var delta = Math.abs(document.form4.delta.value);
var eps = Math.abs(document.form4.eps.value);

/* HNpUBeNeHHA KOHCTAHT [O AONYCTHMHX 3HA4eHb */
if (delta < Emax) delta = Emax;

if (eps < PEmin) eps = PEmin;

if (eps > PEmax) eps = PEmax;

if ((indexl < 0) && (index2 < 0))
{ indexl = Math.abs(indexl);
index2 = Math.abs(index2); }
else if ((indexl < 0) && (index2 >= 0))
{ index2 = Math.max(-indexl,index2);
indexl = 0; }
else if ((indexl >= 0) && (index2 < 0))
{ index2 = Math.max(indexl,-index2);
indexl = 0; }

if (index2 < indexl)
{ var index0 = index2;
index2 = indexl; indexl = index0; }

var NN = index2 - indexl + 1;
var iksl = Math.abs(document.formé4.iksl.value);
var iks2 = Math.abs(document.formé4.iks2.value);

if (iks2 < iksl)
{ var iksx = iks2; iks2 = iksl; iksl = iksx; }
var iks = iksl;
var ind = indexl;
var Bessel = 0;
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var delta2 = delta; /* Goporsba 3 OKpPYTIJTIEHHAM */
var p = 0; /* TOpPANOK CTYNEeHs KPOKYy */
var a = new Array();

/* BH3HAYEHHS NOPHAAKY CTYIEHsS KPOKy p */

while (Math.abs(delta2 - Math.floor(delta2)) > Emax)
{ delta2 = delta2 * 10 - Math.floor(delta2 * 10);
p=p+1;}

/* BUBEIEHHSA 3aroloBKa CTOPiHKM i Tabmumi */

MsgBox.document.writeln( ‘<html><head><title>®yHKuil
Becens :: Tabnuus 3HadeHb</title>');

MsgBox.document.writeln(“<meta http-equiv='content-
type’ content='text/html; charset=windows-1251' /></
head>");

MsgBox.document.writeln(“<body><table style=’'font-
size: 9pt; text-align: right; font-family: verdana,ari
al,helvetica’><colgroup><col width='100' />");

for (i = indexl; i <= index2; i++) MsgBox.document.
writeln(*“<col width='150" />");

MsgBox.document.writeln(“</colgroup><tbody><tr
style='text-align: left; font-weight: bold;’'><td>x</
td>");

for (i = indexl; i <= index2; i++) MsgBox.document.
writeln(“<td style='text-align: right; font-weight:
bold; '>J<sub>",i,”</sub> (x)</td>");

var Miterac
var Niterac

Math.floor((iks2 - iksl) / delta) + 1;
1; var deltal = iks;

while ((Niterac <= Miterac) && (deltal < iks2))
{ deltal = iks; /* GopoTbba 3 OKpPYTJIEHHAM */
deltal = Math.round(deltal * Math.pow(10,p)) /
Math.pow(10,p);
MsgBox.document.writeln(“</tr>\n<tr><td
style='text-align: left; font-weight:
bold;’'>",deltal,”</td>");
/* 3amnuc mpo iTepauiio B paZOK cTaHy */
MsgBox.document.writeln(‘<script type="text/
javascript”>window.status=(“BuKOHyeTbCca iTepauisa ansa
apryMeHTy X = ‘+deltal+’ !! “)</’'+’'script’'+'>');
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/* BUKIHMK 3HaveHb QyHKUi#E i sanuc B TabGnumo */
for (i = indexl; i <= index2; i++)
{ Bessel = NBessel(iks,i,eps);
MsgBox.document.writeln(“<td>",Bessel,”</td>");

iks = iks + delta;
Niterac = Niterac + 1;

}

/* 3aRpuUTTA KOAiB Tabnuuli Ta BeG-CTOpPiHRH */
MsgBox.document.writeln(“</tr></tbody></table>");
MsgBox.document.writeln(“</body></html>");
MsgBox.document.close();

}

/* OTpuMaHHA 3HauyeHHA ®HK. Becens 3 OKPYTIIEeHHAM */
function NBessel(x,n,Peps)

{

var k = 0; var i = 1;

I~

var Emax 1E-12; /* rpaHu4yHa norpimuicte */
var Emin = 1E-1; /* miniManesHa norpimmicTtp */
var PEmax = 12;

var PEmin = 1;

if (n == null) n = 1;

if (x == null) x =
X = Math.abs(x);

n Math.abs(n); /* ORpyTrJIeHHs iHZekKcy */
n Math.floor(n);

var eps = 1;

if (Peps == null) Peps = PEmin;
Peps = Math.abs(Peps);
eps = 1 / Math.pow(10,Peps);

|
o
~e

if (eps > Emin) eps = Emin;
if (eps < Emax) eps = Emax;

/* Po3paxyHOK 3HaueHb ®HK. Becens 6e3 OKpyTNeHHa */
var ak = 1;

var s = 0;

for (i = 1; i <= n; i++) ak = ak * x / 2 / i;

while (Math.abs(ak) > (eps / 10))
{ s = s + ak;

k=k + 1;
ak = (-1) *ak * x * x / (4 * k * (n + k));
}

}
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/* BUIpaBIIeHHA HorpimHocTi Ta pacxomumocTH */
if (Math.abs(s) < Emax) s = 0;
if (Math.abs(s) > 1) s = 0;

/* BUBEIEHHA KOPEKTHOT'O OKPYIJIEHHS OTPHMaHOL cyMu */
var sgnm = 0;

if (s > 0) sgnm =
if (s < 0) sgnm
s = Math.abs(s);

I
=
~e

_1;

var a = new Array();
a[0] = Math.floor(s);
a[l] = ll.ll;

var str = s - a[0];

for (i = 2; i <= (Peps + 2); i++)

{ a[i] = Math.floor(str * 10);
str = str * 10 - Math.floor(str * 10);
}

k = Peps + 2;
if (a[k] > 4)
{k=k -1;
if (k == 1) k = 0;
alk] = af[k] + 1;
while ((a[k] > 9) && (k > 0))
{ alk] = 0;
k =k - 1;
if (k== 1) k

= 0;
alk] = a[k] + 1;

}
}
/* 3MUTTA OTpUMaHOl Tabnuui B €AWHUH pAnoK */
a.pop();
if ((sgnm == -1) && (a.join(“”) > 0)) a.unshift(“-");

s = a.join(“");

/* NOBEepHEeHHs KOPEeKTHO OKPYIJIEeHOro pe3ynbTaTty */
return s;

}

</script>
</head>

<body>

<!-- ToyaTok BiApHCOBKH GOpPMH 3amUTy -->
<form method="post” name="form4” id="form4”>
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dyHrRuil Becena iHAeRcy n Bix <input type="text”
name="index1” id="indexl1” style="width: 50px; height:
22px; border:#5a7381 1lpx solid;” /> mo <input
type="text” name="index2” id="index2” style="width:
50px; height: 22px; border:#5a7381 1lpx solid;” />

3 ORpyrmeHHaM i morpimmicTio 10 <input type="text”
value="-6" name="eps” id="eps” style="width: 50px;
height: 22px; border:#5a7381 1lpx solid;” />

<br /><br />InTepBan 3MiHHOI x Bia <input type="text"”
name="iksl” id="iksl” style="width: 50px; height:
22px; border:#5a7381 1lpx solid;” /> mo <input
type="text” name="iks2” id="iks2” style="width: 50px;
height: 22px; border:#5a7381 1lpx solid;” />

3 KpoRoM <input type="text” value="1E-1" name="delta”
id="delta” style="width: 50px; height: 22px;
border:#5a7381 1px solid;” />

<input type="button” value="Tabnuua #HK. Becena”
onClick="TabBessel ()" style="width: 180px; height:
22px; border:#5a7381 1lpx solid;” />

</form>
</body></html>

MoskHa Jierko Big3HaunTH, 1110 6e3rocepeiHe 00U CIeHHA
sHayeHb (pyHKIii Becensa szalimae mesnHauumit 06’em mporpa-
Mu — He 6inbire 5%.

Biussko 95% o00’emy TekcTy mporpaMu 3aliMaloThb
IIepeBipKM KOPEKTHOCTI BBEJIEHUX JaHUX, iX BUIIPABJIIEHHH,
opraHisalia BuBeJeHHA pe3yabTaTiB obuucieHb y dQopMi
TabJmili Ta BeO-CTOPIHKY B KOPEKTHIiN (popMi Iicsisg okpyTyIeHHA
(B T.u. 31 BciMa HYJIAMM B KiHIII 4mceJI).

HeobxinnicTs reneparrii Koxis rineprexkcToBoi po3MiTEM
B XOJl BMKOHaHHA IIporpaMy HajfdacTillle 1 BUKJIMUKAE
CKJIQTHOIIl y IpOTpaMicTiB, He 3HAMOMUX i3 BeO-IM3aliHOM.
IIpore me x came pobOurh mporpammy Ha MoBi JavaScript
3pYYHMMM i mpocTuMM AJiA iX KiHIIeBOro KopyucTyBada.

IIpuBenennit TexcT mporpaMm mopales3faTHUI — J0To
MOSKHA BIMKOPMCTOBYBATM [HJA OOYMCIIEHB. §IK TpUKJIAn
npuBeneMo Tabisuni 3HadeHb (yHKNIN Becesa, orpumani
3a JIOIIOMOIOI0 CIIPaBYKHLOI IIporpamMu. BurpaueHuit Ha

PO3paxyHKM i BUBeEeHHA JaHUX YacC CKJIAB 2-3 CEKYHIONU. 13
1



Dyuxuuu Beccena ungexcan ot III no E € OKPYTJIEHHEM M MOTpeIHocTRIO 10
HnTepBan nepeMeHHOH X OT E no @ ¢ marom [1E-1

|| Ta6nvua PHK. Beccens |

x 3o ) J, ) J, (%) 4, (x) 4, (%) g (x) Jg X)
0 1.000000 | 0.000000 | O 0 0 0 0

0.1 0.997502 | 0.043938 | 0.001249 | 0.000021 | 0.000000 | 0.000000 | 0.000000
0.2 0.990025 | 0.099501 | 0.004983 | 0.000166 | 0.000004 | 0.000000 | 0.000000
0.3 0.977626 | 0.148319 | 0.011166 | 0.000559 | 0.000021 | 0.000001 | 0.000000
0.4 0.960398 | 0.196027 | 0.019735 | 0.001320 | 0.000066 | 0.000003 | 0.000000
0.5 0.938470 | 0.242268 | 0.030604 | 0.002564 | 0.000161 | 0.000008 | 0.000000
0.6 0.912005 | 0.286701 | 0.043665 | 0.004400 | 0.000331 | 0.000020 | 0.000001
0.7 0.881201 | 0.328996 | 0.058787 | 0.006930 | 0.000610 | 0.000043 | 0.000003
0.8 0.846287 | 0.368842 | 0.075818 | 0.010247 | 0.001033 | 0.000083 | 0.000006
0.9 0.807524 | 0.405950 | 0.094586 | 0.014434 | 0.001641 | 0.000149 | 0.000011
1 0.765198 | 0.440051 | 0.114903 | 0.019563 | 0.002477 | 0.000250 | 0.000021
1.1 0.719622 | 0.470902 | 0.136564 | 0.025695 | 0.003588 | 0.000393 | 0.000037
1.2 0.671133 | 0.498289 | 0.159349 | 0.032874 | 0.005023 | 0.000610 | 0.000061
1.3 0.620086 | 0.522023 | 0.183027 | 0.041136 | 0.006831 | 0.000901 | 0.000099
1.4 0.566855 | 0.541948 | 0.207356 | 0.050498 | 0.009063 | 0.001290 | 0.000152
1.5 0.511828 | 0.557937 | 0.232088 | 0.060964 | 0.011768 | 0.001799 | 0.000228
1.6 0.455402 | 0.569896 | 0.256968 | 0.072523 | 0.014995 | 0.002452 | 0.000332
1.7 0.397985 | 0.577765 | 0.281739 | 0.085150 | 0.018790 | 0.003275 | 0.000472
1.8 0.339986 | 0.581517 | 0.306144 | 0.098802 | 0.023197 | 0.004294 | 0.000657
1.9 0.281819 | 0.581157 | 0.329926 | 0.113423 | 0.028253 | 0.005538 | 0.000897
2 0.223891 | 0.576725 | 0.352834 | 0.128943 | 0.033996 | 0.007040 | 0.001202
2.1 0.166607 | 0.568292 | 0.374624 | 0.145277 | 0.040453 | 0.008828 | 0.001587
2.2 0.110362 | 0.555963 | 0.395059 | 0.162325 | 0.047647 | 0.010937 | 0.002066
2.3 0.055540 | 0.539873 | 0.413915 | 0.179979 | 0.055596 | 0.013397 | 0.002653
2.4 0.002508 | 0.520185 | 0.430980 | 0.198115 | 0.064307 | 0.016242 | 0.003367
2.5 -0.048384 | 0.497094 | 0.446059 | 0.216600 | 0.073782 | 0.019502 | 0.004225
2.6 -0.096805 | 0.470818 | 0.458973 | 0.235294 | 0.084013 | 0.023207 | 0.005246
2.7 0.142449 | 0.441601 | 0.469562 | 0.254045 | 0.094984 | 0.027388 | 0.006452
2.8 -0.185036 | 0.409709 | 0.477685 | 0.272699 | 0.106669 | 0.032069 | 0.007863
2.9 0.224312 | 0.375427 | 0.483227 | 0.291093 | 0.119033 | 0.037276 | 0.009503
3 0.260052 | 0.339059 | 0.486091 | 0.309063 | 0.132034 | 0.043028 | 0.011394
3.1 0.292064 | 0.300921 | 0.486207 | 0.326443 | 0.145618 | 0.049345 | 0.013559
3.2 0.320188 | 0.261343 | 0.483528 | 0.343066 | 0.159722 | 0.056238 | 0.016022
3.3 -0.344296 | 0.220663 | 0.478032 | 0.358769 | 0.174275 | 0.063717 | 0.018806
3.4 0.364296 | 0.179226 | 0.469722 | 0.373389 | 0.189199 | 0.071785 | 0.021934
3.5 -0.380128 | 0.137378 | 0.458629 | 0.386770 | 0.204405 | 0.080442 | 0.025429
3.6 0.391769 | 0.095466 | 0.444805 | 0.398763 | 0.219799 | 0.089680 | 0.029311
3.7 0.399230 | 0.053834 | 0.428330 | 0.409225 | 0.235279 | 0.099485 | 0.033601
3.8 -0.402556 | 0.012821 | 0.409304 | 0.418026 | 0.250736 | 0.109840 | 0.038316
3.9 -0.401826 | -0.027244 | 0.387855 | 0.425044 | 0.266059 | 0.120718 | 0.043474

x Jo (X) J, (x) J, (x) J5 (x) J, (x) Jg (x) Jg (x)

4 -0.397150 | -0.066043 0.364128 0.430171 0.281129 0.132087 0.049088
41 -0.388670 | -0.103273 0.338292 0.433315 0.295827 0.143908 0.055168
4.2 -0.376557 | -0.138647 0.310535 0.434394 0.310029 0.156136 0.061725
4.3 -0.361011 | -0.171897 0.281059 0.433347 0.323611 0.168720 0.068761
4.4 -0.342257 | -0.202776 0.250086 0.430127 0.336450 0.181601 0.076279
4.5 -0.320542 | -0.231060 0.217849 0.424704 0.348423 0.194715 0.084276
4.6 -0.296138 | -0.256553 0.184593 0.417069 0.359409 0.207991 0.092745
4.7 -0.269331 | -0.279081 0.150573 0.407228 0.369293 0.221355 0.101676
4.8 -0.240425 | -0.298500 0.116050 0.395208 0.377960 0.234725 0.111051
4.9 -0.209738 | -0.314695 0.081292 0.381055 0.385307 0.248017 0.120850
5 -0.177597 | -0.327579 0.046565 0.364831 0.391232 0.261141 0.131049
5.1 -0.144335 | -0.337097 0.012140 0.346618 0.395647 0.274004 0.141616
5.2 -0.110290 | -0.343223 |-0.021718 0.326517 0.398468 0.286512 0.152516
5.3 -0.075803 | -0.345961 |-0.054748 0.304641 0.399625 0.298567 0.163708
5.4 -0.041210 | -0.345345 |-0.086695 | 0.281126 0.399058 0.310070 0.175147
5.5 -0.006844 | -0.341438 |-0.117315 0.256118 0.396717 0.320925 0.186783
5.6 0.026971 | -0.334333 |-0.146375 | 0.229779 0.392567 0.331031 0.198560
5.7 0.059920 | -0.324148 |-0.173656 | 0.202284 0.386586 0.340293 0.210420
5.8 0.091703 | -0.311028 | -0.198954 | 0.173818 0.378766 0.348617 0.222298
5.9 0.122033 | -0.295142 | -0.222082 0.144579 0.369111 0.355911 0.234127
6 0.150645 | -0.276684 | -0.242873 0.114768 0.357642 0.362087 0.245837
6.1 0.177291 | -0.255865 | -0.261182 0.084598 0.344393 0.367065 0.257352
6.2 0.201747 | -0.232917 | -0.276882 0.054283 0.329414 0.370767 0.268597
6.3 0.223812 | -0.208087 | -0.289871 0.024042 0.312768 0.373124 0.279493
6.4 0.243311 | -0.181637 | -0.300072 | -0.005908 0.294534 0.374075 0.289958
6.5 0.260095 | -0.153841 |-0.307430 | -0.035347 0.274803 0.373565 0.299913
6.6 0.274043 | -0.124980 |-0.311916 | -0.064060 0.253680 0.371551 0.309276
6.7 0.285065 | -0.095342 |-0.313525 |-0.091837 0.231283 0.367996 0.317965
6.8 0.293096 | -0.065219 |-0.312277 |-0.118474 0.207742 0.362876 0.325900
6.9 0.298102 | -0.034902 | -0.308219 | -0.143775 0.183197 0.356177 0.333002
7 0.300079 | -0.004683 |-0.301417 | -0.167556 0.157798 0.347896 0.339197
71 0.299051 0.025153 | -0.291966 | -0.189641 0.131706 0.338042 0.344410
7.2 0.295071 0.054327 | -0.279980 | -0.209872 0.105087 0.326635 0.348573
7.3 0.288217 0.082570 |-0.265595 |-0.228102 0.078114 0.313706 0.351621
7.4 0.278596 0.109625 | -0.248968 | -0.244202 0.050966 0.299301 0.353494
7.5 0.266340 0.135248 | -0.230273 | -0.258061 0.023825 0.283474 0.354140
7.6 0.251602 0.159214 | -0.209703 | -0.269584 | -0.003126 0.266293 0.353512
7.7 0.234559 0.181313 | -0.187465 |-0.278697 | -0.029702 0.247838 0.351570
7.8 0.215408 0.201357 |-0.163778 |-0.285346 |-0.055719 0.228198 0.348280
7.9 0.194362 0.219179 | -0.138873 |-0.289495 | -0.080996 0.207474 0.343621
8 0.171651 0.234636 |-0.112992 |-0.291132 |-0.105357 0.185775 0.337576
9 -0.090334 0.245312 0.144847 | -0.180935 |-0.265471 | -0.055039 0.204316
10 -0.245936 0.043473 0.254630 0.058379 | -0.219603 | -0.234062 | -0.014459
1" -0.171190 | -0.176785 0.139048 0.227348 | -0.015040 |-0.238286 |-0.201584
12 0.047689 | -0.223447 | -0.084930 0.195137 0.182499 | -0.073471 |-0.243725




3 IOIJIANYy HAOYHOCTI iHTepec ImpeACcTaBJIs€ CTBOPEHHA
MaTeMaTUYHO TOYHUX rpadikiB pyHkin Becensa B inTepBaJi,
Ha aAKoMy 3abesmeuyeTbcA 30KHICTL NPMBEIEHOTO BUIIE
aJgroputMy i mporpamm. Xoua 3acobm moBu JavaScript me
HAaal0Th MOKJIMBOCTell poboTu 3 rpadikoro AK Takoi Ta 3
BEKTOPHUMY KPUBUMM, BUABUJIIOCA MOKJIVBUM 3aMiHUTU IIeN
HeIoJIK iHIMMM 3acobamu.

0

Ha maumonry Bropi norkasaumil TouHMiI rpadik PyHKILIN
Becesa 3 0 mo 9 ingexcom B inTepsaJi Bix 0 o 20. Koedimient
pPO3TATHEHHA rpadika N0 BepTUKAJI piBHUM 4.

Tpagix nux dpysxiin 6yB BimMasboBaHUII IPOrpPaMOI0
Ha MOHITOpPi KOMIT'IoTepa 0e3 BMKOPWUCTAHHS OINOPHUX TOUYOK,
HaOuusKeHb ¥ ampokcuMmaniii. PospaXyHKM DpoBOAMINCA
IJIA KOYKHOT'O OKPEMOTO IIIKCeJs IIOYaTKOBOro 300pajskeHHd,
3 KpOKOM 1 pX, Ipu4YoMy OOHA ONUHUIA II0 FOPM30HTAJIL abo
Bepturaji — 100 mikcesis (0e3 ypaxyBaHHA PO3TATHEHHS).

IITo6 nobyayBaTu TouHe rpadivHe 300paKeHHs [IePIITNX
10 c¢yuruinn Becesna B inmtepsBasi Big 0 go 20, xomn’ioTep
BukoHaB (20 * 100) * 10 = 20 000 HabmxkeHNX OOUYMCIIEHb
3Ha4deHb QyHKLi DBecesd, BuxonAa4Ym 3 pPO3KJIAJIEHHA B
pan 6e3 okpyrieHHA. A po3paxyHKY 3HAUYEHHA (PYHKIL]
Becensa BuroHyBaJsioca B cepenHbOMY Bim 5 mo 25 itepariii,
10 cymapHo ckJjaajso 6sam3sko 300 000 irepariii.

®ynxuuu Beccensa ungexca ot |0 no EI

Hurepban nepeMeHHoHR oTEl mo (20 eNHHHUI
Koeddunuent pactaxenus rpaduxa no BepTHKATH
Koebduuunent pacraxenus rpadpuxa no ropusoHTAIU

BenuyuHH HHAEKCA IPUBOAATCA K LENBM HEOTPHLATENbHEIM SHAYE HHAM
B basoBom Bapuante 1 egununa = 100 px, TO4HOCTL BHYUCIEHHH

| [paduk PHk. Beccens |
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IlepconaspHOMY KOMIT'I0TEPY CepPEeRHbOI IIOTYKHOCTI Ta
inTepuer-6paysepy Mozilla Firefox B JsokasbHOMY pekumi
6yJi0 oTpiOHO 6JAMBBKO XBUJIMHM JJiA 3aKiHUeHHA 0064mCcIeHb
1 3aBepllleHHA IIOBHOI OTPMCOBKM IMX rpadikiB. B Toii sxe
gac O6paysepnu IE i Opera BuTpaTnam Ha aHAJOTiYHMII IIpoLEC
6sm3bpr0 10-15 XBUJIMH, IPM IIbOMY IPOLIEC CAMOi OTPUCOBKMU
rpacdikiB 0yB m00pe BUAMMMII i HAOYHMIL

Ha rpadirkax Bmpaso, mio ¢yuruii Becesma wHiIOuM TO
CILUNITAIOTBCA B I[IJbHUI JIPKIYT, AKNUI BCe IiJIbHIIIe
IPUTHUCKAETBCA 10 TOPM30HTAJIBHOI oci mmo Mmipi 3pocTaHHA
apryMeHTy i1 iHIgeKcy.

Jlo OCTOIHCTB aJIrOpuUTMy, III0 MIPUBOAUTBHCH, BiIHO-
CUTBbCA MaTeMaTH4YHa TOYHICTb, yHiBepcaJbHICTb 1 HAOUYHICTB,
MOKJIMBICTB 30epirTu pe3yabTaTy Ha KOMIT I0Tepi 3 Opayzepa
y Buraani danay. o HemoJikiB — [OOCTAaTHBO BEJIMKUI
o6’em paiiamy i cHOBiJIbHEHa IIBUIKICTH OTPUCOBKU IOTO
Opaysepamu.

Hacrynra nporpama npoBoauts modynoBy rpadikis g
dyuknin Becena i3 3agaHuMy IinyMmM iHAeKcaMM 1 3aJlaHUM
iHTepBaJIOM. PeKoMeHyeTbCs CTBOPUTM TEeKCTOBMIT paiiya 3
iM’aAM 1 po3uupeHHAM GraphBessel.html

<html>
<head>
<title>®yHkuil Becens :: nobyzoBa rpadukiB</title>
<script type="text/javascript”>
/* ®yHKLUisg BUBeZeHHa rpadika ®HK. Becena */
function GraphBessel ()

{

/* BinmkpuBaeThCcsa HOBe BikHO */

var msgWindow = Math.random() * 1000000;

msgWindow = Math.floor (msgWindow) ;

MsgBox = window.open(””,msgWindow, ”"toolbar=yes,locat
ion=yes,scrollbars=yes,directories=yes,status=yes,menu
bar=yes,resizable=yes”);

/* BuBeZeHHs 3arojloBKa BeG6-CTOpiHRU */
MsgBox.document.writeln(“<html><head><title>®yHKuil
Becens :: rpadpir</title>");
MsgBox.document.writeln(“<meta http-equiv='content-
type’ content='text/html; charset=windows-1251' />");
MsgBox.document.writeln(“<style>div { position:
absolute; } body { font-family: verdana, arial,
helvetica, sans-serif; font-size: 10pt; } </style></
head>"); MsgBox.document.writeln(“<body>"); 137



var step = 100; /* Konbopu IAnsg po3dapOboByBaHHA rpapikis */

var x1 = Math.abs(document.form5.iksl.value); var ¢ = new Array (“f££0000”,”0000£f£f”,”009900",
var x10 = Math.floor(x1); "b600b6”,”3399cc”,”8800ff"”,”12be8f”,”fbldal”, " c8a283",
var x2 = Math.abs(document.form5.iks2.value); "£26521")
var x20 = Math.floor(x2);
var eps = Math.abs(document.form5.eps.value); if (m < n) { var nn = m; m = n; n = nn; }
var n = Math.floor (document.form5.index.value); if (x2 < x1) { var xx = x2; x2 = x1; x1 = xx; }
var m = Math.floor (document.form5.indexl.value);
var koeff = Math.floor(Math.abs(document.form5.koeff. var Posx = 50;
value)); var Posy = koeff * 100 + 50;
if (koeff == 0) koeff = 1; var y = x = 0;
var koefg = Math.floor (Math.abs(document.form5.koefg. var yJ = xJ = 0;
value)); var yl = y0 = Posy;

if (koefg == 0) koeff = 1;
var BesselO = Bessel = 0;

/* lNo6ynoBa KOOPAMHATHHX Oce# */ var DimY0 = DimY = 1;
MsgBox.document.writeln(“<div style='top: 40px;
left: 50px;’'><table cellpadding='0’ cellspacing='0" var r = jl = j =1i = 0;
style='width: 1px; height: *“, (20 + koeff * 200),"px; var Maxx = Math.floor((x2 - x1) * step * koefq);
background-color: #5a7381;'><tr><td></td></
tr></table></div> <div style='top: 50px; left: /* NobynoBa rpadpika */
45px; '><table cellpadding='0’ cellspacing='0"’ for (j = n; j <= m; j++)
style='width: 10px; height: 1lpx; background- {
color: #5a7381;'><tr><td></td></tr></table></div> jl = j - n;
<div style='top: “,(50 + koeff * 200),"px; left: while (j1 > 9) jl = jl1 - 10; /* xonip rpadika */
45px; '><table cellpadding='0’ cellspacing='0"
style='width: 10px; height: 1px; background-color: xJ = jl * 90 + Posx;
#5a7381; '><tr><td></td></tr></table></div> “); yJ = Posy * 2 + (jJ - n - jl) * 3;
var ii = 1; /* HasBa QyHKUil BUOpaHHM KOIBOPOM */
for (ii = x10; ii < (x20 + 1); ii++) MsgBox.document.writeln(“<div style='color:
{ $#7,c[jl],"; top: *“,yJd,"px; left: “,xJ,"”px; height:
MsgBox.document.writeln(“<div style='font-size: 50px; ' >J<sub>",j,”</sub>(x)</div>");
8pt; color: #5a7381; left: “,(52 + (ii - x10) * 100 =*
koefg),"px; top: “,(60 + koeff * 100),”"px;’'>",ii,"</ DimY = 1;
div>"); Bessel0 = NNBessel(xl,j,eps);
Bessel = NNBessel(xl + 1 / step,j,eps);
MsgBox.document.writeln(“<div style='top: “, (45 if (BesselO < Bessel) r = 1; else r = -1;
+ koeff * 100),”px; left: “,(50 + (ii - x10) * 100 *
koefg), "px; '><table cellpadding='0’ cellspacing='0’ y0 = Posy - Math.round(BesselO * step * koeff);
style='width: 1lpx; height: 10px; background- y = Posy - Math.round(Bessel * step * koeff);
color: #5a7381;'><tr><td></td></tr></table></div> X = Posx + x1 * step;
<div style='top: “, (50 + koeff * 100),"px; left:
“,(50 + (ii - x10) * 100 * koefg),”px;'><table /* panok craHy */
cellpadding='0’ cellspacing='0’ style='width: “, MsgBox.document.writeln(‘<script type="text/
(100 * koefg),”px; height: 1lpx; background-color: javascript”>window.status=(“BuKOHyeTbCA iTepalisa
#5a7381; '><tr><td></td></tr></table></div>"); anga iHmekcy n = ‘+j+’ i apryMeHTty x = ‘+x1+’ !!
’ “)</'+'script’+'>");
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MsgBox.document.writeln(“<div style=’top:
“,y,"px; left: “,(x - x10 * 100),"px;'><table
cellpadding='0’ cellspacing='0’' style='width:
lpx; height: “,DimY,”px; background-color:
#7,c[j1],"; ><tr><td></td></tr></table></div>");

DimY0 = DimY; y0 = y;
if (Bessell < Bessel) r = 1; else r = -1;

for (i = 1; i <= Maxx; i++)
{
x = 1 / (step * koefg) + x1;

/* BHUKIHK OOYMCIIEHHS 3HAYEeHHd QYHRKUiI */
Bessel = NNBessel(x,j,eps);
if (Bessel0 < Bessel) r = 1; else r = -1;

X = Math.round (x * step) / step;

MsgBox.document.writeln( ‘<script type="text/
javascript”>window.status=(“BHKOHYETbCH iTepauis
ona ivmekcy n = ‘+j+’ i aprymeHTty x = ‘+x+’ 1!
“)</'+'script’+'>");

x = Posx + 1 + x1 * step;

X = Math.round(x);

y = Posy - Math.round(Bessel * step * koeff)

DimY = 1;
if (r > 0)
{ if (y0 > (y + 1)) DimY = y0 - y; yl = y; }

else { if (y0 < (y + 1)) DimY = y - yO0;
yl = y - DimY; }

/* BuBeZeHHA lpx dparMeHTa rpadbika ¢yHrRuii */
MsgBox.document.writeln(“<div style='top:
“,y1l,"px; left: “,(x - x10 * 100),"px;'><table
cellpadding='0’ cellspacing='0’ style='width:
lpx; height: “,DimY, ”px; background-color:
#7,c[Jl1,"; '><tr><td></td></tr></table></div>");

DimY0 = DimY; y0 = y; Bessel0 = Bessel;
}
}

/* 3aRpuTTsaA Be6-CTOPiHKM B HOBOMY BikH1 */
MsgBox.document.writeln(“</body></html>");
MsgBox.document.close();

}

/* 3akiHueHHa TekcTy GyHKUil BuBeneHHa rpadika */
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function NNBessel (x,n,eps)
/* ckomioBaTH TeKCT GyHKUil i3 crop. 126-127 */
/* Ha uboMy Micui Moxe O6yTu Oyab-fKa iHma GyHRuUig */

</script>

</head>

<body>

<!-- TloyaTOK OTPHCOBKH GOPMH 3aNUTy -—>
<form method="post” name="form5” id="form5”>

dyHRuil Becens iHAeRcy Big <input type="text”
name="index” id="index” style="width: 50px; height:
22px; border:#5a7381 lpx solid;”> mo <input
type="text” name="indexl” id="indexl” style="width:
50px; height: 22px; border:#5a7381 lpx solid;"”>

<br />InTepBan 3MiHHO1 Biz <input type="text”
value="0" name="iksl” id="iksl” style="width: 50px;
height: 22px; border:#5a7381 1lpx solid;”> mo <input
type="text” name="iks2” id="iks2” style="width: 50px;
height: 22px; border:#5a7381 1lpx solid;”> oAHHHUB

<br />KoedinieHT posTaryBaHHa rpadira nmo BepTHRani
<input type="text” value="1" name="koeff” id="koeff”
style="width: 50px; height: 22px; border:#5a7381 1lpx
solid; ">

<br />KoepinieHT posraryBaHHa rpadika mo ropusoHrami
<input type="text” value="1" name="koefg” id="koefg”
style="width: 50px; height: 22px; border:#5a7381 lpx
solid; ">

<br /><br />BBOAHMi BENHYHHH iHAEKCY MNPHBOAATHCH ZAO
ninux HeHeraTHBHHX 3HAYEHb

<br />B 6as3oBoMy BapianTi 1 ozununa = 100 px,
TOYHicTe oOOGuHcneHB <input type="text” value="1lE-6"
name="eps” id="eps” style="width: 50px; height: 22px;
border:#5a7381 1lpx solid;”>

<br /><br /><input type="button” value="I'padir &@HK.
Becena” onClick="GraphBessel()” style="width: 180px;
height: 22px; border:#5a7381 1lpx solid;">

</form>

</body></html>
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MosxkHa BizmdHaYMTH, OI0 BEJVKY YaCTUHY TEKCTy
mmporpamu 3ajiMae opopMJIEeHHA BUBOLY MaTeMaTIUYHO TOUYHOT'O
i xopexTHOro (mo-todeynoro) rpadika (yHKIIZ B cepeno-
BuUI, ge BimcyTHI rpadiuni Ta BeKTOpPHI 3acobu.

TakuM 4MHOM MO’KHA BUBOJIUTHU Ha MOHITOP KOMII I0TEpa
Tabsuii Ta rpadiku 3acobamu JavaScript — mocuts 3MiHUTHU
BUAiNeHNt (parMeHT TeKCTy (PyHKLII MaTeMaTH4HOro
po3paxyHKy. ¥ Tijmi camoi (YHKII KBaJpaTHOIO OYKKOIO
noMmiueHuit (QparMeHT, AKUM HEOOXiTHO 3MIHUTH, HAKIIO
OTPiOHO O0UMCINTY 3HAUYEHHA AKMX-HeOyOb iIHIIINX (PYHKIIIN 3
iHmMMM po3kaageHHAMM B paAn. IIporpamu HOCATH MOAYJIBHU
XapakTep, TOMY HajaJi IPUBOAUTUMYTBHCA TIIBKM OKpeMi
dparmeHTH, 110 OiAJIATAIOTH 3aMiHi.

Ilpozpama 2. Obyucnenns 3nauensv ¢ynxyii becensa npu
O00BIIbHUX 3HAUEHHAX [HOeKCY Ha 0a3i paHiue ompumaroco
PO3KIAOEHHSL 8 PsiO

k 2k
) o0 _
J (x)=(X)"3 (1) x/2) 25.7)
e 20 S k!T(=v+k+1)
BBaskaTumemo, 110 Ipy LiAMX HEraTMBHUX 3HAUEHHAX
IHJIEKCY BMKOHY€TBHCS HAaCTyIIHa PIBHICTBb:

J (x) = -] Y (x) VY — wnise HeHeraTUBHE YMCJIO
" -

Bigmosiguo 1o (2.5.8) mouaTKOBMI 4JIeH pALY PO3KJIAIEH-
HA QyHKLiT Becesna obunciroeTbea 3a PopMyJIon0:

FV
a, = (X) 1 (4.23)
27 r(zv+1)
Koxen nopanpmmii d4yieH nporo pAxy MosKe OyTu
obuycJIeHniI BiIIOBIAHO A0 PEKYPEHTHOTO BiJHOIIIEHHA:

2
L= (=1) &/2) (4.24)
1k (sv+k)
[l npaBuIIbHMX 004YMCIIEHD 1 PO3PAaXyHKY II0YaTKOBOTO

(HysbOBOTO) 3HA4YeHHsA iTepanii Oyme moTpibHO o6YMCIIEHHA
3HaueHHA ['amma-dyHknii Einepa.
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3aCTOCYBaHHA YNCEJbHUX METOJIB [JIA PO3PaxyHKIiB
3Ha4deHb ['amma-dyuknii Einepa mae cnenndgiry y 3B’ A3KYy 3
TUM, III0 TIOOJIMBY HYJA Ta LiMMX HEeTaTUBHUX uuces ['amma-
¢dyuruia Einepa Mmae HeycyBHI ocobsamBocTi Ta TepnmTh
HeyCYBHMII 4MCEeJIbHMMM MeTOaMlM PO3PUB, CIPAMOBYHOUNCH
Ha Oe3KiHeYHIiCTh.

Binnosiguo, i 3HauenHa [amma-yHKIII He MOXKYTH
OyTy oTpMMaHI HIJIIAXOM YMCEJbHUX METOHIB He TIJIbKU Y
BKa3aHMX OCOOJIMBUX KpaIKax, aJje i B iX HalOIMKIOMY OKOJIL.
B Toil ke wac npu HaTypaJbHUX 3HAUYEHHAX 3MiHHOI 'amma-
dyuknia Eisepa mepeTBOprOeThCA Ha 3BMYHMI paKTOpial,
POS3IUNMPEHHAM SKOTO BOHA €.

r(n+1)=n! (4.25)

3 IIOTO BUXOIUTH, II[0 AJS KOPEKTHOTO 3aCTOCYBAaHHHA
4yiceJbHNUX METOJIB IpY 3HaUEeHHAX iHAeKcy dpyHKIiI Becens,
OMM3BKMX [0 IiMMX HeraTuBHMX umcet, QyHkHii Bece-
Js HeoOXimHO 3aMiHOBaATH Ha BiAmoBigHI 1eJgo4YmMcesbHI
dpyuruii HeiimazHa, o0umciieHHA AKUX CcKRJIafgHime i Oyge
PO3IJIAHYTO B HACTYIHOMY Iaparpadi.

Dyukiii Becena i3 3HauenHAMU iHgexkcamy nobamusy
HyJA HeoOXigHO 3aMiHIOBaTU Ha (pyHKIII Becesna 3 HysmpoBuMm
inpexcom. @ynuxirii Becesa i3 3HaYeHHAMM iHAEKCY TTOOJIMUBY
HATypaJIbHUMX dYMces HeoOXimHO B3aMiHIOBaTHM Ha QYHKII
Becena 3 HaTypaJbHUMM IiHIEKCOM 1 camMe IJI HUX SABHO
BMKOPMCTOBYBaTH KJacuyuHi pyHKIII Becesa 3 HaTypaJdbHUM
inmexkcoMm, mnepeBipeHi ¥ cTifiki nmporpamm ix o0umcieHp Ta
pAnu, 110 100pe CXOOATHCH.

g nporpamMHOro obuncyeHHA 3Ha4eHb ['aMMma-(pyHKII1
Eninepa BuropucroByeTbcsa ii 6a30Be mojaBaHHA Yy BUTJIALL
HeBJacHOro iHTerpaJja (Eineposa inTerpana 2 pony).

Xt xl
rx) = fe t dt e X>0 (4.26)
0

na obumciieHHA 3Ha4YeHHA IbOTO iHTerpaja BUKO-
pucraemo Kinnesi cymu lap0y i KiHIleBuii iHTepBaJI. 3aIInUIIeMo
HACTYIHE KiHIleBe IOJ[aBaHHA:

n _ -
F(x)=lim X etk A 1a?t me h=rhkdt (427

n—>00  f=y
dt—0 n x>1
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OpHiero 3 ocHOBHuMX BJactuBocTeil Iamma-dyHKIi
Eninepa € dpysmamenTasbHe BiHOIIEHHS:

F'x+1)=x I'(x) (4.28)
Frx—1)=T(x)/(x-1) (4.29)

3aBAAKM Il (PYHIaMEHTAJIbHI BJACTMBOCTI MOXKHA
obuycanT 3HaUYeHHA (PYHKIII Opyu HeraTUMBHUX 3HAUYEHHAX
3MiHHO1, 3pobMBIIM BigNIOBigHY MHOMpPaBKY.

<script type="text/javascript”>
function GammaFunction(x)

{
var n = 1000; /* irepauii He 36inbmyBaTH */
var dt = 1E-1; /* Kpok iTepauil He 36inemyBaTu */
var Emin = 1E-3; /* norpimuicTe BizxumeHHs */
var flag = 0; /* mnpuHanexHicTb mo o6macTi 36ixHocTi */
var i = ss = s = 0;
var xr = Math.round(x);
/* 6nMH3bKO OO HEraTHBHHUX Linux yucen i Hynsa */
if ((Math.abs(x - xr) < Emin) && (x < dt)) return s;
/* npuBeneHHsa OO obnacTi xopomoil 36ixHocTi */
while (x < 4)
{ flag = ++flag; /* flag = flag + 1 */
x = ++x; /* x = x + 1 %/
}
/* o6uucnenHs cymu llapOy ans iHTerpana Efinepa */
var ti = 0;
Xr = x - 1;
for (i = 1; 1 <= n; i++)
{ ti =1 * dt;
s = s + dt * Math.pow(ti,xr) * Math.exp(-ti);
}
/* oBuucreHHsa Ha obnacTi moraHol 36ixHocTi */
while (flag > 0)
{ X = --x; /* x = x -1 %/
flag = --flag; /* flag = flag —= 1 */
s = s / x;
}
return s;
}
</script>
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IIo6sm3y HeraTMBHUX MiJINX YMCeJI TporpaMa o04umcIeHb
IIOBEPTAE HYJIb, OCKIJIbKM (PYHKIIA Ha I[ili MHOYKMHI YMCEJIb-
HIMIM MeTOdaMl He BJM3Ha4eHa.

IIpumiTHO, 110 HeraTuBHI 3Ha4YeHHA [amMMma-QPYHKITiI
Efinepa, aAxi oO4YMCIIOIOTHCA 3a UM QJTOPUTMOM, MIiCTATH
BiTHOCHO BMCOKIi morpintHocti. B okoui Hysia norpimrHocTi 1mie
Bungi. IIpy BeMMKMX HeraTMBHUX 3HA4YEeHHAX o04YMCJIEeHHA 3a
MM aJIFOPUTMOM BTPAYaE CEHC, OCKIJIbKM rpadir (PyHKILi
Haranye 0yksy I

fxnaiikpamia 306i3KHiCTH cmocTepiraeTbcsa Ha o00JacTi
3Ha4yeHb 3MiHHOI (4.5), Halripma — 6ina omuHMII Ta HOpwU
BEJIMKVX 3HAa4YeHHAX 3MiHHOI. IIpy 3HaYeHHAX MeHIle OAMHUIN
dopMyJly BMKOPMCTOBYBaTM He MOKHA — B3MIiHHY HOTPiOHO
CIIOYATKY MPUBECTU CIIOYATKY OO0 obJsacTti 30isKHOCTI.

Xopomia CTiMIKICTb HpPOrpaMy CIOCTEPIraeTbCA TiJIBKU
Opy HEeBeJMKMX I[IO3UTMBHMX 3HAYEeHHAX 3MiHHOI, II10
IIepeBUINYIOTh 3HAUYEHHA 3, ajle Kpallle BCbOTO 1€}l aJITOPUTM
cxXoouThesdA, mounHa4uy 3 4. B npomy BuUnazky moskHa obme-
SKUTHMCA IOPIBHAHO HEBEJIMKUM YMCJIOM iTepairiit. Tomy obumnc-
JIeHHA B PAM B IiJi IporpaMi moYmMHaKOTHCA 3 umcia 4, a Bci
MeHIIII 3HaYeHHA NPUBOIAATbCA 3a opMmyJoio (4.2.9).

HaBenennit asnroputm € TakuM, 110 PO3XOAUTHCH, TOOTO
[Ipu 3POCTaHHI YymcJsa itTepaniii N i smenmenHi kpoky dt me
CIIOCTEpiraeThbeA IOMITHE IIOJININIEHHA Pe3yJIbTaTiB 004mcIeHb
Ha 32-po3pANHUX IpUKJIagKax. Bijbll Toro, pe3yJsbTaT MoKe
noripmuTtucd, a dac poboru ITK — 3pocrae amk [0 IOBHOTO
OJiokyBaHHA poOOTM mporpamMu (IIpM NepeBUILEeHHI KOKHOTO 3
BKa3aHMX mapameTpis 6inbin Hisk B 100 pasis).

IlpuBeneni mapamerpum N ta dt Oysnm Busasseni
JOCJIHMM IJIAXOM, BOHM 3a0e3ledyroThb JysKe IIBUAKUIA i
MaKCMUMaJIbHO TOYHMII PO3PaxXyHOK CKJAJHOTO AJIFOPUTMY,
AKUI HaJaJi BUKOPUCTOBYEThHCA i JJiA 00YMCJIEHHA 3HAYEHDb
dyukiin Becena 3 HemisuMm iHAEKCOM, i /A PO3PaxyHKY
OPYroro JiHiIHO-HEe3aJIesKHOTO PO3B’A3KY piBHAHHA bece-
asa — ¢yHkin Helimana mnoBisbHOTO iHAEKCY.

Jnsa 3pydHOCTI MOKHaA BMBECTM 3Ha4YeHHA [amma-
dyuxrii Eisnepa y dopmi Tabauii, aAxi Oyam obumcieni 3a
JIOTIOMOT0I0 I[bOTO aJITOPUTMY 0e3 OKPYIJIeHb i mompaBok. Hac
o0uMcieHb i BUBOAY Ha MOHITOp Ha KOMIT'IOTepi cepenHbOi
IOTYYKHOCTI — BCBOTO JleKiJIbKa CEKYHJ.

145



Xoda obuncienusa 'amma-dysruii Einepa i Bigmosigao
y3araJbHeHOTO (PyHKIiOHaJa BKJIIOUYEHO B pPAJ MaTeMaTUIYHIX
IaKeTiB, aBTOp BMBHAJa HEOOXiJHMM JeTasibHO po3ibpaTu
aJropuTM OOYMCIIeHb i ITOKa3aTy Ha IIPMKJIALAX JOTO 0cob-
JIMBOCTI B CTaHJAPTHUX 32-PO3PAAHUX IIpOorpaMax.

IIpusenemo asroputM i mporpamy obumcjeHb 3HAYEHb
¢yuk1iii Becensa 3 NOBIIbHUM iHJIEKCOM, 30KpPEeMa HEIJINUM i
HETaTUBHIM.

<script type="text/javascript”>
function Bessel(x,ind,eps)

{
var Emax = 1E-12; /* MakcuManbHa norpimuHicTe */
var Emin = 1E-6; /* MimimanbHa norpimuicTp */
if (x == null) x = 0; /* 3Minna */
if (ind == null) ind = 0; /* iH;mekc GyHRuUii */
if (eps == null) eps = Emin;
eps = Math.abs(eps);
/* pani BuUnpaBleHHA 1 Kopekuis saBopoHeHi */
if (eps > Emin) eps = Emin; /* BUIpaBneHHa */
if (eps < Emax) eps = Emax;
X = Math.abs(x);
var ak = 1; /* 3MinnHi itepanii */
var s = 0; /* 3miuHi - cyma psaay */
var no = 0; /* HyMepauis uneHiB psazay */
var i = 1;
/* O6nu3bKicTe iHZercy mo uinux uucen */
var indr = Math.round(ind);
if (Math.abs(ind - indr) < Emin)
{ s = NNBessel(x,indr,eps);
if (ind < 0) s = -s;
return s;
}
/* BUKNHUK laMMa-QyHKRuUil E#nepa */
var gamma = GammaFunction (ind+1);
/* OO4YHCIIeHHdA HYNBOBOLO dYJlleHa paay */
ak = Math.pow((x/2),ind) / gamma;
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/* OO4YHCIeHHa paAy 13 3azmaHoio morpimuHictio */
while (Math.abs(ak) > eps)

n
|

s + ak;
k =%k + 1;
ak = (-1) * ak * x * x / (4 * k * (ind + k));

/* BUIpaBIIeHHA NOTpPimHOCTi Ta pacxoZUMOCTH */
if (Math.abs(s) < Emax) s = 0;
if (Math.abs(s) > 1) s = 0;

/* TOBEpHEHHs OTPHMAHOIO 3HAYEHHd CYMH pany */
return s;

}
</script>

ITpuBenennit aJiropUT™ BUKOPUCTOBYE IIPAME 00UMUCIIEH-
HA 3Ha4YeHb (PyHKIiN Becesnsa B masoMy OKoJIi I[iMX 3Ha4YEHb
ingekcy. Ile B3abesmeuye icTOTHe MiABUILIEHHA TOYHOCTI
opyu OOUMCJIEHHAX HaMbIIbII NONYJIAPHMX B MIPAKTUIHUX
3aCTOCYBAHHAX (PYHKIIIL

Ha mpaxTuiii gacto HOBOOAUTBCA CTUKATUCA 3 00UMC-
JEeHHAMM 3Ha4YeHb (PYHKIi Becessa 3 minuM HeHeraTUBHUM
iHmekcoM abo iHzmekcamu, nyske ONM3bKMMM 10 Linnx. [um
MOKHA OOMEKUTHCS, SAKIIO HEMA€E 0COOJIMBOCTEIA.

Y pasi ocobsmBocTeil i HeOOXiTHOCTI BUKOPUCTOBYBATH
IPYyTMiI He3aJIesKHMIT PO3B’A30K pPIiBHAHHA DBecesda 3 Liamm
3HaAYEeHHAM IHJEeKCYy IporpaMa BuJae JiHIIHO-3aJIeKHe
PO3B’A30K, L0 BiApi3HAETHCA TiJABKM Ha B3HAK. ToMy B
ObOMY BMIIAJIKy MaTeMaTUYHI PO3PaxyHKM BUMAaralTb
000B’A3KOBOr0 O04YMCJIeHHA 3Ha4deHb (pyHKUi Helimana, axi
OyAyThb PO3IJIAHYTI B HACTYIHOMY naparpadi.

Hespamkaroun Ha Te, IO IporpaMa J03BOJISE JIETKO
obumcIoBaTH 3HauYeHHA (PyHKIIN Becesnd mpm HeraTMBHUX
HellJMxX  3Ha4YeHHAX  IHJeKCy, BMKOPMCTOBYBaTM  IIi
3Ha4YeHHA AK eJIeMeHT pPO3KJIaJleHHA 3a JPYTuM JIiHiliHO-
He3aJIe’KHUM pPO3B’A3KOM piBHAHHA DBecesa Ha mpaxTuii
He pPeKoMeHnyeThcA. [Ipyu mobyzoBi TOUHMX MaTeMaTUIHUX
MoJeJiell CKJAJHUX MPOIeciB i3 0cobJamBoCTAMMU (PYHKILI
Becena 3 HeraTMBHUM 3HAa4YeHHAM iHAEKCy He 3a0e3IedylOThb
KOPEKTHICTh MOJEJIOBaHHA (PIBWMYHMX MIPOLIeciB.
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§ 3. [Iporpamue obouuncaenns ¢pyukuini Heiimana

Y cuoeuianwuii JiTepartypi ¢yukruiam Helimana
OIPUAIIAETECA 3HAYHO MeEHIIle yBara, HiK (pyHKIiAM Becesd,
AKI CTBOPIOIOTH IIEPIINII JIHIMHO-He3aJIeXKHUN PO3B A30K
piBHAHHA Beceus.

B npuxmanaux saBmamsax Qysknil Helimana gHaii-
JacTille IrpaloTh AOIOMIMKHY POJIb, JO3BOJIAKYYM KOPEKTHIiIe
MmogesoBaTy (Pi3MUHI Iporecy, TIOB’A3aHI 3 XBUIAMH,
KOJMBAHHAMM, BUTMHOM, MII[HICTIO, HarpiBaHHAM, OXOJOI-
JKEeHHAM Ta iH., B OKOJIi HaABHUX OCOOJMBOCTEIA.

Y pani aHOTaIi [0 cCTaHZAPTHUX MaTeMaTUYHUX IIaKe-
TiB (pyHkUii Helimana aBTOpU 3aKJIMKAIOTh BUKOPUCTOBYBATHU
TiJIBKM B KpalHiX BMIAAKaX, AKIIO 0e3 HUX HEMOKJVBA
nobysioBa KOpPEKTHOI MaTeMaTU4HOi Mopesi. Y JOedaxux
nakerax Inporpamm obumcienb pyHKUi Helimana 71 30Bcim
BifiCcyTHL

ITe moB’sA3aHO B mepIry 4epry 3 MepeskUTKaMy KOMII 0-
TepHOI epu cepenuuy i Kinna XX cTOJITTA, KO 004MCIeHHA
Oynau moB’A3aHi 3 00’€KTUMBHMMM (paKTOpaMy — MaJM
napkom peasbHux EOM, moporum i obmMerkeHMM MalllMHHUM
4acoM, HM3BKOI0 PO3PAAHICTIO OiIbINOCTI MPUKIAAKIB, MaJIO0
IIBUJIKICTIO BMKOHAHHA IMIPOTPaM, CKJAJHICTIO 30epiraHHA
JaHMX Ha HOciaAxX 1 Tak maJi

IIpobnemn Oysnm wmajiske IIOBHICTIO yCYHEHI BiKe Ha
nodyaTky XXI cToJiTTa, KOJMM peasbHI MaTeMaTU4HI po3pa-
XYHKM AJs OLJIBIIOCTI NMPUMKJIANHUX 3akad CTaJ0 MOSKJIVBO
IIPOBOAMTM Ha II€PCOHAJBHMX KOMII'IOTepaxXx CepelHboi
HoTysKHOCTIL. Anoxe 1ie Axkuxoch 40-50 pokiB ToMy Haszaz OJsd
TaKUX PO3PaxXyHKIiB 3JilicHIOBaJsMcA Hainorys:kuinn EOM
rjaacy €C.

IcTorHOIO mpOOJIEMOIO BUABMIIOCA Te, IO OLJIBIIICTH
OPUKJATHNX IIporpaM 1 aJsroputmiB OyJsm HamucaHl Ha
moBi DoprpaH, AKUI HA I[IEPCOHAJBHMX KOMII'IOTEpax
BMKOPMCTOBYETHCA BKpall piko, a nocTynHi 6ibsioTexku mpor-
paM IOKM MaJio IIOLIMpeHi, Ta iX CTBOpeHHA peaJbHe.

B ceitmi HaykoBo-TexHiuHOTO mporpecy mpobiema
1 ckygagHicTh obumciens QyHkHi HeliMana BUABJIAETHCA
B)Ke He TaKOI0 JI TOCTPOI0 — IIpUBEJeHl nJajli B IbOMY
nmaparpadi mporpamm [O3BOJIAIOTH BUKOHATU PO3PAXYHKU
Ha IIepPCOHAJBbHOMY KOMII'IOTEepl B CTaHJapTHUX IHTepHeT-
nporpamax. Ilepen num 3poOUMO HEBEJMKNI BiICTYIL
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Y 3B’asky 3 HTII aBTopa 3arjikaBuja MOKJIUBICTH
BUKOpPMCTaHHA (pyHKLiN HelimaHa AK TakOBUX, 0e3 3aJly4eHHA
KkJIacuuHMUX PYHKILIN Becessa, ya KOPeKTHOIO MaTEMaTUIHOTO
MOZIEJIIOBAHHA eKCTpaopAmHapHux abo HezBmuaiiHux Qi-
SUYHUX npoueciB, B T.4. HEe pO3rajjaHMX.

IcropuyHo Tak ckJyasocda, 10 IMIHAPOBI (pyHKINHI i
30kpeMa pyHKUii Helimana cmogaTKy po3pobisannucsa B Teopii
AK I[iKaBMiII MaTeMaTMYHMII amnapaT, 1 TijIbKM INOTIM BOHMU
3HAMIIIM CBOE IIMPOKE 3aCTOCYBaHHA y cdepl NpUKIaIHUX
0o04YMCIIeHb Ta KOPEKTHOTO KOMII'IOTEPHOIO MaTeMaTMUYHOTO
MOJI€JIFOBaHHS.

Dyurnii Helimana mariske Ha Bcil obJsiacTi BU3HAYEHHA
(TobTo MaliKe Ha BCili TO3MTUBHIN umMcJOBiii miBBici)
IIOBOJATHCA IIPAKTUYHO TaK caMo, AK i KJyacu4Hi (yHKIii
Becesna. fIkicHolo BigMiHHICTIO € iXHA NOOBeJiHKA IOOJIUBY
Hysnd, pge ¢yuknii Heilimana pisko copAMOBYHOTbCA Ha
0e3KiHeUYHICTD | TEPIIATE HEYCYBHUI PO3PUB.

Bisnbmr Toro, B MaJoMy OKOJIi HYJIs OTPMMaHHSA 3HAYEeHb
dyuxruiin HelimaHa umceJlbHMMM MeTOoZaMy HeMo:kJuBe. 1la
0cODJIMBICTH paHillle CTBOPIOBAJIA CKJAJHOII MHPAKTUYHOTO
3acTocyBaHHA (pyHKLiNT Helimana, ockKijbku noTpibHO Oyso
BUKJIOYATH 3 PO3IJIAAY AeAKMUI OKiJI HYJIbOBOTO 3HAYEHHHA
3MiHHOI i mpoBoauTH HaraTo 0OUMCIIEHb.

Opniero 3 xapaktepHux ocobsmBocteit XXI cTogiTTa €
OypPXJIMBUI PO3BUTOK TEXHOJOTiI TPUBUMIPHOI KOMIT IOTEPHOI
BigyaJiizarnii Ta nmepeHeceHHA IIMX TEXHOJIOTIN Ha IIepCOHAJbHI
KOMII'IOTEPM. SaBOAKM I[bOMY Ha KOMII'IOTEPax CTaJo
MOKJIVBYM 300pa3uTy HOPAKTUYHO OyAb-AKMUII IIPOIlEC,
30KpeMa ¥ TOH, IO He iCHy€ B HOPUPOXI. 3 Bi3yaJsbHOI TOYKU
30py KapTUHKA 1 BileopaAs BUTJIAIa€ PeaJliCTUYHOIO 1 ICeBa0-
IpaBAoInonibHoIO.

ABTOp Mae Jneskmii moceBim poboTu B TPUBUMIPHUX
KOMIT IOTEPHUX ITporpaMax, mpusHadeHux ajda 3D Bisyadsizarrii
06’exTiB. Ili makeTy MalOTb IIOHAWIIMPIINI CIIEKTP MOMKJIVI-
BOCTe}I KOMII'IOTEPHOI'0 Bi3yaJIbHOTO MOJIEJIOBAaHHA 1 peadiic-
TUYHOTO 300paskeHHA [IPAKTUYHO BCHOIO, YOLO 3aBlOJHO.
TpuBuMipHa MoAeJb Oy AYy€ETHCHA, BUXONAYM B IIEPIILY Yepry i3
3araJpHOi ecTeTMKM i MpUBaOIMBOTO AM3aiHY.

CyuacHi koM’ toTepHi (paxiBIli CTBOPIOIOTH Ay*Ke HAOUHI

Ta KpacuBi KOMII'IOTEPHI MOJleJi PI3HMX MTPUPOISHUX SBWUIIL,

30KpeMa 1A MacluTabHuX (pipMiB-KaTacTpod i XyoOsKHBO-
JOKYMEHTAJbHUX (PiIbMiB.
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OcHoOBHe 3aBJaHHA X MOJeJIell — CIIPaBUTH eMOLIiliHe
Bpa’KeHHA Ha IVIAJAYiB 1 CTBOPUTU y HUX e(eKT IPUCYTHOCTI
Ta €eMOLIJHOro MOTpACiHHA, 110 3abe3medye KOMepIiiHUI
ycmix i Bucoki kacosi 360pu.

ADCOJIIOTHO He iCTOTHO, 110 ITi ABUIIA B IIPUPOI BUTJIA-
JATh He TaK, AK y XYLOXKHbBOMY Bizmeopany — y QinbpMmis
30BcCiM iHIIe 3aBAaHHA. Ha ekpaHi MOMKYTBH OXKUTM HeicHYyIOUl
TOpPHAZO, cMepudl Ta I[yHaMi, AKI Ha [JOKYMEHTaJbHUX
doTorpadiax i Ha 3OMKaX 0Y4EeBUIB BUIIIAAIOTL HabaraTo
OpocTimmMy, nTpol3aidHimmmy ¥ B3araji — iHaKIINMU.

Tomy cTOiTh cepito3Ha mpobJseMa MOOYyAOBM KOPEKTHOI
MaTEMAaTUYHOI MOJeJi IIe He 3MOAeJbOBAHUX CKJIATHUX
IPUPOSHUX IIpoljeciB abo CTBOPEHHA AJid pPANY NIpoliecis
OinbIT ePEKTUBHUX MATEMATUUYHUX MOJEJIEI.

OpnHe 3 TAaKMX CKJIQHUX IJIA IPUKJIIATHOTO MOLEeJIOBaHHA
asuny — 1nyHami. Ha cborozmHi po3pobisieHuii  AKicHUM
MaTeMaTUYHMII amnapaT 3araJbHOI Teopil XBUJIb, TOMYy Ha
KOMIT'IOTepi CTaJi MOMKJIMBI Bi3yaJbHO-KOPEKTHI OTPUCOBKU
XBUJIBOBUX IIpoOleciB, 30KpeMa — OyAb-fAKMX XBUJIb Ha
[IOBEPXHI OKeaHy i mpubepeskHNX XBUJIb.

Y nonynapHuxX QinmpMax-katacTpodax IyHaMmi Bisy-
aJIBHO MOJEJIIOITH fAK AysKe BeJMKY abo HaBiTh IriraHTCbRY
NOTYKHY XBUJIIO, dAKa IMinHIIMaeTbcA BTOpPy 1 3MiTae Bce
Ha CBOEMY HLIAXY. IIpooOpasom Ii€i MOJeJi IOCITIYKUJIN
npubepeskHi XBWJII HA TPOHIYHOMY Yy30epeskski, aJe 1ie
CIIpaBJige BeJude3He BPaKEHHA Ha €eKpaHi Ta MOPUTYILIAE
BIAYyTTA HeOe3neKy Npy HaOJIMMKEHHI peaJlbHOTO ITyHaMi.

IIpore mynami — 1ie He XBUJA B 3BUYHOMY PO3yMiHHI.
Ilysami He migmaeThCsa ONNCY KJIACUMYHUX XBUJIbOBUX 3aKOHIB
1 mpoIieciB, Xxo4a MOJEJIIOEThCA 30KpeMa KJIACUYIHUM XBUJIBO-
BUM PiBHAHHAM.

LynamMi — 1e peaJi3oBaHa B IPUPOAL 0CODJIUBICTH
XBUJBOBUX IMIPOI[ECiB, TaK 3BaHa BOJHA OKeaHIYHa yJapHa
XBUJIA, KA HE Ma€ HIYOro CHiJILHOTO i3 3BUYaHMMM (Hexali
HaBiTh 1 AysKe CUJIbHMMMN) IITOPMOBVMM XBUJISAMIU.

Y Teopii Oynp-aKa yIapHa XBUJIA ONUCYE€THCS BiATIOBITHO
He TIJaAKVMMM KOJMBAJBbHMMM (PYHKLIiAMM, a (QyHKIiAMMK
cTpubka Ta Hesbra-QyHKIi€o. OCHOBHOIO CKJIAIHICTIO €
noby/ioBa MNPUKJAJHUX aOPOKCUMAIliili IMX QYHKINNA I
JlaHOTO IIPUPOJHOTO KaTaKJIi3Ma.
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Ilynami yepmae eHepriio He B pyci HNOBITpAHMX Mac
y IIOBEpPXHI OKeaHy, a B CUJI 3eMJeTPYCiB, BUKJIMKAHUX
IIOCTIIHMMM MiZICOBYBaHHAMMU ILJINT JITOCKEPH.

AMepuKaHCBKUIT KOHTMHEHT IIOCTiMiHO Apeidye y Oik
Agii npubamszuo Ha 15-20 cMm B pik, yTBOPIOIOYM B 3€MHIl
Kopi 30HM pedopMmaliliii, po3puBiB 1 cixaTiii. BuHUKAIOTH
3eMJIeTPYCH, BMBIJIBHAIOYM IO TiraHTCbKRY eHepriio. llpeiid
3IIMICHIOETbCA IIif [Ai€0 KOJOCaJIbHOI pymIifiHOol cuam —
eHeprii o0epTaHHA 3eMJi HABKOJIO CBOEi oci.

Y oxeaHi BUBiJIIbHEHA eHePrifa 3eMJli pPO3MIOBCIOIKYE€THCH
rao0aJsibHillle, HijK NOPIBHAHHI 3 IITOPMOBI XBWJII, 1110 HOCATH
JIOKAJIbBHUI XapaKTep, CTBOPIOIOYM TaK 3BaHI IIPUJIMBHI XBUJII
abo 1mynami, aAkKi HeobximHO po3raAmaTM AK [II0O6ATBLHMIL
mporec, 1o Bin0yBaeTbCA Ha HAIMII IJIAHETI.

PIB; & MaTeMaTUYHOTO
MOJIeJIIOBaHHA IIOBENIHKU 4
IIyHaMi Ta 10TO alIpOKCUMAILii
aBTOP IIPOIIOHYE BUKOPMCTO- PPN
ByBaTu (pysknii Helimana Ak / T\\
BOHM €, OCKIJIbK) BOHM MalOTh ”/ RN %4
XapakTepHy mJsA  yzapHoi  -gf!

XBUJI HEyCYBHY 0COOJMBICTS,
JIOKaJIi30BaHy B MaJlill OKOJIi. u

d)/ IU(/? \L# z

!
,M, z)

eHeprifl, BeJMKMUX IIBUIKOC-
TeJl PO3NOBCIOJKEHHA XBU- -
JBOBUX KOJIVMBaHb BYMHUKAIOTH
po3puBu OesmnepepsBHOCTI B~
posnoxisi TUCKY, HMIBUIKOCTI,
HIiJIBHOCTI Ta IHIINMX BeJU-
uyH. [li po3puBM ODPUIHATO HABMUBATU YJAPHUMMU XBUJIAMMA.
Ase Ha moBepxHi po3puBYy (PpoHTI ynapHOI XBUJII) IOBMHHI
BUKOHYBaTUCA yMOBM 0Oe3lepepBHOCTI €aMOro IIOTOKY
pedoBuHM, eHepril 1 KiimbKocTi pyxy (ymoBu I'roroxio).

/
l
Y pasl BeanM4esHux i
|
|
|

padiku dpyHkuiit Heitmana Ny (x) ta Ny (x)

Tobro 3 QisuuHOi TOUKM 30py HIpolecC 3aJUIIAETHCA
Oe3nepepBHUM, a PO3PUB TEPIIATHL Juile (PYHKIiI MaTema-
TUYHOI MoZeJIi.

AHoMmauii moBemiHKM I[yHaMi BUABJAITHCA TiJIBKU
Ha TPaHUI OKeaHY (30HM PO3IIOBCIOMIKEHHS ITyHaMi) — Ha
oKeaHiuyHOMY nHi, y30epesxski Ta mobansy bepera, AKOro no-

CATHYJIO IIyHaMI.
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PyitniBHI nposABM 1[yHaMi IOYMHAIOTHCA HA OKEaHITYHOMY
mesibpi. Came TaM Bifil0yBa€ThbCA YTBOPEHHA yIAPHOI XBUJI.
B oxeani s myHami BuriAzae AK BeJsMde3Ha IIOJOTa XBUJIA
3aBBUIIKM OJIM3BKO MeTpa, III0 He IpeJicTaBidAe Hebe3mekwu
IJIs HaIBOJHOI'O CyJIHOILJIaBCTBA.

IITe omumm 1ikaBuM 3 MOIIALY MaTEMaTUYIHOTO
MOJeJIOBaHHA Ta He MEHII PYMHIBHUM NPUPONHUM ABUILEM €
cMepdi, TOpHAIO VI TpomiYyHi TaidpyHM, 1110 MalOTh XapaKTepHY
BOPOHKOIIOLIOHY hopMy.

Bonn nmocriitno npuBepTaioTh [0 cebe yBary JOCHiHUKIB
i TeoperukiB. CBOIO eHeprilo BOHM dYepIalOTh Bij eHeprii
BUIIPOMIHIOBaHHA MOryTHBOI 3ipku — CoHnd, i HecyTb B cobi
TaKOK eHeprilo obepTaHHA 3eMJIi.

CMepu (TOpHAAO) — aTMOC(EPHMIT BUXOP, II[0 BUHUKAE
B I'PO30Bill XMapi Ta PO3INOBCIOIKYETHCA BHIU3, HACTO IO CAMOI
OBEPXHI 3eMJi y BUIJIAJZI TEMHOrO XMapHOro pykaBa abo
xo0oTa miaMeTpoM B JIeCATKM i COTHI mMeTpiB. IcHye HenosBro,
epeMilaoydyich pa3oM i3 XMapolo.

BozaaHi cMepui — Ile CTOBIM BOJIOTOTO IIOBITPSA, II0
migHiMaeTbesa Ta obepTaEeThCHd, AKI 3a3BUYA YTBOPIOIOTHCA
HaJ TeIlIo0 BoAol0. BoHM MOKyTh OyTH Tak caMo HeDe3IeuHi,
AK 1 TOpHaZO, IUBUAKICTE BiTPY B HUX Moske caratu 200
KijoMeTpiB 3a roauHy. YacTo BOIAHI cMepui He IIOB’A3aHi 3
rpo3aMy i BUHMKAIOTb HaBiTh NPV IOPIBHAHO TapHIiM mOTomi.

Y LeHTpaJibHIN YaCTMHI CMepdy THUCK MOBITpA 3HU-
JKeHMI. 330BHI CMepd IIPEeNCTAaBJIAETbBCA TaKUM, IO
OIIYCKAETHCA BEPILIMHOK O 3€eMJIi KOHYCOIOAIOHMM XMapHUM
croBuoM abo xoborom. Bim moBepxHi 3eMJi 70 HBOTO YacTo
mifHIMAaeTbCA BEPIIMHOIO BBEPX IHIIMII CTOBI — i3 MWy,
cmiTTa abo BomaHuMX Opuaok. [liameTp crToBma [AeKiJbKa
JecATKiB MeTpiB. Pyx moBiTpsa i nmpeaMerTiB, 1110 BTATYIOTHCSA
IO HbOTO, — KpyroBuii, 3i mBuakrictio 1o 100 km/rox., a iHO-
ni 7 Oinbiue. IToBiTpa B cmepui miniyiMaeTbcA Bropy IO CIi-
paJi, 3xiiiMmaroun 3a coboro Boxy, IuJI 1 HaBiTH Pi3Hi npenmeTn
Ha BeJINYE3HY BUCOTY.

IIpu pyci Bag MicieBicTIO 3 MIBUAKICTIO AeKijbKa JecCsAT-
KiB KiJIOMeTpiB Ha rOAMHY CMepd IIPOBOAUTDH PYWHYBaHHSA, AKI
BUKJIMKAIOTBCA He TIJIbKM BeJMYEe3HOI0 IMIBMUAKICTIO HOBITpA
BCEpenMHI CaMOro BUXOPY, aJe I MUTTEBUM CTPUOKOM
aTMOC(EpPHOro TUCKY, AKMI 3a JIiUeH] CeKyHAM MOKe BIACTH i
3HOBY MiTHATNCA Ha JeKiJbKa JIeCATKIB rexronackaJis. Joma

BI/I6yXElIOTb Y MOMEHT IIPOXOAKEeHHsA HaJ HVMNM CMeEep4dy.
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IIp mnobymoBi maTe-
MaTM4HOI MogzeJsi icTOoTHY
poJyb Binmirpae mDpPaBUIbHUN
BuOip cucTeMy KOOpAMHAT Ta
ii opierTanii B mpocTopi.

fAKNIo BURJIIOUUTU [it0
olepaTopa BUIMHY Ha CTOBII
TOpPHAZO, TO JBOBMUMipHa
MIPOEKIlid cMepdy OJM3bKa 10
OpUBEJIEHUX Ha 1IICTpalfii
dyuknin Heiimana.

IloBiTpss oOepraeTbca
no coipaJsi, migHIMaO4YMCh
Bropy. B nBOBMMIpHil IpoeK-
17ii I11e 3 BUCOKUM CTyII€HEM
TOYHOCTI Haragye abpucu
nuiiggpoBoi ¢ysknii Helimana, mo Aol momaHuii omepaTop
obepTaHHA HABKOJO LIEHTPY He 3irgyToro TopHanmo. Ile
IO3BOJIAE 3pOOUTH MPUIIYIIEHHA IIPO Te, 10 CMePUi MOMXKYThb
OyTU 3 BUCOKMM CTyIIEHEM TOYHOCTI Ta peaJsisMy 3MOJieJIbOBaHI
3 BUKOPMCTAHHAM caMe creniajbHux gpysrnin Helimana ax
OCHOBHOTO eJIEMeHTY PO3KJIaJeHHS.

Koporrmit orssapg nmmux [BOX MOPUKJIANIB IIOKA3ye, IO
¢yuknii Helimana BimirparoTh He MeHII iCTOTHY pOJb B
MaTeEMaTUYHOMY MOJIEJIOBaHHI, Hi’K KJjacuuHi ¢yHkIii Be-
ceJid, 1 ToMy IM IIOBMHHA IPUIIJIATICA He MeHIA yBara, Hid
IHIMMM creriaJbHUM (PYHKIIAM.

Dyurnii Helimana 3gaTHI BifjirpaBaTi He TiJIBKM JOIIO-
Mi}KHY, aJie /1 IPOBiHY POJIb B MaTEMaTUYHOMY MOJIEJTIOBaHHI
pisHUX mpoleciB, 30KpeMa TaKUX, III0 HOCATH aHOMAaJbHUNI
abo mapaZloKcaJIbHMII XapaKTep.

A Toro, 11106 IOJIETIIINTY IIPOIleC OOUMCIEHHA YMCeTb-
HIUX B3HadeHb (QyHKUM Helimana, IpMBOAMMO aJITOPUTM
i nporpamy, HanmcaHy Ha MoBi JavaScript.

Ona weninux 3HadeHb iHzgekcy Qynruii Helimana
MOKYTb OyTy obumciieHi 3a BioMoro popMyJIOHO:

N,(x)= (] (x)cosvn—]J (x)) / sinvm
I71a Heliamx s3Hadenn V > () (431)
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Ilpozpama 3. Obuucnenns 3uavensv Qynxyiu Hetimana
npu Heyinux 3Ha4eHHAX iHOeKcy Ha 6asi paHiue OmpuMano2o
po3Kkaadennst 6 pso @yukyiu becens

k 2k
(xR (=D (/2)
Sy () (2) ,Eok!r(:v+k+1)

(25.7)

Bipmosiguo mo (3.3.1) moyaTKOBUII YJeH PALY PO3KJa-
nenHa pyskuin Helimana o0umcioeTsesa 3a (popMysI0io:

a, = (i)V;cos VT / SInVT (432)
27 T(wv+1)
_ x\yvoo1 :
by, = (2) I“(-V+1)/van

Kosken nopmanpmmii wieH IbOro pAZy Moxke OyTu
o0uMciIeHnit BilIOBiHO N0 PeKYyPEeHTHOIO BigHOIIEHHA:

=)y
A =dp, NACET3)

b (1) (x/2)
R k(v +k)

(4.3.3)

n
N,()C)= 2 a; + bk nnsa gemiomx V=0 (434)
k=0

[l npaBuIIbHMX 004YMCIIEHD 1 PO3PAaXyHKY II09aTKOBOTO
(HyJIbOBOTO) 3HA4YeHHA iTepanii Oyne moTpibHO o0uMciaeHHA
3HaveHHA ['amma-@yukuii Eiinepa, npuBenene Ha crtop. 144.
3amnuineMo mporpamy o04uciieHb Ha MOBi JavaScript.

<script type="text/javascript”>
function Nejman(x,ind, eps)

{
var Emax = 1E-12; /* MakcuMmanbHa norpimuicTte */
var Emin = 1E-6; /* MiHiManbHa norpimuHicTe */
if (x == null) x = 0; /* 3minna */
if (ind == null) ind = 0.5; /* iHmekc */
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if (eps == null) eps = Emin;
eps = Math.abs(eps);
var Xmax= 50; /* MaKCHMalbHO INONYCTHMHH X */

/* pani BuUMpaBleHHA 1 KOpekuis 3a6opoHeHi */

if (eps > Emin) eps = Emin; /* BUNpaBIEHHA */
if (eps < Emax) eps = Emax;

X = Math.abs(x);

var ak = bk = 1; /* 3MiHHi irTepanii */
var s = 0; /* 3miuHi - cyma pazny */

var no = 0; /* HyMepauis uneHiB paay */
var i = 1;

/* HeBes3neyHa ONH3bKiCTH 3M1HHOL X ZO Hynda */
if (x < Emin) return s;

/* 6nu3bKicTh 1HAEKCY OO Uinux uucemn */
var indr = Math.round(ind);
if (Math.abs(ind - indr) < Emin)

{ s = NNNejman(x,indr,eps);

if (ind < 0) s = -s;
return s;
}

/* OGYHCIIeHHS HYNBOBOI'O ulleHa pany */
var pi = Math.PI;

var gamma = GammaFunction (ind+1);
ak = Math.pow((x/2),ind) / gamma * Math.cos(ind * pi)
/ Math.sin(ind * pi);

gamma = GammaFunction(-ind+1);
bk = Math.pow((x/2),-ind) / gamma / Math.sin(ind * pi);

/* OOuYHCIeHHa paAy 13 3azmaHoio morpimsHicTtio */

while ((Math.abs(ak) > eps) || (Math.abs(bk) > eps))
{

s = s + ak + bk;

k =%k + 1;

ak = (-1) * ak * x * x / (4 * k * (ind + k));

bk = (-1) * bk * x * x / (4 * k * (-ind + k));
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/* BUIpaBlIeHHS NOTPimHOCTi Ta PacXOAUMOCTH */
if (Math.abs(s) < Emax) s = 0;
if ((Math.abs(s) > 1) && (x > Xmax)) s = 0;

/* NOBEepHEHHS OTPHMAHOIO 3HAYEeHHSA CYMH paAny */
return s;

}
</script>

IlpuBenena mnporpamMa € HECTIKOIO T[PY BeJIUKUX
3HAYEHHAX MOAYJA iHAeKcy (Bim 25 1 Buime) i BeJMKMX 3Ha-
4yeHHAX 3MiHHOI (opienToBHO Bix 50 Ta Buie). Yum Oinbie
3HA4YeHHA iHAeKCYy 1 uuMm Oisbllle 3Ha4YeHHA 3MIiHHOI, TUM
MEHIII CTIiIKOI0 € IIporpama.

Y MaJioMy OKOJIi HyJs 3Ha4dYeHHA (PYHKLII Takox He
BU3HAUEHe y 3B’A3KYy 3 HAABHICTIO HEyCyBHOI 0cOOJIMBOCTI Ta
HaOJIMIKEeHHIO 3HaYeHHA (PYHKIII 10 Oe3KiHeYHOCTI.

OueBypaHO, IO NPMWBEAEHA BHUIIE IIPOTPaMa LysKe
cxXoska 3 IporpaMoro obumciieHHA 3HadeHb (PyHKLiN Becesa
JIOBisbHOTO iHAEeKcy i Oysia HanucaHa Ha ii OCHOBI.

Auye 11 mporpaMa i BUKOPMCTAHUII B Hill aJIrOpUTM He
Ipu3HaUeHi s obuucaeHHA 3Ha4YeHHA (pyHKII Helimana 3
iJIMM HEHEraTUBHUM IHIEKCOM.

Iini 3HavyeHHA IHAEKCY IMWJIHAPOBUX  (PYHKILINA
HaJ4JacTillle 32CTOCOBYIOTHCH B IPAKTUIHOMY MaTeMaTUIHOMY
MOJIeJIIOBaHHI IpoIfeciB 3 ocobsmBocTaAMKU. B Toil ke uac
obuncnenHa 3HaudeHb (pyHKHi HelimaHa 3 IHisodncesbHUMU
ingexcamMm npepcraBisae HanbOinbmi ckaaguomi. IIle 50 poxis
ToMy Iii oOumciieHHA MorJayu OyTyu BUKOHaHI Ha obMelkeHOMY
nmapry EOM 3 BeJIMKOI BUTPATOI MAaUIMHHOTO Yacy.

ITporpama o6unciieHb VX 3HAYEeHb OKPEMO BUKJIMKAETHCA
B Tizi 3 iM’sM NNNejman i npusoanuTbes Husxde. Ii 0608’ A3K0B0
IOTPiOHO BKJIIOUUTHU B TiJIO BeO-CTOPIHKM Pas3oM 3 IIPOrpaMoIo
obuncaeHHA 3HaueHb (QPYHKIN Becesa 3 mimouncesnbHUMMU
3HAYEeHHAMU iHZeKcy NNBessel.

Ilpozpama 4. Obuucnenns snavenv gynuxkyinu Helimana
npU YiIuxX HEeHeeamusHUX 3HAYEHHSX [HOEKCY NPOoBOOUMbCs
Ha niocmagi O0OCMAMHIX CKAAOHUX (OopMyn | 2pOMI3OKUX
npeocmasieny y 6uenioi psaoie. CKIaOHICMb 00YUCTIEHD
CNpUsE HAKONUYEHHIO NOSPIUHOCHEIL.
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Dyurnii Helimana aJia 1isoro iHAEKCy B 3araJibHOMY
BUIIQJIKY MalOTh BUJ HACTYIIHOTO CKJIAJTHOTO PALY:

N, (x) =2 (x)(In £-+C) = (-

k=1
—n+2k-
Lé in_)!_(i)"ﬂ ' (266)
= (k—1)! 2 435)
k n+2k
1S (=) (/2 (’%kl_Jé L)
mE klktn)! e m s m

ne C — nocriiina Eiinepa, nabamixene 3HadeHHA AKOi

cryagae 0,577 215 664 901 532 5...

AsropurMmiszanii mijuiArae o0UMCIeHHA TPbOX OCHOBHUX
TUIIB pAAiB, AKI #OpucyTHi B gnaHil dopmysti. Oniximi
MIOTPINTHOCTI MiJIATA€E€ 3aJUIIKOBUI YJEeH OCTAHHBOTO PANY,
OCKibKM mepiri aBa paau € Kinummy. Hanpwukinmi o6umc-
JeHb Oyze TMpPOBENEHO [iJIeHHA MiJICYMKOBOI cyMm Ha
KOHCTaHTY p. [ya obumciieHb JOJATKOBO IOTPIOHMIT BUKJIUK
pospaxyHKy (pyHKLiI Becesna 3 uinum ingexcom.

a, = (%)_n(n—l)! a6o 0 mpy 1 =0 (436)
a, =a, u” k (l)
b(k—1)

= _(xym2 1
bl <2) (1+n)!
be = byt 3T
k ket Je(k+n) 2

1

Crp = Z_ P d, = b, (Ck +Cn+k)

Ha mizncraBi 1mmux peKypeHTHMX BiHOIIIEHb MOKHA
3anucaTy aJropuTM i mporpamy obumcieHHA ((PYyHKLIN
Herlimana 1misouncesibHOrO iHIEKCY.
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<script type="text/javascript”>
function NNNejman(x,n,eps)
{

var Emax

if (x == null) x = 0; /* 3Miuna */
if (n == null) n = 0; /* iumekrc */
if (eps == null) eps = Emin;

eps = Math.abs(eps);

/* pani BunpaBneHHa 1 Kopekuis 3aGopoHeHi */
if (eps > Emin) eps = Emin; /* BunpaBneHHa */

if (eps < Emax) eps = Emax;

X = Math.abs(x);
n = Math.abs(n); /* ORpyrJeHHS iHAercy */
n = Math.floor(n);

var ak = bk = ck = dk = 0;

var s = sc = sa = sb = 0; /* cyma paniB */
var k = m = 0; /* HyMmepauis */
var i =1

var nf = 1;

var pi = Math.PI;

var eiler = 5.772156649015325E-1;

var ¢ = new Array(0,1);

/* Hebes3neuyHa ONH3bKiCTH 3MiHHOL X OO HyNd
if (x < Emin) return s;

/* o6GuucneHHs dakTopiany (n-1)! */
for (i = 1; i < n; i++) nf = nf * 1i;

/* 3amoBHeHHs TaOnNuli 3HadeHb cl[k] */
for (m = 2; m <= n; mt++)
{ck =cm-1] +1 / m;

/* nmonaBaHHA eNeMeHTy ck B KiHeus Tabmuui */

c.push(ck);
i

/* OOYHCIIeHHS MNepmoro KiHueBoro paay */

if (n > 0) sc = -Math.pow((x / 2), n) / nf / n * c[n];
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1E-12; /* MarcuManbHa norpimuHicTte */
var Emin = 1E-6; /* MiHiManbHa norpimuHicTe */

/* mouaTkKoB1 iTepauil zpyroro pany */

if (n > 0) sa = ak = Math.pow((x / 2), -n) * nf;

/* OGYHCIEeHHs APYyroro KiHueBoro psay */

for (k = 1; k <= n; k++)
{ak =ak * (n-%k) *x*x/ 4/ (k-1);
sa = sa + ak;

-~

/* mo4yaTKOB1i iTepauil TpeTnoro Ge3kiHewyHOro psay */

ck = c[n] + 1/ (n+ 1);
c.push(ck);
k =1;

bk = -Math.pow((x / 2),(n + 2)) / nf / n/ (n + 1);

sb = dk = bk * (c[1l] + c[n + 1]);

/* oBuYHCIeHHs TpeThoro 6e3kKiHewyHOro pany */
while (Math.abs(dk) > eps)
{
k =1+ k;
ck =cn+k-1]1+ 1/ (n + k);
c.push(ck);

bk = -bk * x * x / 4 / k / (n + k);
dk bk * (c[k] + c[k + n]);
sb = sb + dk;

}
/* KiHueBu#i pesyneTaTt */
S = (2 * NNBessel(x,n,(eps * 1lE-1)) * (Math.log(x /
2) + eiler) - sc - sa - sb) / pi;
/* BUIpaBIeHHA MOrPiWHOCTi Ta pacXoAMMOCTH */
var Xmax = 50;
if (Math.abs(s) < Emax) s = 0;
if ((Math.abs(s) > 1) && (x > Xmax)) s = 0;
/* NOBEpHEHHS OTPHUMAHOIO 3HAYEHHS CYMHU pany */
return s;
}
</script>

IIpuBenena mporpamMa € HeCTiIKOIO IIPM BeJMKUX 3Ha-

YeHHAX MOAYJsA iHaekcy (Bim 25 i BuIle) i BeIMKMUX 3HAUEH-
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HAX 3MiHHOI (opierTOBHO Bix 50 i Bumie). Ynm Oinblie 3HaYEHHA
igmexcy i uum Oisblle 3HAYEHHSA 3MIHHOI, TMM MEHII CTiliKOIO
€ mporpama.

Y MaJIoOMy OKOJi HyJiA 3Ha4YeHHA (QYHKII TaKoMK He
BMBHAUYEHe y 3B’A3KYy 3 HAABHICTIO HEyCYBHOI 0coOJIMBOCTI
Ta [parHeHHIO 3Ha4YeHHA (QyHKOII g0 Oes3kiHewHOCTi, TOMy
npuBenieHa (PYHKIIA NIpuiiMae HyJIbOBe 3HAYEHHH.

ITo anagorii 3 momepenuim naparpadom AJyid (PYHKI[IA
Hejimana MosKHa cTBOpMUTM HOporpaMmyu IMOOyIOBM Tabamilhb
i3 3aZaHMMM iHTepBaJlAMM IIapaMeTpiB, a TaKOK IIpOrpaMmu
Bigyausisanii ix rpadikiB Ha MOHITOpPi KOMII'IOTepa.

IJ1s mipescTaBJeHHA MOBEAIHKM HUJIHAPOBUX (PYHKITIA
BeJIMKUX IHJIeKCIB y BingaJseHHI Bifg NOOYaTKYy KOOpAMHAT
Ha IPakTHUIl Haj4dacTinle BUKOPUCTOBYIOTbCA HACTYIIHI
aCUMIITOTMYHI IIOJaBaHHHA, AKI JI03BOJAIOTb 3p0oOUTH MIpU-
0JM3HI PO3paxyHKM 3 BKa3aHMM CTYIIEHEM TOYHOCTI:

J(x)= \/ gx cos (x—vm/2—m/4) +O(x™")

N/(X) :\/% sin (X—VTC/2—TE/4) +O<x—3/z )

Acumnroruuna QopMmyJia  JEeMOHCTPYE  XapakTep
KOJIMBaHb ILMJIIHAPOBMUX (PYHKIIIN y BigjaJieHH] Bifg modaTry
KOOPJAMHAT, aJje A IPaKTUYHMX OOYMCJIEHb 1 YMCEeJbHUX
MeTOZiB BUKOPMCTOBYETbCA HAA3BUYANHO pinko. Popmyin
HOCATDH LIBMJIIE aHAJITUYHUI 1 TEOPETUUHNII XapaKTep.

BinnosigHo 510 oTpmMmanHmx Tabauib 3HAUYEHBb (PYHKILiN
Heiimana mosxHa abo mobyayBaTu rpadik B ABHOMY BUIJIAM],
abo BukopucroByBaTM Iporpamm mobyzmoBm rpadikiB 3a
IVCKPETHUMY TaOJINYIHUMY TaHMMIY, 1110 BXOIATh B CTAHIaPTHI
IIaKeTy, y TOMY 4McJIi Ta odicHi.

OueBuHO, III0 BUKOPUCTAHHA amapaTy BOynoBaHOI B
inTepreT-nIiporpamMmu MoBM JavaScript mpenocraBJise 3Ha4HI
3pyuHocti. IITo6 yHuMKHYyTM npobseM Ipu pO3paxyHKaxX B
OIMI[iAX HACTPONOK Opay3epoB NOTPiOHO TO030BINTY BUKOHAHHA
aKTUBHUX CIleHapiiB Ha BeO-CTOpiHKax Tak, 1100 CIIMBaiode
BikHO Oesmexku He Oyjao 3abioxoBaHe, abo JO3BOJIATU
BIUKOHAHHA aKTUBHUX CI[eHapiiB IIpM KOKHOMY S3aIlyCKYy
nporpamu (1ie MeHII 3PYydHO).
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Y BucHOBKOBOMY pO3[iJii BUKJIAJIEMO OCHOBHI IlepeBaru
3aIIPOIIOHOBAHOTO IIPOTPAMHOTO amnapatry. Bci npusepesni
nporpamMm IepeBipeHi Ta mnpane3znaTHi. BoEm pocrtymnHi B
Mepeki IHTepHeT 1A BIJIBHOTO CKadyBaHHA 1 BUKJIAJEeH] Ha
Beb-caiiTi aBTOpa 3a axpecoio http://www.mat.net.ua/jk

IIporpamu m03BOJIEHO OGE3KOUITOBHO CKAYyBaTU i BiJib-
HO BMKOPMCTOBYBaTH IJIA OyAb-AKMX IIPUKJIATHUX PO3PaXyH-
KiB. JI03BOJIEHO BKJIIOYATM iX B iHIINI makeTu 0e3 JO4aTKOBOI
HaIlliHKN. BpaTy BMHATOPOAY 3a PO3IIOBCIOIKEHHA LIVIX IIPOTPaM
1 TPUBJIACHIOBATM aBTOPCTBO IiX po3pobku 3abopoHeHO.
IIpuBOoMIMO OCHOBHI ITepeBaryu IpeACcTaBJIEHOTO B KHI31 Ta Ha
Beb-caiiTi aBTOpa IPUKJIAIHOTO IPOrpaMHOro 3abe3nedeHHA.

1. Bci mporpamu peasizoBani Ha cydacHiit MoBi JavaS-
cript, Aka O6yJsa po3pobJena i HabyJia IIMPOKOTO MOMIUPEHHSA 3
kinna XX - nouaTtry XXI crogitra. Jlitepatypa, npucsadeHa
MmoBi JavaScript, Ha choromHi moctymnHa (Ha BigMiHy Bif pdana
MOPaJbHO BjKe 3aCTapiiux MOB).

2. [lo1a po3paxyHKiB He TOTPibHA yCTaHOBKA CIIEIiaJIbHUX
KOMITLJIATOPIB, OCKIJIbKM BMKOPUCTOBYETBCA CTaHAAPTHE
nporpaMHe 3abesmeueHHA — iHTepHeT-Opaysepm A
POIJIAIaHHA IHTEPHET-CTOPIHOK, fAKI PO3TOBCIOKYETHCH
30KpeMa BinbHO ¥i Oes3komToBHO. Haiibinbin onTuMa bHUM
IJIA BMUCOKOI IIBMIKOCTI PO3PaxyHKIB € 0e3KOIITOBHUIA
b6paysep Mozilla Firefox, xoua BMKOpuUCTaHHSA caMe 0TO He
000B’ ABKOBO.

3. IIporpam po3paxoBaHi Ha 3BMYAlHI 32-PO3PAHI TPOTr-
paMm i mepcoHaJIbHI KOMIT'IOTEPM CTAaHAAPTHOI 1 cepegHbOI
KoHQirypanii ta morysxksHocTi. IIporpamMm mpaifoloTe nyske
LIIBUJIKO 71 epEKTUBHO, 1110 PpOOUTH MaTeMaTUYHI O0UMCIIeHHA
JOCTYIHMMM, a IX pe3yJbTaTy — IIepeHOCUMMMMM B iHIII
cTaHIapTHI dalan i mporpamu, 3okpeMma odicHi nporpamu.

4. IIporpamy noOyzoBaHI 3a MOILYJIBHUM IIPUHIIAIIOM.
IIporpamumii kox BigkpuTUii, He 3aM(PPOBaHNI, 3PO3yMiINii,
JIETKO YU TAETHCS, PO3MOBCIOMKY€EThCA BIJIbHO 1 MOKe MifJiAraTu
moaudikarii i moompalfoBaHHIO (30KpeMa IepeKJaay B iHIII
POrpaMHi KOJIM, MOBU 1 IPUKJIATKN).

5. Bci mporpamu MO’KHA JieraJibHO CKadaTu 3 IHTepHeT-
caiiTy po3poOHMKA, OCKIJIbKM BOHM CJIYKATh IOMyJiApu3alii
CYYaCHMX KOMII'IOTEePHMX TEXHOJIOTil, YMCEeJbHUX MeTOAiB i
HOBMX IIPOTPECUBHUX METOXIB IIPOrpaMyBaHHA B IIPUKJIAIHIN
MaTeMaTHUIli Ta MaTeMaTU4Hiil disnii.
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BumcHOBOK

IIpn BupimenHi HaraTbox 3aja4d MaTeMaTUYHOI (piduKN
MEeTOJOM PO3JiJIeHHA 3MIHHUX OPUXOAATH [0 3BUYANHOTO
IVpepeHIiaIbHOTO PIBHAHHA JIPYTOrO MIOPAAKY, TaK 3BAHOTO
piBaanHA Becena. XapaxkTepHMMM 3afjadyaMy, L0 IPUBOLATH
o mIiHApoBuX (YHKLIN, € KpaeBi 3amadi OgHOPiZHOTO
IuepeHIiaJbHOr0 PiBHAHHA B YACTMHHMX IOXIZHUMX — a
caMe XBUJIbOBE PiBHAHHA:

Au + pu = 0 (5.1)

330BHIi abo ycepenuHi Kpyra (330BHi abo ycepenusi u-
JiHApa y pa3i TpboX JiHIHO-He3aJIeKHNX 3MIHHIX), a TaKOXK
KPYroBi mpouecnu B HeoOMeskeHiVt obsnacti. A manoi 3amauqi
3PYYHMUM BUABJIAETHCA BBENEHHA IOJAPHUX KOOPIOMHAT, B
CJIZCTBI YOro piBHAHHA NEPETBOPUTHCA A0 BUIJIALY:

10 (,2u)y L 2w
ror or’  r*op?

+uu = 0 (5.2)

Bramaroun U (I’; (p) = R(V) (I)((p), OTPUMYEMO:
R"®+ %R’(I)Jr rl—chl)”Jr ULRD = 0 (5.3)
3BigKM CJiy€e PiBHICTBH:

n 1 4
+ —R'+ ”

R™+ LR+uR g
1 = —— = (b54)
72

ITa piBHiCTE MOBMHHA BUKOHYBAaTMUCA TOTOMKHO, TOOTO
IpM BCiX 3Ha4YEeHHAX NBOX 3MiHHMX. OCKijNbKM JiBa dacTMHA
3aJIeYKUTD TiJBLKM Bif ¥, a IpaBa — TIiJIBKM Bif (0, Ile MOKJINBO,
AKIIO IIpaBa i JiBa YacTMHa OJHOYACHO JOPiBHIOE ONHIN i TiN
SK KOHCTaHTI A.

Imaxmie 3manimumca © Taki 3HaYeHHA 3MIHHUX, OpPU
AKUX PiBHICTH 01 He BUKOHYBaJacH.

Mwn 3acrocyBanm MeTon poO3niJieHHA 3MIHHUX, AKUI B
JaHOMY BMIIaJIKy BMABMBCA e(PEKTMBHMUM, i oTpuMaay Hapy
3BMYAMHUX AMdepeHiaJbHUX PiBHAHD.
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R+ LR+ (W — L) R(r)= 0 56)
D"(p) +AD(p)= 0

XapakTep po3B’A3KiB IIMX PIBHAHD 3aJIeKUTH BiJ] 3HAKIB
rocTiiftENX L i A. Y 3ajagax MaTeMaTU4HOI (pi3uKM 3a3BUUail
pO3riIAfaloTh TaKi PO3B’A3KM, AKI MOYKHaA OTPUMATU IIpU
HeHeTaTMBHMX 3Ha4YeHHAX A .

IIpn mysnpoBOMYy 3HaueHHi [l pPO3B’A30K PIBHAHHA He
BMpasKae€TbCcAd B LMIIHAPOBMX (PYHKIIAX, TOMYy B IaHOMY
BUJAHHI He posriazaeTbca. HeHysnpoBi 3HaueHHs I Oyinu
POBTJIAHYTI B IIOIEepPenHIiX PO3Jijiax.

AxmoA > 04t W > 0, Toxi 3aranbHMit PO3B’A30K MOsKe
OyTu 3ammcaHmUil B HACTYIIHOMY BMIJIAAL i3 3aMiHamm:

A=v>>0, u= K2>0, x = kr

R"()+ LR+ (1= L) R@)= 0 67

D(p) +v* D(p)= 0

u(p) =R(r) ®(p) = (a,cos (vp) +
+a,sin (vp))(a, ] (kr)+a, N (kr))

ne ad 1 Clz a3 a4 — 7OoBiNbHI KOHCTAHTH. IX 3HAaYeHHSA
3aJIeYKUTDh Bl KOHKPETHUX KPAa€EBUX YMOB 3ajadi.

Y pasi po3B’A3aHHA XBUJIbLOBOI'O PIBHAHHA, IO Mae€
panianbHy (IIMIIHAPOBY) CUMETPi€l0, M/ OTPUMYEMO PiBHAHHA
Becesa Hysp0BOro nopAAKy (3 HyJBOBUM iHIEKCOM).

— 2 . ..
Arkmod = p* =10 , TOAl MM OTPMMYEMO HACTYIIHI BiJ-
HOIIIEHHS 1 PO3B’A30K:

D(p)= const
u i p) = ayJ (k) + a, N (kr)

MeTon po3nisnerHsa 3MiIHHUX OPUBIB Hac A0 OTPUMAaHHA
PO3B’A3KIB XBUJIbLOBOTO PIiBHAHHA 1 piBHAHHA Jlamaca,
BUPAYKEHOTO0 TPUTOHOMETPUYHUMM 1 IMJIIHAPOBUMU (PYHK-
isgMum.
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Axmo A > 0 4 w < 0, roxi saraneumit poss’A30K
Mosxke OyTM 3anmMcaHMi B HACTYIIHOMY BUIVIALIL i3 3aMiHaMmu:

A=v">0, u=—k’<0, x = kr
n 1 4 VZ
R"(x)+ +R'(x)— (1 +25)R(x)= 0 (58)
Q(p)+v* D(p)= 0
u(rp) =R() ®(p) = (a,cos (vp) +
+a,sin (vp) ) (a, I (kr)+a, XK (kr))
Ie a4 A, Q3 (4 — OOBLIBHI KOHCTAHTU. Ix sHauenHs

3aJIeKNUTh BiJl KOHKPETHNUX KPAa€BUX YMOB 3aatdi.

Axmio A= 1/2 = 0, Toni mu OTPUMYEMO HaCTYIIHI Bif-
HOIIIEHHS 1 PO3B’A3KU:

®(p)= const
u )= ag.T()(kr)+a4ﬂC0(kr)

Y 3amadax MaTeMaTM4HOI (Pi3MKM PO3IIANalOTh Taki
PO3B’A3KM XBUJILOBOTO PiBHAHHA, AKI ONMUCYIOTH KOJIMBAJbHI
nponecu. Ile MoskaMUBO Jullle B TOMY BUIIAAKY, KOJM IIOCTiViHA
WL cTporo nosuTmuBHA. Y pellTi BUMaKiB PO3B’A30K PiBHAHHA
HeoOMesKeHO 3pocTa€ i He OmMCye KOJIMBAJIbHI IIPOLIECH.

Kpim Toro, B 3azmauax maremMaTw4HOI (PisUMKM dYacTo
POBIIIAIAI0THECA IPOIECH, III0 3aJIeKATh BiJ 4acy, AKl MOXKHa
npencTaBUTU audepeHIiaJbHUM PIBHAHHAM

ror: or’ r°oe c* ot

3pobumo zaminy U (7, ¢, t) = R(r) D(p) T(1)

Ha nmepmiomy erani posnisieHHA 3MIHHUX OpPeACTaBUMO
BUpa3 y BUMJIALL U (I”, Q, U = F(I’, (p) T(U Ta OTPUMAEMO:

164

O’F 1 oF |1 °F

or 2 9F 19 L F = :
or* r or  r?op? H 0 10
T"()+uc’T()= 0

Hna piBEAHHA (5.10) po3B’A30K B 3arajbHOMY BUIJIALI
O0yB oTpuMaHMI Buirie. Po3B’A3KOM piBHAHHA BiTHOCHO 3MIHHOI
Jacy € TPUroHoMeTpuuHi pyHKIii. 3Bigcu

A=v2>20, u=Kk>0, x = kr 11)
u (@, 1) = (a,cos (kct) +a,sin (kct))

(a3cos (vp) + a4sin(V<p))(a5]V(kr)+
+ agN,(kr))

ne d; Ay A3 4y d; (g — NOBLIbHI KOHCTAHTHU. IX
3HAUYEHHS 3aJIeKUTh BijJf KOHKPETHUX KPAEBUX YMOB 3aj1adi.
OcobuinBicTIO PIBHAHHA € Te, 10 Yac BignoBinHO n0 (PismyuHUX
peaJiiit He MosKe HaOyBaTK 3HAYEHHA KOHCTaHTU. DYHKI1, 1110
HeoOMeIKeHO 3POCTAIOTh 3a YaCOM, HEe MOMKYThb 3a/I0BOJIbHUTHA
XBUJILOBOMY PIiBHAHHIO Yyepesd (PpisuuHy crenmu@iky XBUJIbO-
BMUX IMIPOIECiB, CXMJIBHMUX IO IIOCTYIIOBOT'O 3TacaHHs, a He
3pOCTaHHS.

Y 3azmagax mMaTeMaTUYHOI Pi3MKM BUBYAETHCSA PiBHAHHA
Jlannaca, aAke MosKke OyTM HIpenCTAaBJIEHO B IMJIIHIPOBUX
KOOpJAMHAaTax B HACTYIIHOMY BUIJIAMI:

2 2 2
ou 1 ou _10du , Jdu ~ 0

or? r or  r?op%r @ 0z2

3pobumo zaminy U (%, ¢, z) = R(r) P(p) Z(z)

Ha nmepmiomy erani pos3pisieHHA 3MIHHUX IpeacTaBUMO
BUpa3 y BUTIALL U (I”, Q, Z) = F(I’, (p) Z(Z) Ta OTPUMAEMO:

Z"(z)—uZ(z)= 0
Posp’a3kom piBHAHHA IIONO TpeTbOl 3MIHHOI KOOpPAVI-
HAaT € aHAJITUYHA (PYHKIiA €KCIIOHEeHTM.

(512)
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A=v*>20, u=4k>>0, x = kr (513)
u e, z) = (alexp (kz) +a,exp (kz)) .
(a3cos (vp) + a4sin(v<p))(a5jv(kr)+

+ agN(kr))

Bumnncani piBHAHHA 3a/I0BOJNBHAITL pPiBHAHHIO (5.12)
OpY JOBINBHMX 3HAYEHHAX IIOCTIMHMX, fAKI 3aJjexaTb Bif
KpPa€BUX yMOB 3aJadi.

OpHa i3 mepimx 3a7a4, AKi IPUBEJIU JI0 PO3TJIANY (PyHK-
it Becesia, € 3azaya Ipo KoJIMBaHHA KPYIJIoi MeMOpaHu, AKa
JKOPCTKO 3aKpilieHa II0 KpafaxX. ¥y MNOJAPHUX KOOPAMHATAX
BOHA 3aJI0BOJIbHSAE PiBHAHHIO (5.9).

Y modaTKOBUII MOMEHT dYacy MeMOpaHa OTPUMYE
3aJaHe IIOYaTKOBMMM yMOBaMM BiXMJEHHS 1 IIBUJIKICTB, 110
ONMMCYIOTHCA KPaEBUMY yMOBaMIU:

u (I’; Q, l‘) |t=0: f(l”, (p) — BiAXMJIeHHA (514)
0

—ul _ =W (I”, (p) — HIBUAKICTB
¢ t=0

0

Membpana — mpysKHa Kpyria ILIaCTMHKA, 3aKpiljeHa
Ha Kpaax. Mae pagiyc 7. Ockinbkuy ii kpasa 3akpiniieni Ta He
BiIXMJIAIOTHCHA, BUHMKAE IIle OHA JOAATKOBA yMOBA:

u (I’, Q, U |r—r: 0 — Bigxuiens Bix Kparmo HeMae.
=ry

SaraJibHMUII PO3B’A30K pPiBHAHHA onucyetrbesa (5.10),
3 [AKOr0 TOTPiOHO BUIIIMUTM Te, II[0 MOMKE MPEeJCTaBIIATU
Po3B’aA30K KpaeBoi 3amaudi (5.14).

1) ITo ¢p dyHKNiA MOBMHHA OyTU ITePiOAUYIHOI0, TOMY IO
3pobuBIIM TOBHMI 06epT Ha KyT (P ~360°, My noBepuemocs y
Ty K caMy TO4Ky MeMOpauu. ToMy BUMKOHY€ETHCA

u@me,t) =ume+t2nt) (515)

2) dyuxiis U (7, ¢, 1)) obmerxena mpy Beix 3HAUEHHAX
paniycy 7, oCKiJbKM (Pi3MYHO MOYKJIMBI TiJIBKM TakKi KOJIMBaH-
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HA OiJTicHOI KpyrJoi oOMmesxkeHoi memOpann. Ie Bukriiouae pyH-
kiii Helimana i3 3araJibHOTO PO3B’A3KY, OCKIJIBKYM PO3B’A30K
He 3a3Ha€ Po3puBiB (MeMOpaHa IfiJTicHa Ta 3aKpinieHa).

3) dyHKLiA cTae HyJeM Ha rpaHUl MeMOpaHu.

3 yMOBU IIePiOAMYHOCTI BUXOANTB, IO iHAEKC (PYHKIIN
Becesa moske OyTU TIiNBKM I[IJIMMM YUCJIAMM, iHAKIIe (PYHK-
I[iA po3B’A3Ky He MaTuMe Iepiomy 27 mo Q.

A =n%>0, ne n — iini weneratTusHi uMcIa

ume,t) = (alcos (kct) +a2sin(kct)).
(a,cos (np) + a sin(np))] (kr) 515)

Kpaesiii ymoBi BHa rpanmii memOpaHM MOKHA 3al0-
BOJIBHUTM, BMMaraimody BUKOHAHHS YMOBU

Jn (kl’o) =0 i OTPMMAaBIIN 3 IIBOI'O BiJHOIIEHHSA k.

OueBuUIHO, 110 JaHE PIBHAHHA I10 k mae Oe3KiHeuHy MHO-
SKVHY DillleHb, IPM AKUX K7} MOBMHHO IPUIMaTH 3HAYEHHA
KopeHiB pyHknii Becensa. Panine mm nokasasny, 1mo (pyHKIi
Becena maroTe OeskiHeunHo OaraTo HyJiB, TOMy pPO3B’A3KiB
3araJbHOTO PiBHAHHA Oe3KiHeYHa MHOMKIMHA.

IlosmaunBin Oe3kiHeuHy MHOMKMHY HYJIB (pyHKOII Be-

cena ax A® yu orpumaemo, o K Moxe IpuMiiMaTH TiTbKM

sHauenHs kK = ﬂ,(,’:,) /I’0 ne m = 1,2,3... Ta n — iHOEKC.

Jua toro, n106 3a0BOJIBHUTM 3arajJbHUM I1OYaTKOBYUM
yMOBaM, NOTPiOHO BUKOPMCTOBYBATH JIiHINHI KoMOiHalii Bcix
MOXKJIMBUX PO3B’A3KIB NP BCIX JOIIYCTVMMMUX B3HAYEHHAX
BCTAHOBJIEHNUX IIapaMeTpiB, abo iHmmIMM cjroBaMy — y3arajb-
HeHi panu BumesragaHux PyHKIR (5.15).

Konueanua membpanu Oyne pesyJsbTaTOM HaKJaJleHHA
rapMOHIVHNX KOJIVBaHb, BIAIOBIAHNX (PYHKIIAM u(;’l)

ITe mosxHa 3anmmucaTy y BUIVIAAL NOJBIVIHOTO PARY:

(e, =% § u® (¢, 1) (516)
n=0 m=1
ne A (,7,)— Hysi dynxnii Becens Jn (x)=0

k(r’:z): /1(,':1)/7(') i BUKOHY€TbCA HAaCTyIIHA PIBHICTB:
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u® (0, )= (a™cos (kPct) + a™sin (k1) ) «
(a™cos (np)+a™ sin(np) ) J (K¥r) 1)

m3 m4
Koxxna 3 nux QysKLOi omucye onHe 3 MOMKJIMBUX
rosmBaHb MeMOpanu. Ilpm cpixcoBanoMy 3HadeHHi paniycy ¥
KOYKHa 3 IMX (PYHKIiN He 3aJIesKUTh BiJl KyTa (0 i MiHA€TbCA
TLIBKM pa30M 13 3MiHHIN 7' 3 aMILIITYy 00

ROG) = | (k@r)a® |((a® )+ (a®)*)"
i yacToTomo 01(0)/7”0 = Ck’(::) mpu 1 =0
m

Ilo6n3y rpanuili memMOpaHM KOJIMBAHHA HE3HAYHI Ta
HaOJIMIKATBCA IO HYJA, B TOM Ke dYac JOCATAlo4Yy CBOTO
MaKCUMyMY B IleHTpi MeMmOpanu. MoxkHa BuminuTu B MeMbpaHi
KinbieBi obisacti, fAKi He 0epyTh ydYacTb B KOJIMBAaHHAX,
3aJIMIIIAI0YNICh B CIIOKOI (Tak 3BaHi BY3JIOBI JIiHIiI).

Y pasi HeHyJsBOBOrO iHZEKCY # pyHKLII (5.17) onnucyioTb
rapMOHIiJiHI KOJIMBaHHA, aMILJIITyla AKMUX 3aJIeKUTh Bil KyTa
(¢ 17 3MiHIOEThCA npu (hikcoOBaHOMY 3HadeHHI pajiycy /7 1o
CHHYCO1JaJIbHOMY 3aKOHY.

Koxxna 3 dyukmniin (5.17) npeacraBisae MOMKJIUBI KOJU-
BaHHA MeMOpaHM, 3 AKUX IOTPiOHO BMOpaTH Ti, 10 MATUMYTh
Mmiclle B KOHKPETHIiV 3ajadi 3 KOHKPEeTHO BKal3aHUMU 1
3alaHMMM KPAEBMMM yMOBaMMU.

Cain Big3HauMTH, 1110 Ha IPAKTUII HalOiIbIIIe 3BHAUYEHHA
MaloThb TiJbKM Iepuri uieHyM paAzny (5.16), ockinbku npu
3pOCTaHHI 3HA4YEHb HapaMeTpiB N 1 M 3Ha4YeHHA (QYHKIi
(5.17) mBMAKO HAOIMIKAIOTHCA 10 HYJIA.

I xoua TeopeTmyHO pillleHHA XBUJEBOI'O PIBHAHHA €
Pe3yJsbTaToOM HaKJIaeHHA Oe3KiHeYHOI MHOYKIMHIM KOJIMBAHG 13
Pi3HMMM HYacCTOTaMMU i aMILIITyJaMy, IPAKTUYIHO iCTOTHY POJIb
BIZIrparoTh TiNIBKY KOJMBAHHA, AKi BiANIOBIAaI0Th 10YaTKOBUM
uyeHaM pany (5.16).

ITe pobuTe HaA3BUYAIHO 3PYYUHNM i3 TPAKTUYHOI TOUKM
30py B3acTocyBaHHA (QYHKIi Becena 3 wnismouncenbHuMU
iHIeKcaMu OJiA OTPUMAaHHA PO3B’A3KIB XBUJILOBOTO PiBHAHHSA
i3 33aJaHMMM KPa€BUMM YMOBAMM YMCEJbHMMM METONaMU i
BMKOPMCTAHHAM IIPOTPaM Ta KOMII'IOTEPHUX PO3PaxyHKIB, 110
3HAIIJIO CBilf PO3BUTOK 3 cepenuHM XX CTOJITTA.
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Y Oinpmr 3araJIbHOMY BUIAJKY MOKHA CKasaTy, IO
dyuknii Becessa, 3aani HACTYIHNM BiTHOIIIEHHAM

Jv( /1%) X ) ne /w;l) — KopeHi niei pyHKITii (5.18)

YTBOPIOIOTH IIOBHY OPTOTOHAJIBHY CHCTEMY (PYHKILIN, AKa
JO3BOJIAE IIPEJICTABIIATY PisHI aHAJJITUYHI (PYHKIIII y BUTIALII
Oe3kineuHux paAxis. ko (byHHuiﬂf(l’) OesnepepsHa i gBiui
mdepeHnioeTbea Ha 3amaHomy Ha inrepsadi (0, 7 ), Bona
MOKe OyTm IpejcTaBJieHA y BUIVIAAI HACTYIIHOIO PAAY, IO
CXOAUTBHCS:

fr) :i C,(:,’)LL (A% r/r, ) (519)

Dyukiii (5.18) yTBOPIOIOTH OPTOTOHAJBHY CHUCTEMY Ha
3aJaHOMY iHTepBaJli 3 Barow /' IIpu LiJnX 3HAYEHHAX iHAEKC Y.
ITe BuTikae i3 3araJsbHOi Teopii JiHITHUX AUdepeHTiaIbHUX
piBHAHB apyroro nopaakry. lle o3naugae, 110 (520)

ﬁ] (AW riv,) J (/1(,?)1”/1’0)7/ dr=0 m=k
o " n

OOuncaiumo HopMy BJaacHuX pyHKUin (5.19) mpu mianx
HEHeTaTVBHUX 3HAYEHHAX iHJekcy. IlodHaummo

Pr) = ]n(i(,’,',) rlr ) ne k,, = /lf;')/ro (621)
R(I”) = Jn (ki”) ne kK — posinbuuit mapamerp.

i dpyuxrii 3a70BONBHAIOTE IIapi PiBHAHb BUIIIALY:

2
4Py e ) pg) o

2
L(r2R) ¢ (kr—L)R(r) = 0

[Ipu npomy mepmra dysknia P (g7 ) =0, a gpyra sixe
He 3aJloBOJIbHsAE I1ifi yMmoBi. IloMHOMKMMO Ieplile pPiBHAHHA
Ha R(I’), a npyre Ha P(I”) i BigHiMeMO Apyre piBHAHHA 3
[IepIIIOro, IIPOIHTErpyBaBIIM IIOTIM [0 7 B MeXax JAaHOTO
inTepBaJsy. Takum 4MHOM, MM OTPUMAEMO:
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° _ Lk )k Ty (k1)
Of rP(r)R(r)dr = — e

Ilepeiinemo no rpanmiti k— km

JJ1 11bOT0 PO3KPUEMO HEBU3HAYEHICTD B ITPaBiii yacTuUHI
3a npaBuyioMm JlomiTasig, omgHOYACHO HOpoAMdepeHIliIoBaBIIN
4yCeJbHMK | BHAMEHHMK 10 K 1 IicjsA [bOro BUKOHABIIN
TpaHUYHNI [Iepexi, MU OTPUMa€EMO KBaJpaT HOPMU (522)

)

1, ) 1= [0 vt yar =2y i)

k1o My neperizemMo Ko rpaHUI k— kk’ TO OTPUMAEMO
YMOBY OpTOTOHaJbHOCTI (5.20).

Buxopa4n 3 pekypeHTHUX BigHOIIeHb (PyHKIIN Becess,
onsa pyHKLi Becesda HyJbOBOTO iHIEKCY MOKHA 3allyicaTu
HACTyIIHE 3HAYEHHA HOPMIMU!

2 2
1Ty (k) | 22—0(11(1(1110) )2 (523)

JoBenmena HacTymnHa TeopeMa pPO3KJAJHOCTL: BecAKa
dbyuruia, mo aBivi gudepenninoerbea, obmeskena mpu =0
i mo crae HyjeMm mpm ¥ =7F¢, Moxke OyTu pO3KJIaZeHa B
abCOJTIOTHO 1 PA, 1110 PIBHOMIPHO CXOAUTHCSA

f0)=3 e ] (5 rir,) (524)

ne ¢™= forf(r)_]n(}, @ rlry)dr | IJ (k) |l i

Y pani 3agad TOBOOUTHCA CTUKATIUCA 3 PO3KJIAIEHHAMN
He TiJgbKM 1o oOMeskeHux QYHKIiAX DBecena, ase i mo
dyukniax Heiimana 3 ocobamBoCTAMM B HYJ, a TaKOMXK 1X
noxizHux. B 1poMy BuIajgky Opy BUKOPMCTAHHI UMCEJIBHUX
MeTOIiB HeoOXimHO BUKJIIOYATH 3 O0YMCJIeHb MaJMil OKiJ
rpanuii, ge pyukuii Heilimana ManoTh HEYCYBHY OCOOJMBICTD
1 HabKaIOThHeA 4O Oe3KIHeYHOCTI.
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SIx BuAHO 3 BUIIECKA3aHOTO, BeJVKe IIPaKTUYHE 3Ha-
YeHHA Ma€ OTPMMaHHA HYyJiB QpyHKIii Becens mporpamMHum
criocoboM. 3a HafABHOCTI mporpaMy obOumcieHb 3Ha4YeHb
¢dyuruii Becensa BsaBmaHHA BigmrykaHHA i1 KopeHIB He
IIpe/iCTaBJIAE€ CKJIANHOCTI — BOHA CTaHAApPTHA.

3aBIaHHA IOJIETIIIYE TOM (PAKT, 110 TP HAOJMIKEHHI IO
Oes3kiHedYHOCTi iHTEepBaJ MixK KopeHAMU HabJamKaeTbcsa mo TT.
Ile mosBoJiA€ TPOMYCTUTM YACTUHY OPOMisKHUX 0O4mMCcJeHb i
IepecKakyBaTH Bill KOpeHsA 0 KOpPeHd.

1A TIOLIYKY KOPEeHIiB IPOTpaMHMM METOJIOM HeOoOXimHO
IIPOBOANTY IIOKPOKOBi 00umciieHHs 3Ha4YeHb (pyHKII Becesa
IO TUX Mip, NIOKM Ha YepProBOMY KpOIli 3Ha4YeHHA (PYHKIi
He moMmiHAe 3HaK. MiK UMM OBOMa 3HAYEHHAMM 3MiHHOI
1 omuHMTBCA Kopiub QyHKNiI DBecena. Ilpm wmadgiit mosti
/iIMOBipHOCTI B Impoleci iTepauinn kopiub ¢QyHuknii Becesa
Moske OyTM OTpMMaHMI i ABHO, III0 BPaXOBYETBHCA.

Hexain X Xyeoo Xp— IIOKPOKOBI iTeparrii

i Jy =]V(xk) — oTpuMaHe 3HadYeHHA (PyHKNil Be-
ceJis Ha OO iTeparii k. dx Tinbru Mu OTPUMAEMO, II10

Jk—1<0 u Jk>0 abo Jk-1>0 i Jk<0

I1e 03Hayae, 110 MiK X oy T xk 3HaXOAUTbCA KOPiHb

AV~ x4 Med = ) (5.25)
k-1 |"]k-1| + |Jk|

OOuncyennsa 3HadeHb QyHKIII Becena mnoTpibHO
IPOBOAUTM 3 MAaKCUMAaJIbHO BMCOKOI IJ8 32-po3pAfgHUX
nporpamMm TouHicTiIo — 1E-12. BeauumHy KpOKYy [OOCUTH
npu3HadyaT B Mexkax 1E-6 — 1E-12) mo 1o3BOaIUTH OTPU-
MaTy ONTMMAaJbHI pe3yJsbTaTu.

Ilicoia 3HaxOmYKEeHHA KOpeHdA IIPOBOAMMO 3CYB 3MIiHHOI
X Ha BeJMYMHY, KpaTHY KPOKY irepaliii, ajse MeHmle T,
HaOopukJan, Bix 3 70 3.1 — 11e IpUCKOPUTL poOOTY IIPOTpPaM.
Ha cywyacnux xomm’rorepax 00O4UMCJIEHHA IIPOBOAATBHCA AYKe
HIBUAKO, TaOJUIIO0 ePIINX KOpeHiB pyHKIi Becesna moskHa
OTPUMATU IPOTATOM JideHnX cekyuz. IIporpamy obunciieHHA
nepmmx KopeHIB QyHKNiN DBecena MosxHa O€3KOLITOBHO
ckadaTy 3 BeO-caiiTy aBTOpa-po3poOHUKA.

171



Y BucHOBKY HOpuBeJIeMO IHTEeTpaJibHiI IIpejCTaBJIEHHSA
M HAPOBUX (PYHKIIN 0e3 morasy.

T
J (x)= fcos (ne—xsin e)de (5.26)
n 0
T
]2 (x)= fcos 2n6 cos (xsin e)de (627)
n

0
T
(x)= Jsin(2n+1)6 sin (xsine)de (528)

J,
" (x/2)"

n+1

Ilozuauumo C = imv>-1/2

L T2+ T(1/2)
J (x)=c f sin?’6 cos (xcos 6) do (5.29)
v

0

/2
J (x)=c f cos?0 cos (xsin 9) de (530)

v /2
! -1/2

J(x)=cf(1—ez)v1 cosx6 do (531)
v

-1

-
ITozgauumo § = (X/Z)
r(1/2—v)T(1/2)
/2
N (x) =2¢( [ cos™0 sin (xsin0)do —
o 0
— | exp(-xsh 6) ch? do) (532)
0

N (x)=-25](1— &) cosxe de (533)
! -1/2<v<1/2

IcuyroTe ¥ iHHIII iHTerpaJibHI IIpeJCTaBJIEHHA IMJIIH-
IPOBUX (PYHKIIIN, IO BUPAXKAOTh IHTErpaJibHi 3aJIe’KHOCTI
Misk pisHMMM cneniaspHUMMM (PyHKROiAMM. BoHU nysKe pigxo
3aCTOCOBYIOTbCA B UMCEJIBHUX METOIaxX.
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Oxpim mmaingpoBux QyHKNOIN 1 ¢dyHKRin Decensa, B
OIPUKJIAJHIV MaTeMaTMIl Ta MaTeMaTU4HiN ¢isuni icaye
IIMPOKMUIM KJac cHeIfiaJbHUX (QYHKIIM — OpPTOroHaJbHI
roJiiHOMM Ta iH (pyHKII, 1110 BUHMKAIOTh IPY BUKOPMCTAHHI
PiBHUX cluCcTeM KOOpPAMHAT.

Meron pospinerHa 3MiHHMX B AudepeHLiaJbHUX
PIBHAHHAX B YAaCTMHHUX IOXiTHMX MOKe IPUBOAUTU IO
LIYPIIOTO KJACY CIleliaJbHMX (PYHKLIN, AJid IpeacTaBJIeHHA
AKMX TaKOX BUKOPMUCTOBYIOTBCA PEKYPEHTHI BiJHOIIEHHA.
Ilpryomy [nma KOKHOrO KJacy (PYHKI peKypeHTHi
BiJIHOIIIEHHA BUBOAATHCA, BUXOAAIM 3 KIHI[€BOI'O iX IT0fJaBaHHA,
A He i3 3araJIbHOTO BUY CaMOTO PiBHAHHA.

Opne i3 3araJbHUX PIBHAHB JJIA IIPOCTUX CIIELiaJIbHUX
QyHKIIIT MOsKe OyTM 3anMcaHO Y BUTJIAMI:

Ly(x) + Ap(x)y(x) =0 (534)
Ly(x)= L k()LL) — g(x)y(x)

X dx
a<x<b, p(x)>0, k(x), g(x)>0

IIpocrima kpaeBa 3amada BU3HA4Ya€ TPUTOHOMETPUUHI
¢yurnii. OkpeMuM BUIAKOM y3araJbHeHOl 3azadi (5.34) €
POBIJIAHYTI B IIbOMY PO3JiJi IMIIHAPOBI PYHKIII — PYHKINI
Becens, Helimana Ta in.

IIpn iHmNx 3Ha4YeHHAX IapaMeTpPiB MOYKHA OTPUMATU
piBHAHHA JleskaHnpa, PpPIBHAHHA NOPUENHAHUX (PYHKLIN
Jlexxangpa, piBHAHHA YebOumena-Epwmita i piBuanna YeOu-
meBa-Jlareppa. XapaKTepHOI  O0OCOOJMBICTIO  BKa3aHUX
PiBHAHB i Kpa€eBUX 3ajlay € IIePEeTBOPEHHA Ha HYJIb KoeillieH-
ta k(x) npuHaiiMHi, Ha ogHOMY 3 KiHIB iHTepBaJty (@, b). Ila
BJIACHICTB BiJlirpae BasKkJIMBY POJIb IJIA IIOCTAHOBKM KPa€BUX
3a7a4 piBHAHHA (5.34).

Kpim Brazanoro Buiie, icCHye 3araJibHUiI KJac CIelli-
aJIbHUX (PYHKIIiM, peKypPeHTHI BIJHOIIIEHHA NJA AKUX MOYKHA
OTPMMATH METOJOM PEKYPEHTHUX BiHOIIEHb TiJIBKM Ha
migcraBi 3araJibHOro BuAy piBHAHHA. J1a 1boro moTpidHO
ckopucratuca Jpyrowo 6a30BOI0 TeOPEMOIO, AKa y3araJbHIOE
peayabratu Ilepiioi 6a3oBoi TeopeMu, PO3TIALAIOYM PIBHAH-
HA 30KpeMa 3 HyJbOBMMM BJIACHUMIY 3HAaUEHHAMI.

173



Cyts [pyroi 6a30Boi TeopeMu I0JATa€ B HACTYIIHOMY.
Poaraiauemo piBaanua Iltypma-JliyBina B 3araJbHOMY BUT-
JAAl 3 NOBiNBHUM ab0 HYJIbOBMM BJIACHMM 3HAUYEHHAM:

Y(x)+g(x)y(x)=0 (5:35)
iCHye HacTyIHa 3aMiHa BUTJIALY:
z(x)=A(x)y(x)*B(x)y'(x) (5.36)
fAKa MepeBOAUTH PiBHAHHA (5.25) B piBHAHHA
z"(x)+q(x)z(x)= 0 (5.37)

AKIII0 BMKOHaHI HaCTYIHI yMOBM:

q(x)A(x)==A4"(x)+g(x)A(x)+
+2g(x)B'(x)+g'(x)B(x)
q(x)B(x)==24"'(x)-B"(x) +g(x)B(x) (3

Kpim Toro, icaye Taka xKoncranTa |l i dyHKLisa, nos-
Ha4eHa (p(x), 1110 BUKOHYIOTHCA HACTYIIHI YMOBH:

A(x) _ 9'(x)
B(x) 0(x)

0"(x)+(g(x)—1 /B (x)) 9(x)= 0 (5:40)

ne WU=const ¥ 0 (ueBuponsxena)

A(x) ¥ d*(A(x)
(W) dx(B()) —g(x)+ Bz()

fx 6yso moxaszano B Ilepimist 6a30Biii Teopemi, AKIIO
B piBHAHHI (D5.3D) BAaeTbcA BUIIMNTY HEHYJbBOBE BJIACHE
3HAUYeHHs, 3aBJlaHHA [OIIYKY PEKYPEeHTHMX BiHOIIIEHb
IIOMITHO TIIOJIETIIIYETHCHA, OCKIJIBKM MIOTEHIiaJl 3aMiHU IIpu
[IepIIiil oXigHii 00epTaeTbCA B TOTOXKHY KOHCTAHTY.

(5.39)

(5.41)

Bci 3anponionoBaHi hopmynu pakTHMUHO OyaM OTpUMaHI
npu poBeneHHI Ilepmoi 06as3oBoi Teopemu, AKa € OKpeMUM
BumagxKoM y3arasbHeHoi JIpyroi 6a3oBoi Teopemu. Brasawni
BiHOIIIEHHA ONMCYIOTH 3aTaJIbHI 3aJIeXKHOCTI, 1110 BUHMKAIOTH
npy 1oOyZoBi peKypeHTHMX BiZHONIEHb [MOJA PO3B’A3KIB
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piBEanHA IIItypma-JliyBing, Ha mifcTaBl 94oro MOMKyThH OyTH
OTpPMMAaHI peKypPEeHTHI BiTHOIIIEHHA JIJIA IIVPIIIOTO KJacy 3a1a4
JIHIMHNX IudepeHlialbHNX PIBHAHD JPYTOro MOPAIKY.

3aMmicTb TOro, 1100 HaMaraTUCA BUPIIIUTY HEPO3B' A3HY
3aady — 3HauTu HabJIMsKeHHA po3B’A30K piBHAHHA [IITypMma-
JliyBina nya HyJIBOBMX BJIACHUX 3HAuUeHb, BUKOPUCTOBYIOUM
HEeHYJIbOBI BJacHI 3Ha4YeHHA, aBTOPOBI BIAJIOCS OTPUMATHU
npavi dpopmynu, AKi 3a0e3nedyoTh po3B’A3aHHA y3arajbHe-
HOI 3ayiaydi MoOy0BM PEKYPEHTHUX BiJHOIIEHb.

HesBaskalwoun Ha BaBaHy TI'pPOMI3JKiCTb, BUBeeHi
BiIHOIIIEHHA NOysKe 3PYydYHi AJIA OPaKTUIHOI'O 3aCTOCYBaHHH,
OCKIJIbKM 3a3BUUall MOUIYKM PeKyPeHTHUX 3aJIesKHOCTel
BeyThCH B IIEBHOMY CTPOrO BY3bKOMY KJIaci 3aziad.

ILJIH IIPAKTUYIHOI'O 3aCTOCYBaHHA (bOpMyJI qacCTO OOBO-
AVTBCA BUKOPMCTOBYBaTV ME€TOQ HEBM3HAYEHUX KOG(biI.IiCHTiB,
AKUI OO3BOJIAE JETKO BUIINICYBATU pERYPEHTHi 3aJIeKHOCTI
AJIA Haﬁmmpmoro Kpyra IIpakKTNYHUX 3aldad.

IIpurknany nDpPaKTUYHOTO 3acTOCYBaHHA 3allPOIIOHO-
BaHOTO MeTOLy PEeKYPeHTHMX BiHOIIeHb JJA y3araJibHeHOl
3agaui IItypma-JliyBina 1 [O0OBIIBHUX BJIACHUX 3HAUYeHb
piBHAHHA OyLyTb IIOKa3aHi B HaCTYIHOMY pO3Aini Ta B
HaCTyIIHOMY BUJaHHI, AKe BUIIYCKa€TbCA YaCTUHAMIIL.

Y3aranbHeHa JIpyra 6a3oBa TeopeMa AyKe 3pydHA IJIdA
y3araJIbHEHOTO [OCJiIKeHHA OKpeMMX KJaciB creliaJbHUX
YHKIII}I, 30KpeMa OpPTOTOHAJbHUX IIOJIIHOMIB, fAKi BAaJocsA
CHUCTEeMaTH3yBaT Ha OCHOBI 3aIpPOIIOHOBAHOrO IAXOAY —
y3araJIbHEHOTO MeTOLy PeKYPEeHTHUX BiTHOIIEHb.

Bci pekypeHTHI BifHOIIIEHHS Ha MiJCTaBi 3allpoOIIOHO-
BAaHOTO METOJY BUBOIATHCI 0e3mocepeHb0o, BUXOAIAIN CYTO
i3 3araJbHOro BUAY IMOYaTKOBOIO JIiHIilHOro mudyepeHiain-
HOTO PiBHAHHS JAPYroro MOPAJAKY 3 OOBIJIBHMMMU BJIACHUMU
3HAYEHHAMHU, AK HYJIbOBUMMU, TaK i HEHYJbOBUMU.

ABTOp BBasKa€ 3aIIPOIIOHOBAHNI METOJT IIPOTPECUBHUM i
TaKMM, III0 JIO3BOJIAE IIPAIIOBATY He TiJIbKMU 13 cIleriaJbHUMU
dyHKIIAMM, aJjJe 1 OTPUMMYyBaTH aHAJITUYHI pPO3B A3KU
CKJIamHUX AudepeHIiaJbHNX PiBHAHL APYTOro IOPAAKY Ha
OCHOBI gmoOpe [OCTimKeHMX IudpepeHIliaJbHUX pPIiBHAHB i
PEeKYPEeHTHUX BifHOIIEHb NJA iX pilleHb. Y IbOMY BUIAHHI
3aIIPOIIOHOBAHMIT HOBATOPCHKMI Miaxin 6yB 3aCTOCOBAHMII 1O
UMJIIHAPOBUX (PYHKIIN — pyHKIih Becensa i Helimana.
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B kinmi XIX - ma moyvatky XX CTOJTTA Ha BCiX
MaTeMaTUYHUX (aKyJIbTeTaX yHIBEepCUTETIB BUBUEHHA
crieniadbHUX  (PYHKLIE B Teopii Oysao o06oB’A3KOBUM,
iMm mnpuzainamaca 3HayHa yBara. Jia  IX [03HauYeHHA
3aCTOCOBYBaJMCA 0co0JMBiI HayepTaHHA OYKB i CMMBOJIIB, 110
IMiIKPEeCII0BAJIO iX YHIKAJIBHICTE 1 0COOJIMBY BasKJIUBICTH B
IPUKJAHIY MaTeMaTH]I.

3 cepenuay XX CTOJITTA OCHOBHMII aKIEHT IlepeMic-
TUBCA Ha KOMII'IOTepHe IIporpaMHe O00dYMCJIeHHA 3Ha4eHb
creniaJibHUX (PYHKIII Ta iX 3aCTOCYBaHHA JJIA MOJEJIIOBaHHA
KOHKPETHUX IIPOIIeCiB B IPUKJIAAHNX 3aBJaHHAX. CreriaabHi
pyHKIiI BTpaTtmam ocobsiuBe IPUQPTOBE HAYEpPTaHHA, 0
miKpeCI0BaJIO0 B KHMUTAX Ta IHIIMX APYKAPCHKUX BUAAHHAX
ixX iHAMBiAyaJbHICTD 1 BUALIAJIO iX i3 3arajbHOI Macu.

Cepen ydeHUX PO3IOBCIOAMJIACA XUOHA AyMKa, Hibu
TO B Teopii creriaJbHNX (PYHKIIV HEMOYKJIVBO CKa3aTyU HOBe
CJIOBO, II[0 I TeOopiA HIOMTO € TeopeTUYHO BaKiHYEHOI0, X0U
71 He CTPYKTYPOBAHOIO i HE CHCTEMAaTI30BaHOIO.

ABTOp 0Oakae IIOBEepHYTHM IHTepec MJOCJIOHUKIB mO
TEOPEeTUYHOr0 alapary CIeljiaJbHUX (YHKIN i mpobiemu
cucTeMaTu3allii i ysaraJbHeHHSA BJIACTUBOCTEN IIMX (PYHKILINA,
a TaKOK 3HAMTY HIJIAXY HeTPMBiaJIbHOIO 3aCTOCYBAaHHSA IIbOTO
MOT'YTHBOTO TEOPETUYHOr0 i IPAKTUYHOTO amapary.

ABTOp TaKOK HaMarajacs AJOTPUMaTU PO3yMHMII bastaHC
Mi’K Teopi€lo 1 MpPaKTMYHMM 3aCTOCYBAaHHAM IIbOTO alapaTy
1711 CBOTONIHILITHIX peadJriil.

Y BucHOBKOBOMY PO3/iJli TAKOYK X0UeTbCA CKa3aTy PO
HeoOXifmHiCTh BimpOJsKeHHA (PYHIZAMEHTAJbHUX 1 HAYKOBUX
JIOCJIIIKEeHb, 30KpeMa B 00JiacTi mpukJIagHOI MaTeMaTURM i
MaTeMaTUYHOI Pi3MKNM.

Ocranse pecatuaitra XX cromitra 0yJao gysKe CKJa-
HUM 1 npobsieMHMM AJ8 (pyHZAMEHTaJbHOI 1 IpuKJIagHOI
Hayku i BueHux Kpain kosawuinaboro CPCP, nna BiTumaHAHOI
HayKM BOHO OOEpPHYJIOCSA PeasibHOI KaTacTPodoro.

Tinpxkyu 3 Yrpainm 3a pybisk HaA IIOCTiViHE MEIIKaHHA
BuixaJo Gisblle BUeHMX, HAYKOBINB i (paxiBiiB, HivK i3 Oynb-
AKO1 1HIIOI eBpomelicbKkoi JnepsxkaBu (3a BuHATKOM Pocii).
Tparenia noJsiArasa B TOMY, IO JaJIeKO He BCli 3 TUX, XTO
BuixaB 3a pyOisk, nificHo notim B3Haimm cebe y cdepi
OCBIiTH, HAYKOBOI i HAYKOBO-IIPaKTUYHOI pobOTH.

dyHnameHTaIbHA HayKa yKpaiHCbKOiI nepsxaBu, AKa
BUTpaTMUJIa KOJIOCAJbHI KOILITM Ha MiTOTOBKY 1 HaBYaHHA
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daxiBuiB, II0 IO PiBHIO MIATOTOBKM HE IIOCTYHAIOTbCA pa-
XIBIIAM CBITOBOTO PiBHfA, & TO J1 IIePEBEPUIYIOTh iX 3a AKICTIO
TEOPEeTUYHOI IMiATOTOBKM 1 HOPaKTUYHOTO JOCBixy pobotn,
BUABMUJIACA B OYKBAJIbHOMY PO3YMiHHI 3HEKPOBJIEHA.

Binpuricts gocsimykeHs Oyau DpuUOMHEHi, a KpeaTUBHA
poboTa MOJOOMX Y4YEHNMX B3araJi He HigTpumyBaJacda i He
3a0X0YyBaJiacsA Hi MaTepiaJibHO, Hi MOpaJIbHO — OiJIbIII TOTO,
JIIJIO CIpaBMKHE IIOJIIOBAaHHA 3a HOBMMM ifeAMMU. XodeTbCdA
BUCJIOBUTY HOAAKY TUM IPAKTHUKaM, AKi BUKOPHUCTOBYBAJU
crnenianbHi PYHKOIT B CBOTX pospaxyHKax i nmpuainsaau dara-
TO yBaru I[MM IIMTAHHAM HaBiTHb B TAKMil BasKKUI I1epion.

AJte HaBIiTh IIi JeCTPYKTUBHI Iponecu O0yau He B 3MO3i
CTPUMMAaTM IOJIT HAYKOBO-TEXHIYHOI JAYMKM 1 3yNOMHUTHU
dyHIaMeHTaJIbHI Ta HayKOBO-NIPAKTUYHI JOCIiIMKeHHA TUX,
XTO € CIPaBiKHIM IPUXMJIBHMKOM HAYKM 1 He IpPeACTaBJAEC
CBOE KUTTA 0e3 HAYKOBUX MOCJTIMKeHb. Bakko 3yOMHUTHU
TUX, Y KOTO YCTPIMJIEHHA J0 HAayKOBO-TE€XHIYHOr0 ITpOrpecy
3aKJIaZleHe B caMiil Iyl Ta cBiZOMOCTI.

Mwy — HOBe MOKOJIHHA HAYKOBO-TEXHIYHOI PEBOJIIOLI
Ta OiTM HAYKOBO-TeXHIUHOTo Imporpecy. Ha Hammx ogax Kom-
IT'IOTEPHI TEeXHOJIOTiI 3po0MaM KOJIOCAJIBHUII KPOK BIIEpEN,
KOMIT'IOTepU IIePeTBOPMINCA 3 OAVHUYHUX BeJIMUYE3HUX Ma-
IIMH, AKl 3ayiMajsy Liji 3aJy, B KOMIAKTHMI, NOCTYIIHUI i
LysKke IOIyJApHUiI poboumit iHcTpymeHT. Bysna crBOpena
rmobaJsibHA cBiTOBa 0ibsioTexa i mepeska cBiTOBOro oOMiny
inpopmaniero — InTeprer. Croroxui faraTo XTO He Ipen-
CTaBJIAE CBOE SKUTTA 0€3 U(PPOBUX TEXHOJIOTiN, OCHOBM AKUX
OyJsy 3akjyafieHi BUEHVMN IIOIIePeHiX IIOKOJIiHb.

Tinpky Bim Hac caMUX 3aJIEKUTh, OYyTM CydacHiin
yKpaiHcekiit Hayni abo He Oytu. Tinbkm Mm cami 3MOYKEMO
pyxXaTu BIlepel HaYKOBO-TEXHIYHUI IIPOTpec, IPOOBKYBaATU
dpyHIaMeHTa bHI JOCJHiIMKEeHHA 1 HayKOBO-IIPaKTMYHI JOC-
Jimxenaa. Mu sKuBeMO B enoxy, IIpo AKYy Mapuiy i Mpisaan
mporpecuBHi yueHi XX CTOJITTA.

Hayxori Ta 1mudposi Texnosorii OykBasbHO IepeBep-
HyJIM BCe cydacHe XUTTA. MaTemMaTuKa OPOHMKJA Y BCi
cpepu i rasysi sropcbroro sKUTTA. ChbOTOIHI TaKi AUCHUILIIHYA,
AK (pisuka i reorpadpis, ximia i 6iojoria, ekoHOMiKa i HaBiTb
MIOJIITMKA He MOXKYTb icHyBaTu 0e3 peaJsbHOTO 3aCTOCYBaHHS
MaTeMaTUYHOTO alapary.

HaBaiiTe He 3a0yBaTy, 110 BCe HAa IIbOMY CBiTi HaBKOJIO

HaC — IIe IIPUKJaJHa MaTeMaTHKa Ta 4YMcJa ... 177



IIpo aBTOpa

Ha crorozpni ocHoBHA npodecia aBTopa BUAAHHA — IIPO-
deciviamit BeO-nu3arig i nogirpadiuni TexHosorii. 3akinunia
MeXaHiKo-MaTeMaTU4HU QakrkyapTeT XapkriBcbkoro Harri-
OoHaJIbHOTO yHiBepcurery im. B. M. Rapasina (BinzisneHHA
IIPUKJIATHOI MaTeMaTuKN, Kadenpa MaTeMaTU4HOi pidukm) B
1994 pomi Ta 3axmcTUIIa JUILJIOM 3a JAHOIO TEMOIO.

IIpobmemamm creriasbHMX (YHKIN 3aiiMaeTbCca 3
1991 poxry. Ilpame BUBeIeHHA pPEKYPEHTHUX BiJHOIIEHb
nna pyskuin Becesnsa i Heilimana 0yJio oTpuMaHe aBTOPOM
B 1992 pomi. ¥ 1993 poui 6yna pospobieHa ysarajbHeHa
TeopeMa, fgKa J03BOJISE OTPMUMATI PeKypPeHTHI BiHOIIEeHHS B
3araJbHOMY BUIIAIKY.

ITomyxku i TeopernuHi nmocaimsxkenHsa B obJjacti cmerri-
aJbHUX (PYHKI MaTeMaTMdHOI (PI3UKM MTPONIOBIKYBAJIUCH
i micyna 3akiHdueHHA yHiBepcuteTy no 1999 poxry, ta miciasa
nepepBuU BOHU Oyiu BimHOBJIEeHI B 2007 pori.

C 1993 pory aBTOp mpodpeciifHO 3aiiMaeTbCA IIPes-
CTaBHUIIbKOIO IOJirpadi€ro, KOMII'IOTEPHOI BEPCTKOI i
CTBOPEHHAM OpPUTiHAJI-MaKeTiB pPi3HOI CKJIaIHOCTI, a TaKOXK
SKYPHaJIICTMKOI0 B KOMII'FOTEPHII raJsyasi Ta B IHTepHeTi.

3 1999 poxry mnpodeciiiHO 3ayMaeTbCA IHTEpPHET-
IIporpaMyBaHHAM, Be0O-I13afHOM I HAIMCAHHAM KJII€HTCBKUX
crieHapiiB Ha moBi JavaScript nasa calitiB i Be6-CcTOpPiHOK.

Y 2007 porii aBTOp BigHOBUIJIA POOOTY HAZ CHEIiaIbHUMU
(PYHKLIiAMM MaTeMaTU4YHOI (Pi3MKM, BUKOPUCTOBYIOYUM JJIA
LIbOro cy4dacHuii anapaT MoBu JavaScript. Jlana MoBa 103B0JIAE
peaJisyBaTy aJITOPUTMIYHNMI allapaT YMCeJbHUX METOLIB JJId
CTaHJAPTHMX [1€PCOHAJBHNUX KOMII'IOTEPIB B CTAHAAPTHUX 32-
po3paAaHUX iHTepHeT-mporpaMax (Opaysepax). Taxkwit miaxing
Ha CBbOTOJHI € HOBaTOpChbKMM. lIporpaMy MoKHa cKadaTy 3
iHTepHET-CalITy aBTOpPa-po3pobHMKA.

Metoro 1bOro BMIAHHA € He TIJbKM IIpomaragga
CydYacHMX MeTOAIB Ta IiAXOoJiB J0 Teopii Ta HOPaKTUKU
creniaJibHNX (PYHKIIN MaTeMaTUYHOI (Pi3uKy, aje 1 IOIIyK
OMHONYMIIiB, KoMy HelDalimyski pmociuimkeHHsa B obJgacti
JIHIMHUX audepeHLiaJbHNX pPIBHAHD [APYTOro IOPAJIKY,
crnerjiaJibHUX (PYHKILI MaT(i3MKY | BUKOPMCTAHHSA Cy4aCcHOTO
mporpaMHOro 3abe3nedyeHHA JJIA peasrisallii 4mceJbHUX
MeTOoZiB MaTeMaTU4YHOI Pi3UKN.

Haiibinpmmmii  iHTepec 1A aBTOpa [IPEJCTABJIIAE
TeopeTUYHe JMOCIiKeHHA Ta MaTeMaTU4yHe MOJeJIOBaHHA
aHOMaJIbHMX 1 eKCTpaopAMHapHUX MNPUPOJHMUX 1 TeXHOreH-
HUX IIpOIleciB.
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FO4us Buxmoposna Kagmanosa

CnenuanpHbie PyHKIMH MaTeMaTHYECKOH (PH3HMKH
H3paHme oCylIeCTBASETCA B TPeX YacTAX

Yacts 1. Pynknuu Becceaa u muauHApHYecKHe (PYyHKITHH
B BA€MEHTAPHOM HM3A0KE€HHH C IPOrpaMMaMH BBIYMCAEHHH

Yacte 2. OpToronaarbHbIe IOAHHOMBI U Apyrue cepudeckue pyHKIUH
B S9A€MEHTAPHOM H3A0KE€HHH C MPOrPaMMaMH BbINMCACHHE

Yactu 1 u 2 paccYdTaHbl Ha CIIEHAANCTOB, HHXKEHEPOB U MaTEeMaTHKOB. B mux CTpPOro
HU3Aaraercsa aBTOpCKI/Iﬁ METO/J PEKYPPEHTHBIX OTHOIIIEHUH AAA ClIEMUAABHBIX quHKLlI/Iﬁ
MaTeMaTHIYECKOH Ci)I/I3I/IKH 1 0COBEHHOCTH UX IIPUMEHEHHU Ha MPDAKTHKE.

Yactp 3. MoaeanpoBaHHE AHOMAABHBIX M 3KCTPAOPAHHAPHBIX
TIPUPOAHBIX M TEXHOTEHHBIX IIPOILIECCOB

Yacrs 3 HocUT Ha.y‘-IHO-HOl'Iy)\ﬂpHLII‘/‘I XapaKTep U pacCiUTaHa B IIEPBYIO OY€pPEAb Ha
"emareMaTukoB. OHa HamMcaHa MOHATHLIM A3BIKOM H PacCKa3bIBa€T O TAKHX SABACHHAX,
KakK ABMJKYIIHECA KaMHH B ,Z[OAI/IHC CMean, yHaMH, BO.Z\I-I]>I-Y61/II‘/’II_II>I7 3EMAETPACEHHU A,
TOpHAJ0, CMEPYH U IIKBAABI B a.TMOC(i)epe C TOYKH 3pEHHUA MaTq)I/IBI/IKI/I.

[JIAst mpoheCcCHOHAABHBIX My3BLIKAHTOB U AIOGHTEAEH COBPEMEHHOH MYSBIKH CTPOUTCS

MaTeMaTH4IeCKas MOAEAb 3ByYaHHs COBPeMeHHOﬁ HOCTXBHAPHKCOBCKOfI 9AEKTPOruTaphl.

K gacru 3 6eciaaTno IIPHAAra€TCsd KOMNAKT-AUCK C IBETHBIMHA KOMIIBIOTEPHBIMH
HAAIOCTpaNUAMH, (pOTOI‘pa(pPIHMI/I " BHZeOMaTepHuaAaMH OIE€EBHALIEB.
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Y wacTmHi 1 HaBOOMTECS

BacTOCyBaHHHT METORY
PEeKYPEeHTHMX BiOHOIIEHE,
AKUIA TOSBOJISAE OTpMMATH
|PeKypeHTHi BigHOWEHHS
\ost dyHkuim Beccens i
onmMcaTy pisHi
BJIACTMBOCTi LIMIiHOPOBMX
byHKIiN HaM6inBm
KOPOTKMM Ta IPOCTUM
CIIOCO6OM, BUXOXIAYN
TijNBEKM 18 BarajbHOTO
BUIy PiBHsIHHA Beccens.
Takok NPUBOXNSTHCS
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nporpamy OOGYMCIIEHB
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